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Preface

Multiphase flow phenomena abound in many materials processing operations, in-
cluding gas-stirred ladles, blast furnaces, and the like. This book focuses primarily
on systems in which liquid and gaseous phases coexist. In general, such systems are
complex and difficult to characterize. The phases can be continuous or dispersed,
with mass, momentum, and energy exchange across the interfaces. For the past few
years, there has been a heavy focus on relating the interfacial fluxes to measurable
macroscopic properties of the flow so as to provide a fundamental understanding of
the mixing process. Significant advances have also been made in the application of
computational and experimental techniques to multiphase transport phenomena in
materials processing operations. This book presents the application of these model-
ing tools to dispersed gas–liquid metallurgical systems.

The book is an outgrowth of recent research activities of the authors in the
modeling of multiphase flow phenomena in materials processes. It emphasizes the
synergistic relationship that should exist between physical and mathematical mod-
eling techniques through a variety of validation examples. The primary intended
audience is materials researchers in industry and academia faced with practical
problems of modeling multiphase flow phenomena in metallurgical reactors. The
book can also be used as a secondary reference for an upper-level multiphase flow
course, and serve as a research monograph for graduate students. The typical reader
would have had previous exposure to the scientific basis of physical and mathemat-
ical modeling techniques.

Several new features are included in the book beyond the traditional texts on
multiphase flow. For example, the conflicting roles of hydrodynamic instability in
materials processing are discussed. Numerical methods are presented for modeling
the complete continuous casting operation, including gas–liquid and solid–liquid
multiphase systems, with examples. Nanoscale and microscale multiphase phenom-
ena are reviewed, bringing into focus recent advances in this emerging field. The
book is organized into 11 chapters as follows:

Chapter 1 provides a general overview and introduction of the principles and
techniques of physical and mathematical modeling discussed in the book. It provides
the rationale for modeling two-phase flow in gas-agitated reactors of materials
processes. Chapter 2 presents the turbulence structure of two-phase jets and the
impact on the mixing and chemical reaction rates in materials reactors agitated by
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gas injection. Chapter 3 describes the principle of the Coanda effect, including the
diversion of bubble path near the vessel walls as well as the merging of bubbles gen-
erated from multiple sources. The implication is also discussed of these phenomena
on the mixing intensity and mixing time in the reactor. Chapter 4 focuses on the in-
teraction between bubbles and walls, including dynamic wettability associated with
the advancing contact angle, and the effect on bubble shape and size. Experimental
results are also provided for bubble and liquid characteristics in systems with walls
of varying wettability.

Chapter 5 discusses swirling flow, the underlying hydrodynamic instability, and
the impact on the mixing process. Chapter 6 describes the interaction between
molten metal and top slag in a gas-agitated reactor, and its effect on mass trans-
fer mechanism and the mixing phenomena. Chapter 7 focuses on surface control of
the reactor and the effect on mixing time. Chapter 8 discusses mold powder entrap-
ment in molten steel in continuous casting molds and the impact on product quality.
Results from flow visualization and particle image velocimetry (PIV) techniques are
presented to elucidate the underlying mechanism.

Chapter 9 describes the mathematical techniques for modeling two-phase gas–
liquid multiphase systems. A variety of methods are assessed with the aid of
examples comparing predictions with the experimental data. Chapter 10 presents
a detailed description of the application of numerical techniques to continuous cast-
ing systems in general, including alloy solidification. Finally, Chapter 11 reviews
nanoscale and microscale multiphase phenomena in materials processing. The im-
portant global and local characteristics relevant to understanding and modeling of
such phenomena are described, and examples are presented on fluid flow and heat
transfer in such systems. There is an Appendix that summarizes the transport data
for common fluids, including air, water, argon, helium, hydrogen, etc.

The modeling of multiphase transport in materials processes is multidisciplinary,
involving concepts and principles not often associated completely with one particu-
lar field of study. We have therefore ensured that this book is self-sustaining through
the variety and breath of topics covered. The text could therefore serve as a useful
guide to the types of questions that should arise in the modeling of gas-agitated
metallurgical processes and how to seek relevant answers.

Many people deserve thanks for their part in this effort. MI gratefully acknowl-
edges the useful advice given by Dr. Zen-ichiro Morita, Professor Emeritus of Osaka
University. Dr. Mahmut Mat of Nidge University deserves special thanks for his
contribution to the mathematical modeling effort. We appreciate the mentorship
of the late Professor Julian Szekely of the Massachusetts Institute of Technology
(MIT) as well as his pioneering role in the field of mathematical modeling of mate-
rials processing operations, and gas-agitated systems in particular. We acknowledge
the contributions of our graduate students who have participated in our multiphase
flow research over the years. Mr. Hirotoshi Kawabata of Osaka University deserves
special mention. Finally, we say a big thank you to our families for their support and
understanding during the preparation of this book.

Sapporo, Japan Manabu Iguchi
Orlando, FL Olusegun J. Ilegbusi
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Chapter 1
Introduction

1.1 Introductory Remarks

The flow pattern and local turbulence structures largely determine the performance
characteristics of metallurgical operations. The transport phenomena in these pro-
cesses typically have the following basic features:

� Flows are complex and multiphase with strong turbulence.
� Fluids are usually opaque with very high temperature. For example, the melting

point of molten metal is typically above 1;000 ıC.
� In most cases, fluid flows are coupled with heat and mass transfer.
� Fluid flows are usually accompanied by metallurgical reactions.
� The walls of the reactors and pipelines are usually poorly wetted by molten metal.

The variety of multiphase flows encountered in metallurgical processes [1–6]
include; gas–liquid, liquid–liquid, gas–solid, solid–liquid, and gas–liquid–solid
systems. This book focuses on gas–liquid two-phase flows, being the most popular
and relevant to current metallurgical processes. Due to their complexity, the exact
equations governing gas–liquid two-phase flows are not known except for very
limited situations. A typical example is one in which dispersed bubbles in a liquid
are spherical and uniformly distributed since the interface between the two phases is
deformable and the gas phase is compressible. It is therefore imperative to develop
a set of approximate or simplified governing equations to describe the flow field.

The measurement of fluid flow characteristics in real processes is quite diffi-
cult due to the opacity and high temperature characteristics. In addition, model
experiments using molten metals as in the real process are often cumbersome. The
situation is further complicated when heat and mass transfer, and chemical reac-
tions occur simultaneously. Under these severe and complex conditions, it is very
difficult to carry out experimental investigations on the real processes in order to
improve efficiency or to develop novel processes.

The poor wettability at the metal/solid interface implies that the boundary con-
ditions on solid walls immersed in molten metal–gas two-phase flows would be
different from the relatively well-known conditions for wetted interface. The heat
and mass transfer boundary conditions would be similarly different. In addition,

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 1,
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2 1 Introduction

any presumption regarding the true situation cannot be readily verified through
experimentation on real processes.

In light of the above, we rely on model experiments and theory to provide an
improved understanding of fluid flow phenomena in metallurgical processes. In this
chapter, the modeling of gas–liquid two-phase flows is classified into two broad
categories. Some basic physical situations of relevance in multiphase metallurgical
processes are then introduced. Finally, the nature of individual multiphase flows in
real processes is discussed.

1.2 Classification of Models

1.2.1 Physical Modeling

Modeling can generally be classified into two categories: physical and mathematical
[1,4,6]. The primary objective of physical modeling is usually to represent a system
to be modeled by changing the materials to be handled, and also the scale of the op-
eration, so as to achieve realistic representation of the process [4]. If the governing
differential equations for the fluid flow, heat and mass transfer are known, represen-
tative scales are introduced for time, length, mass and so on to non-dimensionalize
the equations. As a result, some groups of dimensionless parameters are obtained.
Physical models are typically designed so that the fluid flow, heat and mass transfer
phenomena are readily measured using fluids that are different from the real fluids.
On the other hand, in complex systems with limited information in the governing
equations, the Bukingham’s … theorem [7] is useful for identifying the relevant
dimensionless parameters.

Physical modeling can be classified into the following three stages in order of
descending rigor [1]:

(a) Results obtained from a physical model can be translated directly to quantita-
tively describe the behavior of the real system. Models in slightly smaller scale
than the prototype are usually classified into this category.

(b) A physical model experiment is performed to verify the applicability of certain
mathematical models. The same fluid as in the real system is usually employed
in such experiments.

(c) A physical model is constructed to obtain qualitative information on a system.
Water is usually used to simulate molten metal. This is because the kinematic
viscosity of water is approximately equal to that of molten metal. The results
based on water models are strictly applicable to molten metal flows inside the
bath. Care must therefore be taken before applying the results to the estima-
tion of interfacial phenomena for which the physical properties such as surface
tension play an important role.
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A variety of examples of the second and third categories are given in this book, and
the key features of physical modeling are examined.

1.2.2 Mathematical Modeling

Mathematical modeling involves the use of a set of algebraic or differential
equations to describe the fluid flow and associated heat and mass transfer in the
real processes [1, 4, 6]. The models are based on the fundamental laws of physics,
chemistry, fluid, and solid mechanics. Due to recent rapid advances in computer
technology and developments in numerical calculation techniques, mathematical
modeling is now widely applied in engineering and science practice. The tech-
niques of mathematical modeling and their applications to metallurgical processes
are given in detail in Chaps. 9 and 10. Additional information on mathematical
modeling principles is also available in other texts [1, 4, 6].

In physical as well as mathematical modeling of transport phenomena, it is im-
portant to consider the existence or otherwise in the real process, any possible flow
transition from laminar to turbulent flow, natural convection to forced convection,
or subsonic to supersonic flow. This is because of the significant impact that such
transitions may have on the process.

1.3 General Strategy for Modeling Two-Phase Phenomena

In physical modeling, it is essential to choose the most influential dimensionless
parameters in the flow field. These parameters can be derived directly from the
governing equations or determined by using the Buckingham’s … theorem. Each
parameter should then be varied over the range typical of the real process. In com-
plex processes, a number of dimensionless parameters are obtained. It is however
practically impossible to cover the complete range of all these parameters. There-
fore a decision has to be made as to which are the most dominant. Fortunately, if the
flow is turbulent, relaxation of similitude such as the Reynolds number similitude is
allowed in many situations, thus significantly reducing the number of dimensionless
parameters.

In mathematical modeling the exact governing equations for gas–liquid two-
phase flows are not well known. Constructing a set of governing equations, which
can properly approximate the real fluid flow situations is therefore crucial. Although
the level of approximation employed depends on individual modeler’s experience
and insight into the phenomena, the fundamental procedure in mathematical model-
ing is common to a certain extent even if the processes differ from one another. The
same is true in physical modeling.
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1.4 Basic Physical Situations of Relevance in Gas–Liquid
Processes

1.4.1 Gas–Liquid Two-Phase Flows in Cylindrical Bath

1.4.1.1 Bubbling and Jetting

Two types of bubble dispersion patterns are known to exist in a bath agitated by
gas injection through a submerged single-hole nozzle (see Fig. 1.1) [5, 8, 9]. In a
relatively low gas flow rate regime, discrete bubbles are formed successively at the
nozzle exit, some of which break up into smaller bubbles. On the contrary, a continu-
ous bubble column like a cone is formed above the nozzle exit and small bubbles are
generated at a gas/liquid interface due to high shearing stress. The former is called
bubbling and the latter is named jetting. The transition from bubbling to jetting is
of practical importance, because it is closely associated with mixing in the bath and
the wear of the nozzle material [5].

Mori and Sano stated, based on their experimental results, that the transition
from bubbling to jetting occurs at a Mach number of unity [9]. In other words, the
transition occurs in the transonic region [10]. Recently, Chen and Richter [11] have
developed an instability theory to explain the transition from bubbling to jetting
by studying a circular compressible jet in a liquid. This theory indicates that small
disturbances grow immediately in any position without limitation in the subsonic

Fig. 1.1 Bubbling and jetting



1.4 Basic Physical Situations of Relevance in Gas–Liquid Processes 5

region, causing the jet to break up and bubbling to occur. In the supersonic region,
small disturbances ultimately diminish with time, and the gas jet remains stable.
Consequently, bubbling exists in the subsonic region and the transition occurs in
the transonic region, which is consistent with the experimental findings of Mori and
Sano [9].

1.4.1.2 Characteristic Parameters

(i) Bubble characteristics

The dynamic behavior of bubbles rising in a bath is quantitatively characterized by
the following parameters [12–15]:

(a) Gas holdup, ˛.
(b) Bubble frequency, fB. This is the number of bubbles passing through a moni-

tored position in 1 s.
(c) Mean bubble rising velocity, uB.
(d) Mean bubble chord length LB.

Gas holdup and bubble frequency can be measured with a single-needle electrore-
sistivity probe, while a two-needle probe is required for mean bubble rising velocity
and mean bubble chord length.

Bubbles are usually not perfectly spherical in shape. Accordingly, the mean chord
length is used to represent the bubble size unless the bubble shape is radically differ-
ent from spheroidal. For definition, the equivalent spherical bubble has the diameter
dB. The mean bubble chord length LB is given by [12]:

LB D dB=1:5 (1.1)

Figure 1.2 shows a schematic of the output signals of a two-needle electroresistivity
probe. The aforementioned four quantities can be determined from the following
relations:

˛ D 100†ti=T (1.2)

fB D †ni=T D N=T (1.3)

uB D †.Lp=�ti/=N (1.4)

LB D †.Lp=�ti/ti=N (1.5)

where ti is the time duration of the i th bubble signal, T is the measurement dura-
tion, N is the total number of bubbles, Lp is the vertical distance between the two
electrode needles, and �ti is the time delay for the i th bubble to pass through the
two needles.
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Fig. 1.2 Output signals of two-needle electroresistivity probe

The units of ˛; fB; uB, and LB are %, Hz, m/s, and m, respectively. In actual
experiments some additional conditions are usually introduced in order to remove
noise and enhance the measurement accuracy as much as possible [14].

(f) Bubble shape

It is necessary to determine the shape of bubbles for the evaluation of the total
interfacial area between the bubbles and molten metal in the bath. The total inter-
facial area is closely associated with metallurgical reaction rates, and hence, the
efficiency of the process. The shape of a single bubble rising in a still, transparent
liquid bath has been extensively investigated by many researchers, and the results
are summarized in a map by Clift et al. [16]. The shape of bubbles successively
rising in a molten metal bath has been observed with an X-ray fluoroscope [17]
and a multi-needle electroresistivity probe [18, 19]. Iguchi et al. [19] classified the
bubble shapes into five categories and drew a map in terms of a modified Reynolds
number Rem and a modified Weber number Wem, as shown in Fig. 1.3. These two
dimensionless parameters, Rem and Wem, are defined as follows:
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Fig. 1.3 Classification of the shape of successively rising bubbles

Rem D �gdBuB=�L (1.6)

Wem D �gdBu2
B=� (1.7)

where �g is the gas density, dB is the mean bubble diameter, uB is the mean bubble
rising velocity, �L is the viscosity of liquid, and � is the surface tension of liquid.

The shape of successively rising bubbles in molten metal baths is closely related
to the horizontal distribution of gas holdup, as shown in Fig. 1.3. Thus the shape can
be predicted from the results of gas holdup measurements.

(ii) Liquid flow characteristics

Figure 1.4 shows a schematic of the output signals of a two-channel laser Doppler
velocimeter used for measuring the axial and radial velocity components, u and v,
of water flow in a bottom blown bath. The main quantities characterizing the water
flow can be determined from the following relations [20]:

(a) Mean velocity components

Nu D †ui=N (1.8)

Nv D †vi=N (1.9)
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Fig. 1.4 Output signals of two-channel laser Doppler velocimeter

where subscript i denotes the i th digitized datum and N is the number of
velocity data.

(b) Root-mean-square (rms) values of turbulence components

u0
rms D Œ†.ui � Nu/2=N �1=2 (1.10)

v0
rms D Œ†.vi � Nv/2=N �1=2 (1.11)

(c) Turbulence intensity
Tu D u0

rms=u (1.12)

(d) Reynolds shear stress

u0v0 D Œ†.ui � Nu/.vi � Nv/=N �1=21 (1.13)

(e) Skewness factor S and flatness factor F

Su D †.ui � Nu/3=.u0
rms

3N/ (1.14)

Sv D †.vi � Nv/3=.v0
rms

3N/ (1.15)
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Fu D †.ui � Nu/4=.u0
rms

4N/ (1.16)

Fv D †.vi � Nv/4=.v0
rms

4N/ (1.17)

These skewness factors are widely used to specify the higher-order turbulence com-
ponents, because the turbulence intensity in gas–liquid two-phase flows in the baths
of metallurgical processes is much higher than those of single-phase pipe flows
.Tu < 15%/ and single-phase jets .Tu < 30%/ [21, 22]. It is known that S D 0 and
F D 3 for a Gaussian (normal distribution) error curve.

(iii) Mixing time

The concept of mixing time is extensively used to quantify the intensity of mixing in
the baths of metallurgical refining processes [23–25]. Figure 1.5 shows a schematic
illustration of the output voltage of an electrical conductivity probe immersed in
a bath agitated by gas injection. The voltage begins to increase immediately when
the tracer is injected onto the bath surface and finally reaches a constant value. The
mixing time is defined as the time interval required for the output voltage of the
electrical conductivity probe to settle to within ˙5% deviation about the final value
Vf. This definition is referred to as the 95% mixing criterion. Since the pioneering
work of Nakanishi et al. [26], remarkable progress has been made on the determi-
nation of mixing time. Previous empirical relations for the mixing time have been
reviewed by Mazumdar and Guthrie [23, 24].

In model experiments using molten steel, Cu is often chosen as a tracer, but the
sampling is made discretely to determine mixing time. It is desirable to develop
a simplified method capable of measuring the concentration of tracer in a molten
metal bath continuously. Such a method would also be useful for judging whether
or not fine powder disperses uniformly in the molten metal bath according to the
established powder injection metallurgy.

Fig. 1.5 Determination method of mixing time
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Fig. 1.6 Inclined plate
method for the determination
of advancing and receding
Contact angles, �a and �r

(iv) Wettability

The wettability of a plate is quantitatively evaluated in terms of the advancing con-
tact angle �a. When �a of a plate is less than 90ı, the plate is classified as being of
good wettability or wetted, while a plate of �a ranging from 90 to 180ı is regarded
as having poor wettability. Both the advancing and receding .�r/ contact angles can
be determined by the inclined plate method, as shown in Fig. 1.6 [27–29].

When a mixture of gas and liquid impinges on a wall or flows along the wall, the
gas preferably attaches to the surface. The flow in the vicinity of the wall therefore
strongly depends on the wettability of the wall. Consequently, heat and mass transfer
from the wall is also impacted by the wettability.

(v) Heat and mass transfer

Heat transfer between injected gas and molten metal near the nozzle exit is closely
associated with the expansion of the gas, formation of thermal accretion around a
bottom nozzle, and the so-called back attack [9, 30, 31]. Furthermore, mass trans-
fer between bubbles and molten metal is essential for the efficiency of refining
processes [32, 33]. A discussion on these subjects is beyond the scope of this
book and interested readers should refer to other specialized texts, for example,
Ilegbusi et al. [6].

1.4.2 Gas–Liquid Two-Phase Flows in Pipes

Investigations on gas–liquid two-phase flows in pipes of good wettability started
approximately 70 years ago mainly in mechanical and atomic energy engineering
[34–39]. Since then many experimental and theoretical studies have been carried
out on this subject. Some of the findings of relevance to metallurgical operations
will be briefly reviewed here.
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1.4.2.1 Vertical Pipes

(i) Flow regimes

Focus will be on gas–liquid two-phase flows in which both fluids move vertically
upwards. As shown in Fig. 1.7 the flow regimes in a vertical pipe of good wettability
can be classified into the following seven categories [36]:

(a) Bubbly flow
(b) Slug flow
(c) Froth flow or Churn flow
(d) Annular-mist flow
(e) Mist flow
(f) Slug-Annular flow
(g) Bubbly-Annular flow

The nature of flow in each flow regime has been described in great detail in other
texts [36, 37]. Many researchers have also given the flow regime maps. The bound-
aries between these regimes are typically expressed as functions of the superficial
velocities of gas and liquid, jg and jL, defined as,

jg D 4Qg=.�D
2/ (1.18)

jL D 4QL=.�D
2/ (1.19)

Fig. 1.7 Flow regimes in vertical pipe of good wettability



12 1 Introduction

in which D is the pipe diameter, and Qg and QL are the gas flow rate and liquid
flow rate, respectively. The boundaries, however, are different depending on the
researchers.

(ii) Bubble and liquid flow characteristics

Data on the quantities given in (1.2)–(1.5) and (1.8)–(1.12), as well as the pressure
losses, and heat and mass transfer have been accumulated by numerous researchers
[36, 37]. Mathematical models and empirical relations have also been proposed for
the quantities in mechanical, chemical, and atomic energy engineering. Most of
these investigations, however, considered pipes of good wettability.

Gas–liquid two-phase pipe flows are also prevalent in metallurgical processes.
A representative example is molten steel–argon two-phase flow in the immersion
nozzle in continuous casting [40–43]. However, unlike situations for which corre-
lations have been established, the pipes of metallurgical systems are poorly wetted
by the molten metal. In addition, studies on molten metal–gas two-phase pipe flows
are rather limited. This book describes the flow regimes and the bubble and liquid
flow characteristics in pipes of poor wettability typical of materials engineering op-
erations in order to elucidate the difference between the behavior of bubbles passing
through pipes of varying wettability. The flow regime map illustrated in Fig. 1.7 is
not applicable to pipes of poor wettability when the superficial velocity of liquid
is less than a certain critical value due to the attachment of bubbles to the pipe
wall [44].

1.4.2.2 Horizontal Pipe

(i) Flow regimes

The flow regimes in horizontal pipes of good wettability have been classified into
the following (see Fig. 1.8) [36]:

(a) Stratified flow
(b) Wavy flow
(c) Bubbly flow
(d) Plug flow
(e) Slug flow
(f) Froth flow
(g) Annular Mist flow
(h) Mist flow

A number of researchers have also classified gas–liquid two-phase flows in horizon-
tal pipes of good wettability based on other criteria [37]. Unfortunately, there is yet
no consensus among these various investigations. Although considerable effort has
been devoted to understanding the flow regimes in horizontal pipes of good wetta-
bility, investigations on gas–liquid two-phase flows in pipes of poor wettability are
quite limited.
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Fig. 1.8 Flow regimes in
horizontal pipe of good
wettability

(ii) Bubble and liquid flow characteristics

These characteristics as well as pressure losses and heat and mass transfer have been
presented in previous monographs for pipes of good wettability [34–39]. Similar
investigations on poorly wetted horizontal pipes are very limited [45, 46].

1.4.3 Dimensionless Parameters

The basic dimensionless parameters encountered in metallurgical engineering
are briefly described below. Additional dimensionless parameters are listed in
Appendix 1 together with their physical meanings.

1.4.3.1 Reynolds Number, Re

Re D vL=	.inertial force=viscous force/ (1.20)
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where v is the representative velocity scale, L is the representative length scale,
and 	 is the kinematic viscosity of the fluid. This dimensionless parameter is useful
for describing the transition from laminar to turbulent flow as well as the reverse
transition from turbulent to laminar flow (i.e., relaminarization).

1.4.3.2 Froude Number, Fr

Fr D v=ŒgL�1=2 .inertial force=buoyancy force/ (1.21)

where g is the acceleration due to gravity. The following modified Froude number,
Frm, is widely used to characterize the movement of bubbles generated with a single-
hole nozzle:

Frm D �gQ
2
g=Œ�Lgd5

ni� (1.22)

where, �g is the density of gas, Qg is the gas flow rate, �L is the density of liquid,
and dni is the inner diameter of the nozzle. This parameter represents the ratio of the
inertial force of injected gas to the buoyancy force acting on bubbles generated at
the nozzle exit.

1.4.3.3 Weber Number, We

We D �Lv2=�.inertial force=force due to surface tension/ (1.23)

where, � is the density of fluid and � is the surface tension. In metallurgical engi-
neering systems, the Weber number is an important parameter because the surface
tension of molten metal is usually much higher than that of fluids such as water
often used in mechanical and chemical engineering practice.

1.4.3.4 Mach Number, M

M D v=c.inertial force=elastic force/ (1.24)

where c is the speed of sound. The Mach number specifies the effect of fluid
compressibility on the flow. The definition for transition from bubbling to jetting
can be expressed by the following relation,

M D 1 (1.25)

v D Qg=.�d
2
ni=4/ (1.26)

where v denotes the cross-sectional mean velocity of gas in the nozzle,Qg is the gas
flow rate, and dni is the inner diameter of the nozzle.
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1.4.3.5 Strouhal Number, St

St D fL=v (1.27)

This parameter represents the ratio of inertial force due to temporal acceleration of
fluid motion to inertial force due to spatial acceleration. It is conveniently used to
describe the shedding of vortices from solid bodies immersed in fluids.

1.5 Closing Remarks

As briefly introduced in the preceding sections, gas–liquid two-phase flows find
wide applications in current metallurgical processes. This book, however, con-
siders only flow fields such as those in baths agitated by gas injection, in the
continuous casting molds, and in vertical pipes. There is only limited information
even on these fundamental flow fields. Although gas–liquid two-phase flows are
generally complex and difficult to measure, additional comprehensive investigations
are needed to provide a better understanding of current metallurgical processes as
well as useful information on the design of novel processes for high efficiency. In
particular, the book is meant to provoke researchers to confront the difficulties and
open a new horizon in metallurgical engineering practice.
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Chapter 2
Turbulence Structure of Two-Phase Jets

2.1 Mean Flow Characteristics

2.1.1 Introduction

Gas injection techniques have been extensively used for current steelmaking
processes, such as converters, ladles, RH degassing processes, and other metals
refining processes. In order to enhance the efficiency of these processes, precise
information on the behavior of rising bubbles in a molten metal bath and resultant
molten metal flow induced by the bubbles is required. Since it is difficult to study
bubble and liquid flow characteristics using actual processes, many experimental
and theoretical model investigations have been carried out. Details of the previous
investigations should be referred to, for example, a review article by Mazumdar and
Guthrie [1].

Concerning the bubble characteristics specified by gas holdup ˛, bubble fre-
quency fB, mean bubble rising velocity uB, and mean bubble chord length LB in
a high temperature molten metal bath agitated by bottom gas injection, hot model
experiments have been carried out for molten copper and molten iron baths using a
newly developed two-needle electro-resistivity probe [2–5]. In the axial region far
from the nozzle exit, experimental results of ˛; fB; uB, and LB for iron–Ar sys-
tems at 1,250 and 1;600ıC and a copper–Ar system at 1;250ıC were found to be
predicted satisfactorily by empirical correlations derived originally for a water–air
and a mercury–air system [6,7] as long as the radial distributions of gas holdup and
bubble frequency follow Gaussian distributions.

Compared with the bubble characteristics, the information on the liquid flow
characteristics specified by the axial and radial mean velocities, u and v, the root-
mean-square values of the axial and radial turbulence components, u0

rms and v0
rms,

the Reynolds shear stress u0v0, and higher correlations of turbulence components,
such as the skewness and flatness factors, are limited except for a water–air system
[8–12].

In general, precise measurements of the liquid flow characteristics in a molten
metal bath at high temperatures are very difficult. At present, the mean velocity can
be measured under limited conditions by using reaction probes [13–16] and Karman

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
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vortex probes [17, 18] even if the bath temperature is higher than 1;000ıC, whereas
the measurement of turbulence is practically impossible in this temperature range.

Numerical simulation techniques therefore have acted as a bridge between water
models and actual processes [19,20]. The aforementioned liquid flow characteristics
in a molten metal bath agitated by gas injection were predicted numerically by using
turbulence models, such as the k � " model, developed originally for single-phase
flows [19, 20]. Numerical results thus obtained, however, have not received reliable
experimental confirmation even for mercury and Wood’s metal flows.

In this section, a description is provided of the bubble and liquid flow characteris-
tics measured in a molten Wood’s metal bath stirred by bottom helium gas injection.
The aim is to provide experimental data for judging the adequacy of numerical re-
sults and to examine whether the results of liquid flow characteristics obtained for a
water–air system are useful to predict molten metal flows.

A magnet probe, specifically the Vives probe, [21, 22] was used to measure the
mean velocity and turbulence components of molten Wood’s metal flow at around
100ıC. Helium gas was chosen to simulate the density ratio between molten steel
and Ar.

2.1.2 Experiment

2.1.2.1 Bubble characteristics

Figure 2.1 shows a schematic diagram of the experimental apparatus. The cylin-
drical vessel made of stainless steel had an inner diameter D of 20.4 cm and a
height H of 30.0 cm. Wood’s metal (commercial name: U-alloy 70, melting tem-
perature: 70ıC) was melted in it to a depth, HL, of 15.0 cm. The bath temperature
was kept at 105 ˙ 1ıC using a thermo-controller. The physical properties of the
molten Wood’s metal are as follows: density �s D 9:56 g=cm3, kinematic viscosity
	s D 0:341mm2=s, and surface tension � D 460mN=m.

Helium gas was preheated up to 105˙ 5ıC with a heat exchanger installed up-
stream of the vessel and injected at a flow rate Qg of 60Ncm3=s through a centered
single-hole bottom nozzle with an inner diameter, dni, of 0.5 mm. Therefore, it is
not necessary to consider the expansion of gas at the nozzle exit due to temperature
difference between the bath and the injected gas. The density ratio of the molten
Wood’s metal to the Helium gas is the same order of magnitude as that of steel to
Ar. The nozzle was made of fluororesin (commercial name: Teflon). The origin of
the axial and radial coordinates, z and r , were placed at the center of the nozzle
exit. The volumetric gas flow rate at the nozzle exit was 67 cm3=s. Some additional
measurements were made for Qg D 95Ncm3=s.

Gas holdup ˛, bubble frequency fB, mean bubble rising velocity uB, and mean
bubble chord length LB were measured using a two-needle electroresistivity probe
(not shown in Fig. 2.1). The vertical distance between the tips of the two electrode
needles was set at 2 mm. The output signals of the electroresistivity probe system
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Fig. 2.1 Experimental apparatus

were A/D converted and then processed on a personal computer to determine these
quantities. Further details of the measurement method should be referred to a previ-
ous paper [6, 7]. A special consideration was provided to prevent oscillations of the
electrode needles induced by quasi-periodical arrival of bubbles. The measurement
errors were approximately ˙3% for ˛ and fB and ˙5% for uB and LB.

Electroresistivity probe measurements were carried out on the centerline of the
bubbling jet at equal intervals of 1 cm. Also, the radial distributions of the bubble
characteristics were measured at four representative axial positions of z D 1:5, 4.0,
7.0, and 10.0 cm. The experimental results were compared with empirical relations
proposed previously by Iguchi et al. [6, 7] for an arbitrary combination of metal
and gas and with those proposed by Xie et al. [23] for a molten Wood’s metal–N2

system.
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2.1.2.2 Liquid Flow Characteristics

The axial and radial velocity components, u and v; were measured by means of a
two-channel magnet probe. The magnet probe works on the basis of Faraday’s law
[21, 22]. According to Weissenfluh, [22] if an electric conductor moves through a
magnetic field, the conductor has an electromotive force induced in it which is in
a direction normal to the magnetic field and the direction of motion. The electro-
motive force generates an electric field which is nearly proportional to the intensity
of the magnetic field and to the velocity of the conductor. Therefore, it is possible
to measure the velocity of the conductor by detecting the electromotive force. Fur-
ther details of the working principle of the magnet probe are found in the articles of
Ricou and Vives [21] and Weissenfluh [22].

The magnet probe is applicable to molten metal flows at a temperature lower than
the Curie point of the permanent magnet. Previous magnet probe measurements for
a Wood’ metal bath were carried out by Xie et al. [23] at bath temperatures lower
than 150ıC. The magnet probe used by Xie et al. cannot detect the axial and radial
velocity components simultaneously. Accordingly, data on the Reynolds shear stress
and higher order turbulence correlations, such as the skewness and flatness factors,
have not been published.

An outline of the magnet probe described here is illustrated in Fig. 2.2. The orig-
inal output voltage of the magnet probe is basically small (approximately 50
V)
under normal conditions, and hence, two amplifiers are necessary (see Fig. 2.1). The
original voltage was amplified by 10,000 .100 � 100/ times and then recorded on a
data recorder. Signals originating from bubbles were removed using a differentiating

Fig. 2.2 Schematic of the present magnet probe
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Fig. 2.3 Discrimination of gas and liquid signals

circuit and a personal computer in a manner shown in Fig. 2.3, where Ez and
Er denote the output voltage values for the axial and radial velocity components,
respectively, and t is time.

The measurement of the radial velocity component, v, is relatively more difficult
than the axial velocity component, u, because the magnitude of v is much smaller
than that of u. The errors in measuring u are estimated to be ˙5%, while those for
v are ˙10%. The time required for measuring the Reynolds shear stress is basically
quite long. Thus, the measurement at only one axial position z D 4 cm was done.

2.1.3 Experimental Results

2.1.3.1 Bubble Characteristics

Axial distribution

Figures 2.4–2.7 show measured values of gas holdup, ˛cl, bubble frequency, fB;cl,
mean bubble rising velocity, uB;cl, and mean bubble chord length, LB;cl, where the
subscript cl designates the value on the centerline of the bath. In Fig. 2.4, the
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Fig. 2.4 Axial distributions
of gas holdup on the
centerline

Fig. 2.5 Axial distributions
of bubble frequency on the
centerline

measured ˛cl values are approximated satisfactorily by two empirical equations
[6, 7, 23]. The same degree of agreement between the measured fB;cl values and
two empirical equations can be seen for z > 5 cm, as shown in Fig. 2.5. The ax-
ial distribution of the mean bubble rising velocity on the centerline, uB;cl, shown in
Fig. 2.6, is well correlated by the empirical relation of Xie et al. [23] in the axial
region of z > 5 cm. However, it is not reasonable to judge the adequacy of the em-
pirical correlations by focusing solely on the centerline values, as can be seen from
comparisons between the empirical correlations and measured radial distributions
of the bubble characteristics shown in a subsequent section.

In Fig. 2.7, the measured LB;cl distribution for z > 5 cm is also approximated
satisfactorily by the empirical correlation of Xie et al. [23] The measured LB;cl

value obtained at z D 1 cm is much larger than 2 cm, implying that the bub-
ble generation region extends far beyond z D 2 cm. Consequently, the measured
uB;cl value in the close vicinity of the nozzle exit does not present the real bubble
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Fig. 2.6 Axial distributions
of mean bubble rising
velocity on the centerline

Fig. 2.7 Axial distributions
of mean bubble chord length
on the centerline

rising velocity of a bubble but includes the contribution of the expansion veloc-
ity of the bubble. A peak appearing at around z D 2:5 cm in the axial distribution
of uB;cl shown in Fig. 2.6 may be considered to be related to such an expansion
velocity.

Radial distribution

The radial distributions of gas holdup, ˛, measured by Iguchi et al. [24] at four
representative axial positions are shown in Fig. 2.8. The ˛ distribution at z D 1:5 cm
is very steep near the centerline of the bubbling jet. Two peaks appeared in the ˛
distributions measured at z D 4:0 and 7.0 cm. These two peaks are not caused by
the swirl motion of a bubbling jet because no swirl motion was observed under the
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Fig. 2.8 Radial distributions
of gas holdup

Fig. 2.9 Radial distributions
of gas holdup at z D 10 cm

experimental conditions considered. They are closely associated with the shape of
bubbles like a bell commonly seen in oriental temples [25].

Although any evidence is not given, agreement between the measured ˛ values
and the empirical correlations is not good at z D 4:0 and 7.0 cm because these
two correlations assume Gaussian distributions. The measured radial distribution of
˛ approached a Gaussian distribution as z increased further (see ’ distribution at
z D 10 cm). As a result, the measured ˛ values at z D 10 cm were approximated
adequately by the empirical correlation by Iguchi et al. [6, 7], as demonstrated in
Fig. 2.9.

In Fig. 2.10, showing the radial distributions of bubble frequency fB, a plateau
appeared in the distributions at z D 4:0 and 7.0 cm. This is also attributed to
the formation of bell-shaped bubbles [25]. The radial fB distribution measured at
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Fig. 2.10 Radial
distributions of bubble
frequency

Fig. 2.11 Radial
distributions of bubble
frequency at z D 10 cm

z D 10:0 cm was also predicted by the two empirical correlations (see Fig. 2.11) to
within approximately the same accuracy.

Figures 2.12 and 2.13 show the radial distributions of mean bubble rising velocity
uB and mean bubble chord length LB, respectively. The measured values of uB and
LB at z D 1:5 cm were not plotted. The relatively large uB values near the centerline
.r Š 0/ at z D 4 and 7 cm may be caused by the vertical elongation of bell-shaped
bubbles [25]. The empirical correlation of uB proposed by Iguchi et al. [6, 7] can
predict the measured values only in the outer region of the bubbling jet. At every
axial position, the measured LB value is relatively small near the centerline, being
caused by thinning of the bell-shaped bubbles. Any empirical correlations for the
radial distributions of uB and LB were not proposed by Xie et al.

A reexamination of previous experimental results for an Fe-Ar system, [2, 3, 5]
a Cu-Ar system [4], and a Wood’s metal–N2 system [26] reveals that the radial
distributions of ˛; fB; uB, and LB are similar to those mentioned above near the
nozzle exit, although each radial distribution is not so distinguished compared with
the results presented in Figs. 2.12 and 2.13.
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Fig. 2.12 Radial
distributions of mean bubble
rising velocity

Fig. 2.13 Radial
distributions of mean bubble
chord length

Iguchi et al. [6, 7] did not observe two peaks in the radial distribution of ˛ for a
water–air system and a mercury–air system. For the water–air system, this might be
because even if bell-shaped bubbles are generated, they are likely to disintegrate into
smaller bubbles in complex shapes near the nozzle exit due to low surface tension
and high turbulent shear stress of liquid flow.

Two peaks did not appear in ˛ distributions for the mercury–air system, either.
The surface tension of mercury is nearly equal to that of the Wood’s metal, but
the density ratio �L=�g for the mercury–air system is much lower than that of
the Wood’s metal–He system, where the subscripts L and g designate liquid and
gas, respectively. Consequently, the density ratio �L=�g seems to be another can-
didate responsible for the difference in the bubble characteristics near the nozzle
exit [27, 28].
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2.1.3.2 Liquid Flow Characteristics

Axial Distribution

Figure 2.14 shows the axial mean velocity on the centerline of the bath, ucl, and
the root-mean-square values of the axial and radial turbulence components, u0

0ms;cl

and v0
rms;cl, against the axial distance, z. The measured ucl value remains almost

unchanged in the axial direction and approaches the following empirical correlations
originally proposed for a water–air system [9]:

ucl D 2:3urFrm
0:036.0:1 < P < 0:5/ (2.1)

D 1:2urP
�0:28.0:02 < P < 0:1/ (2.2)

Frm D �gQg
2=.gdni

5�L/ (2.3)

ur D .gQg=z/1=3 (2.4)

P D ŒQg
2=.gz5/�1=5 (2.5)

where ur is a representative velocity (cm/s), Frm is the modified Froude number, g
is the acceleration due to gravity .cm=s2/, and P is a dimensionless parameter [9].
The units of ucl; �g; Qg; �L; dni, and z are cm/s, g=cm3; cm3=s; g=cm

3
, cm, and

cm, respectively.
The axial turbulence intensity on the centerline, u0

rms;cl=ucl, is about 0.55 in the
axial region except near the nozzle exit. The radial turbulence intensity on the cen-
terline, v0

rms;cl=ucl, is also approximately 0.55 for the Wood’s metal–He system. It is
known that u0

rms;cl=ucl D 0:5 and v0
rms;cl=ucl D 0:4 for a water–air system. The mea-

sured values of u0
rms;cl=ucl are almost the same for the two systems, whereas those of

v0
rms;cl=ucl are significantly different. This difference seems to be due mainly to the

difference in the shapes of bubbles that influence the turbulence production in the
wake of the bubbles.

Fig. 2.14 Axial mean
velocity and the rms values
of turbulence components on
the centerline as functions
of axial distance
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Fig. 2.15 Radial
distributions of axial
mean velocity

Fig. 2.16 Comparison of
radial distributions of u
between Wood’s metal–He
and water–air systems

The measured values of the half-value radius, bu, of the radial distribution of u
are shown in Fig. 2.15. The bu value approaches the following empirical correlation
as z increases:

bu D 0:13z (2.6)

This relation is known to hold for a water–air system [11].

Radial Distribution

The radial distribution of the axial mean velocity u measured at z D 4 cm is shown
in Fig. 2.16. In the bubbling jet region .r=bu < 1:5/ where almost all rising bubbles
are present, the radial u distribution is approximated satisfactorily by a Gaussian
distribution marked by the broken line, although the radial ˛ distribution does not
follow a Gaussian distribution, as shown in Fig. 2.7. Measured u values for z D
10 cm are also approximated by a Gaussian distribution.
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Fig. 2.17 Relation between
half-value radius and axial
distance

Fig. 2.18 Radial
distributions of the rms values
of axial and radial turbulence
components

The measured u values shown in Fig. 2.16 and those obtained at an other mea-
surement position .z D 10 cm/ are nondimensionalized by ucl and replotted against
r=bu in Fig. 2.17. The measured values of u=ucl for a water–air system are also in-
cluded. The radial distributions of u=ucl for the two systems agree with each other
for r=bu < 1:5.

Figure 2.18 compares the radial distributions of the rms values of the axial
and radial turbulence components, u0

rms and v0
rms, measured at z D 4 cm in the

Wood’s metal bath with those for single-phase free jets [29, 30]. Due to additional
turbulence production in the wake of bubbles, the measured u0

rms=ucl and v0
rms=ucl

values for the bubbling jet in the Wood’s metal bath are much larger than those for
the single-phase free jets [11]. The measured u0

rms=ucl and v0
rms=ucl values for the

Wood’s metal–He system are nearly the same both in the bubbling jet and recircu-
lation regions. The latter region is located outside the former.
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Fig. 2.19 Radial
distributions of the rms values
of axial turbulence
component

Fig. 2.20 Radial
distributions of the rms values
of radial turbulence
component

The measured rms values of the axial and radial turbulence components shown in
Fig. 2.18 are replotted in Figs. 2.19 and 2.20, respectively. The values for a water–air
system are also shown in these figures [10,11]. In Fig. 2.19, agreement between the
measured u0

rms=ucl values for the Wood’s metal–He system and the water–air system
is quite good in the bubbling jet region .r=bu < 1:5/. Meanwhile, in Fig. 2.20, the
Wood’s metal–He system exhibits a relatively large v0

rms=ucl value compared with
the water–air system. Such a difference seems to be caused mainly by the difference
in the turbulence production in the wake of the bubbles [25].

In the recirculation region, the measured values of u0
rms=ucl and v0

rms=ucl for
the Wood’s metal–He system are the same, as observed for a water–air system
[8, 11, 12].

The radial distributions of the Reynolds shear stress u0v0 are shown in Fig. 2.21.
In the bubbling jet region, r=bu < 1:5, the values for the Wood’s metal–He system



2.2 Conditional Sampling 33

Fig. 2.21 Radial
distributions of the Reynolds
shear stress

are much larger than those for a single-phase free jet because of the additional
turbulence production in the wake of bubbles. Furthermore, the measured values
of u0v0 for the Wood’s metal–He system are slightly larger than those for a water–
air system. As mentioned above, this difference seems also to be attributable to the
shape of bubbles.

2.2 Conditional Sampling

2.2.1 Introductory Remarks

Many experimental studies have been carried out to investigate the turbulence char-
acteristics in gas–liquid and gas–solid two-phase jets under various flow conditions
[31–35]. In single-phase jets, turbulence is produced mainly by entrainment of sur-
rounding fluid into the jets, [29, 30] while in two-phase jets, turbulence production
takes place also in the wake of bubbles or solid particles in addition to turbulence
production due to the entrainment typical of single-phase jets. The size and shape of
bubbles or solid particles are considered to affect the structure of turbulence [36,37].
The effects of the size of bubbles or solid particles on the modulation of turbulence
characteristics have been reported by many researchers [35–38]. However, the in-
formation on the effect of bubble shape is quite limited.

As shown in the previous section, the shape of bubbles was found to affect prefer-
ably the modulation of radial (horizontal) turbulence component [24]. However, the
mechanism of turbulence production was not mentioned. In this section, the appli-
cation is described of the four-quadrant classification method, [39] one of the most
popular conditional sampling methods, adopted to elucidate the coherent structure
of turbulence or the mechanism of turbulence production in a He–Wood’s metal
bubbling jet.
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2.2.2 Experimental Apparatus and Procedure

A detailed description of the apparatus and experimental method for molten Wood’s
metal flow has been provided in the preceding section.

2.2.3 Shape and Size of Helium Bubble

Before discussing the turbulence structure in a bubbling jet in detail, it is worth
describing first the shape and size of bubbles. The radial distribution of gas holdup in
a vertical bubbling jet is widely known to obey a Gaussian distribution when bubbles
can be classified as the so-called wobbling type, as schematically shown in Fig. 2.22
[40]. The axial mean velocity of liquid flow also follows a Gaussian distribution
in the presence of wobbling bubbles [39]. Under the experimental condition being
described here, the radial distribution of gas holdup has a plateau near the centerline
of the bubbling jet and exhibits a mild peak outside the plateau. This somewhat
curious distribution of gas holdup can be explained as follows.

The cross-section of bubbles was observed using a multi-needle electroresistiv-
ity probe [25]. The bubbles have a cross-section illustrated in Fig. 2.23, and could
be classified into the well-known skirted type. This kind of bubble appears when
the following modified Weber number, Wem, and the Reynolds number, Rem, are
relatively small [41].

Wem D .�g=�L/�LdBuB
2=�; (2.7)

Rem D .�g=�L/dBuB=	L; (2.8)

Fig. 2.22 Shape of bubbles
visualized with a high-speed
video camera in air–water
system
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Fig. 2.23 Measured bubble
shape at z D 0:050m in
He–Wood’s metal bubbling
jet

where �g is the density of gas, �L is the density of liquid, dB is the mean bubble
diameter, uB is the mean bubble rising velocity, � is the surface tension of liquid,
and 	L is the kinematic viscosity of liquid.

2.2.4 Four-Quadrant Classification Method

Turbulent motions in single-phase boundary layers, pipe flows, and jets are not com-
pletely random but have coherent or ordered structure [42–45]. According to the
four-quadrant classification method, the turbulent motions are grouped into four dis-
tinct categories, as illustrated in Fig. 2.24. In this figure, “ejection” denotes a higher
momentum fluid motion directed outward, “outward interaction” denotes a lower
momentum fluid motion directed outward, “sweep” denotes a lower momentum
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Fig. 2.24 Classification of
turbulent motions

fluid motion directed inward and “inward interaction” denotes a higher momentum
fluid motion directed inward. The frequency of occurrence of these four turbu-
lent motions, and their contributions to the turbulence kinetic energies and to the
Reynolds shear stress, are discussed subsequently by comparing them with those
for the air–water bubbling jet [39, 45].

2.2.5 Experimental Results Based on Four-Quadrant
Classification Method

Figure 2.25 shows the occurrence frequencies of the four turbulent motions in the
He–Wood’s metal bubbling jet together with those in an air–water bubbling jet [25].
In the region near the center line .r D 0/, the occurrence frequency of each turbulent
motion is approximately 0.25, and hence, there is no coherent structure there. In a
radial region of 0 < r=bu < 1:0, the occurrence frequency of sweep is the highest,
followed by the ejection. The occurrence frequency of inward interaction is the low-
est. The order of the first two motions is the same as that for an air–water bubbling
jet [39]. As r=bu becomes greater than approximately 1.0, around which the peak
of gas holdup appeared, the occurrence frequency of sweep decreases drastically,
while that of inward interaction increases. Consequently, the coherent structure for
r=bu > 1:0 in the He–Wood’s metal bubbling jet differs significantly from that in
the air–water bubbling jet.
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Fig. 2.25 Relative appearance frequency Nc

Fig. 2.26 Radial distributions of the axial turbulence kinetic energy for each turbulent motion

Figure 2.26 presents the axial turbulence kinetic energy for each turbulent mo-
tion, ku;c, calculated from the axial turbulence component u0, thus,

ku;c D Œ†.ui � u/2�c=Nc; (2.9)

where the subscripts c and i designate each turbulent motion and the i th digitized
datum, respectively. The contributions of ejection and inward interaction to the axial
turbulence kinetic energy are dominant for r=bu < 1:0. Although the appearance
frequency of inward interaction is the lowest for r=bu < 1:0, its contribution to the
axial turbulence kinetic energy is the largest. For r=bu > 1:0, the sweep and outward
interaction play an important role on the axial turbulence kinetic energy.

Figure 2.27 compares the measured data on the contribution of each turbulent
motion to the total turbulence kinetic energy in the axial direction with those in an



38 2 Turbulence Structure of Two-Phase Jets

Fig. 2.27 Contributions of four turbulent motions to the axial turbulence kinetic energy

Fig. 2.28 Radial distributions of the radial turbulence kinetic energy for each turbulent motion

air–water bubbling jet [45]. The contribution of ejection is most dominant every-
where in the air–water bubbling jet, while in the Wood’s metal–He bubbling jet,
the contribution of inward interaction is most dominant for r=bu < 1:0 and that of
outward interaction is so for r=bu > 1:0. These results imply that the wake behind
bubbles play an essential role on turbulent production in bubbling jets because the
behavior of wake is closely associated with the shape and size of bubbles.

Figure 2.28 illustrates the radial turbulence kinetic energy for each turbulent mo-
tion. The contribution of inward interaction is particularly large for r=bu < 1:0 in
spite of its lowest appearance frequency just like the axial turbulence kinetic en-
ergy. Meanwhile, in this radial region .r=bu < 1:0/, the contributions of sweep and
outward interaction are hardly different from each other.
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Fig. 2.29 Radial
distributions of Reynolds
shear stress for each turbulent
motion

Fig. 2.30 Correlation factor for each turbulent motion

Figure 2.29 shows the radial distribution of the Reynolds shear stress for each
turbulent motion. The absolute values for the inward interaction and ejection are
large, as suggested from the turbulence kinetic energies.

Figure 2.30 shows the measured values of the correlation factor, Fc, defined by

Fc D †Œ.ui � u/.vi � v/�c=Œ.†.ui � u/2/c.†.vi � v/2/c�
1=2 (2.10)

The measured values of Fc for each turbulent motion remain almost unchanged in
the radial direction, but in a strict sense, those for ejection and sweep changed trend
around r=bu D 1:0. This implies that the He–Wood’s metal bubbling jet has two
large-scale coherent structures, the boundary being located around r=bu D 1:0. This
result is consistent with the above-mentioned findings on the appearance frequency
and the contributions of each turbulent motion to the turbulence kinetic energies and
the Reynolds shear stress.
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2.3 Summary

2.3.1 Mean Flow Characteristics

The bubble and liquid flow characteristics in a molten Wood’s metal bath agitated by
bottom Helium gas injection measured using a two-needle electroresistivity probe
and a magnet probe, respectively, can be summarized as follows:

2.3.1.1 Bubble Characteristics

(a) The axial distributions of gas holdup and bubble frequency on the centerline,
˛cl and fB;cl, for z > 5 cm are approximated satisfactorily by two empirical
correlations [6, 7, 23]. The empirical correlations of Xie et al. [23] for the mean
bubble rising velocity and the mean bubble chord length on the centerline, uB;cl

and LB;cl, also approximate adequately the measurement for z > 5 cm.
(b) The radial distributions of gas holdup ˛ and bubble frequency fB measured at

the axial position of z D 1:5 cm are very steep near the centerline of a bubbling
jet. Two peaks appear in the ’ distributions at z D 4:0 and 7.0 cm. The two-peak
distribution is closely associated with bell-shaped bubbles. Further downstream
of the nozzle exit .z D 10 cm/, the disintegration of bell-shaped bubbles occurs
and the distributions of ˛ and fB are nearly Gaussian. The empirical distribu-
tions of ˛ and fB [6, 7, 23] can approximate the measured radial distributions
only at z D 10 cm.

The mean bubble rising velocity uB and mean bubble chord length LB measured at
z D 1:5, 4.0, and 7.0 cm, exhibit a complex behavior in the radial direction. These
radial distributions are also closely related to the shape of bubbles. An empirical
correlation of uB is proposed that could approximate the measurements only at the
outer region of a bubbling jet.

2.3.1.2 Liquid Flow Characteristics

(a) In the axial region where the measured radial distribution of gas holdup ˛ fol-
lows a Gaussian distribution, the axial mean velocity on the centerline, ucl, and
the half-value radius of u, denoted by bu, are well correlated by empirical corre-
lations derived originally for a water–air system. The axial turbulence intensity
on the centerline, u0

rms;cl=ucl, is approximately 0.55 except near the nozzle exit.
This value is nearly the same as that for the water–air system. The radial turbu-
lence intensity on the centerline, v0

rms;cl=ucl, is also approximately 0.55 for the
Wood’s metal–He system, while it is about 0.4 for the water–air system. This
difference seems to be due to the fact that the turbulence production in the wake
of bubbles is dependent on the shape of the bubbles.
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(b) In the bubbling jet region .r=bu < 1:5/, the radial u distributions measured at
axial positions except near the nozzle exit are Gaussian, as observed for a water–
air system. The radial distributions of the axial turbulence intensity, u0

rms=ucl,
measured at z D 4 and 10 cm also compare well with those for the water–air
system. On the other hand, the radial distributions of the radial turbulence inten-
sity, v0

rms=ucl, are larger for the Wood’s metal–He system than for the water–air
system. As a result, the radial distributions of the Reynolds shear stress u0v0=ucl

2

in the two systems are different from each other. This difference seems also to
be attributable to the shape of bubbles.

In the recirculation region, the measured values of u0
rms=ucl and v0

rms=ucl are nearly
equal as in the case of a water–air system.

The experimental results suggest that empirical correlations of the bubble char-
acteristics and the axial mean velocity and turbulence components of liquid flow,
derived from cold model experiments, are applicable to actual refining processes
stirred by bottom gas injection when the radial distributions of gas holdup and
bubble frequency follow Gaussian distributions. These distributions appear to be
a result of the disintegration of rising bubbles due to highly turbulent liquid motion
in the bath.

2.3.2 Conditional Sampling

A description is provided of the use of the 4-quadrant classification method, for
measuring the coherent structure of turbulence in a He–Wood’s metal bubbling jet.
The results were compared with those obtained in an air–water bubbling jet. The
main findings can be summarized as follows.

There exist two different types of coherent structures with respect to the radial
distance in a He–Wood’s metal bubbling jet. The boundary between the two types
is located around r=bu D 1:0. This radial position nearly corresponds to the outer
edge of the bubble dispersion region. Most He bubbles rise in the radial region of
r=bu < 1:0. Turbulence is produced mainly by inward interaction for r=bu < 1:0,
and by outward interaction for r=bu > 1:0.

There exists only one coherent structure of turbulence in an air–water bubbling
jet. Turbulence is produced mainly by ejection everywhere in the bubbling jet. The
difference in the turbulence structures in the two types of bubbling jets is attributable
to the shape and size of bubbles. Bubbles in the He–Wood’s metal bubbling jet are
of the skirted type, while those in an air–water bubbling jet adopted for comparison
can be classified into the wobbling type.
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vortex probe for measuring the velocity of molten metal flow. Trans JIM 35:716–722

18. Iguchi M, Kawabata H, Ogura T, Hayashi A, Terauchi Y (1996) A new prove for directly
measuring flow velocity in the continuous casting mold, Proc first int steelmaking conference,
Chiba, Japan, ISIJ, p 40

19. Sawada I, Tani M, Szekely J, Ilegbusi OJ (1991) Recent developments and possibilities of
computational fluid dynamics in materials processing. Tetsu-to-Hagane 77:1234–1242

20. Sahai Y, St. Pierre GR (1992) Advances in transport processes in metallurgical systems.
Elsevier, Amsterdam

21. Ricou R, Vives C (1982) Local velocity and mass transfer measurements in molten metals
using an incorporated magnet probe. Int J Heat Mass Transf 25–10:1579–1588

22. von Weissenfluh T (1985) Probes for local velocity and temperature measurements in liquid
metal flow. Int J Heat Mass Transf 28–8:1563–1574

23. Xie Y, Orsten S, Oeters F (1992) Behaviour of bubbles at gas blowing into liquid wood’s metal.
ISIJ Int 32:66–75

24. Iguchi M, Tokunaga H, Tatemichi H (1997) Bubble and liquid flow characteristics in a wood’s
metal bath stirred by bottom helium gas injection. Metall Mater Trans B 28B:1053–1061



References 43

25. Iguchi M, Nakatani T, Kawabata H (1997) The shape of bubbles rising near the nozzle exit in
molten metal baths. Metall Mater Trans B 28B:417–423

26. Kondoh H (1993) Bachelor’s dissertation. Fac Eng Osaka Univ
27. Iguchi M, Takanashi N, Ogawa Y, Tokumitsu N, Morita Z (1994) X-ray fluoroscopic observa-

tions of bubble characteristics in a molten iron bath. Tetsu-to-Hagane 80–7:515–520
28. Iguchi M, Chihara T, Takanashi N, Ogawa Y, Tokumitsu N, Morita Z (1995) X-ray fluoroscopic

observation of bubble characteristics in a molten iron bath. ISIJ Int 35–11:1354–1361
29. Wygnanski I, Fiedler H (1969) Some measurements in the self-preserving jet. J Fluid Mech

38–3:577–612
30. Panchapakesan NR, Lumley JL (1993) Turbulence measurements in axisymmetric jets of air

and helium. Part 1. Air jet. J Fluid Mech 246:197–223
31. Theofanous TG, Sullivan J (1982) Turbulence in two-phase dispersed flows. J Fluid Mech

116:343–362
32. Mostafa AA (1992) Turbulent diffusion of heavy-particles in turbulent jets. Trans ASME J

Fluids Eng 114:667–671
33. Tsuji Y, Morikawa Y (1982) LDV measurements of an air–solid two-phase flow in a horizontal

pipe. J Fluid Mech 120:385–409
34. Lance M, Bataille J (1991) Turbulence in the liquid phase of a uniform bubbly air–water flow.

J Fluid Mech 222:95–118
35. Longmire EK, Eaton JK (1992) Structure of a particle-laden round jet. J Fluid Mech 236:

217–257
36. Gore RA, Crowe CT (1989) Effect of particle size on modulating turbulent intensity. Int J

Multiphase Flow 2:279–285
37. Hetsroni G (1989) Particles-turbulence interaction. Int J Multiphase Flow 5:735–746
38. Iguchi M, Okita K, Nakatani T, Kasai N (1997) Structure of turbulent round bubbling jet gen-

erated by premixed gas and liquid injection. Int J Multiphase Flow 23:249–262
39. Iguchi M, Nakatani T, Ueda H (1997) Model study of turbulence structure in a bottom blown

bath with top slag using conditional sampling. Metall Mater Trans B 28B:87–94
40. Iguchi M, Nozaawa K, Tomida H, Morita Z (1992) Bubble characteristics in the buoyancy

region of a vertical bubbling jet. ISIJ Int 32:747–753
41. Iguchi M, Nakatani T, Tokunaga H (1997) The shape of bubbles rising near the nozzle exit in

molten metal baths. Metall Mater Trans B 28B:417–423
42. Brodkey RS, Wallace JM, Eckelmann H (1974) Some properties of truncated turbulence signals

in bounded shear flows. J Fluid Mech 63:209–224
43. Kim J, Moin P, Moser P (1983) Turbulence statistics in fully developed channel flow at low

Reynolds number. J Fluid Mech 177:133–166
44. Iguchi M (1988) The structure of turbulence in pulsatile pipe flow accompanied by relaminar-

ization. JSME Int J 31:623–631
45. Iguchi M, Nakatani T, Okita K, Yamamoto F, Morita Z (1996) Turbulence in reactors agitated

by bottom gas injection. ISIJ Int Suppl 36:38–41



Chapter 3
The Coanda Effect

3.1 General Features

3.1.1 Overview

Attachment of flow to a wall or walls placed around the flow is usually referred to
as the Coanda effect [1]. According to Kadosch [1, 2], this effect was first reported
by Young in 1800. Since then many investigations have been made on its impact
in a variety of flow fields [3–6]. In particular, the application to flow control in
pneumatics and hydraulic circuits has been extensively investigated [3, 6]. Kirshner
[1] identified the following effects on wall attachment in fluid amplifiers.

� Changing position of walls
� Diverging walls
� Single-sided case
� Mean flow and fluctuation
� Secondary nozzles
� Pressure distribution
� Wall height and aspect ratio

Wall attachment has also been effectively used in combustion, sizing of particles,
air conditioning, and so on [4–6].

In addition to the wall attachment mentioned above, the Coanda effect emerges
when single-phase jets are generated using dual nozzles placed a short distance apart
[7, 8]. The effect also appears when two bubbling jets rise side by side. The two
bubbling jets pull each other and merge into a larger scale single bubbling jet.

Gas injection through multi-nozzles is intended to enhance the mixing and chem-
ical reaction rates in the baths of metallurgical processes [9–13]. The merging
phenomena of bubbling jets may not be effective or suitable for these purposes. In
this chapter, both the wall attachment of a bubbling jet and interaction of two bub-
bling jets will be discussed. Concerning the wall attachment of a vertical bubbling
jet to a vertical wall, the attachment length and the bubble and liquid flow character-
istics will be described. For two bubbling jet interactions, a detailed description is

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 3,
c� Springer Science+Business Media, LLC 2011
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provided of the critical condition for two jets to merge, the merging length defined
as the distance from the nozzle exit to the merging position, and the bubble and
liquid flow characteristics in the bubbling jets.

3.1.2 Mechanism of Coanda Effect

The mechanism of the Coanda effect will be qualitatively described with reference
to Fig. 3.1. A bubbling jet generated vertically upwards through a single nozzle rises,
entraining the surrounding liquid, as shown in Fig. 3.1a, and as a result, spreads

Fig. 3.1 Explanation of
Coanda effect
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in the horizontal direction. If there is no wall or another jet around the bubbling
jet, the pressure around it is uniform at any vertical position because the fluid is
uniformly entrained into the jet from all directions. Accordingly, the bubbling jet
ascends vertically upwards.

If there is a vertical wall nearby (see Fig. 3.1b), the pressure in the fluid between
the jet and the wall decreases as the outer edge of the jet approaches the wall. That
is, the pressure of fluid between the jet and the wall becomes low compared with
the pressure of fluid on the opposite side of the jet as the jet develops in the vertical
direction. Due to this pressure difference, the jet is pulled towards the wall and
subsequently attaches to it. A similar phenomenon occurs for a bubbling jet rising
in the vicinity of another, as shown in Fig. 3.1c.

3.2 Wall Interaction in Metallurgical Reactor

3.2.1 Bubble Characteristics

The Coanda effect will occur in real metallurgical reactors agitated by gas injection
through a bottom nozzle or a top lance placed near the side wall of the reactors.
The attachment of a bubbling jet to the side wall of the reactors may cause unde-
sirable events. For example, the intensity of mixing in the reactors may be reduced
and erosion of the refractory may become serious. The main purpose of this sec-
tion therefore is to describe the behavior of an air–water bubbling jet subjected to
the Coanda effect. Bubble frequency, gas holdup, mean bubble rising velocity, and
mean bubble chord length measured with a two-needle electroresistivity probe in the
vertical region extending from the nozzle exit to the bath surface are presented. Par-
ticular attention is paid to the vertical and horizontal distributions of these quantities
near the side wall.

3.2.1.1 Experimental Apparatus and Procedure

Experimental Apparatus

Figure 3.2 shows a schematic of the experimental apparatus. The cylindrical vessel
made of transparent acrylic resin has an inner diameterD of 0.200 m and a heightH
of 0.400 m. This vessel is enclosed with another vessel with a square cross-section,
and water is used to fill the gap between the two vessels in order to reduce parallax
effect as much as possible. Air is injected vertically upward into a water bath of
a depth of 0.350 m through a single-hole nozzle at the exit of a glass top lance.
The inner diameter of the nozzle, dni, is varied from 1:3� 10�3 to 3:8� 10�3 m.
The center of the nozzle exit is located on the horizontal plane 5� 10�2 m above the
bottom wall.
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Fig. 3.2 Experimental
apparatus

The origin of the cylindrical coordinate system is placed at the center of the
bath, as shown in Fig. 3.3. The horizontal distance from the side wall is designated
by �.DR � r/. The distance from the side wall to the nozzle exit, �n, is varied
from 1:75� 10�2 to 3:5� 10�2 m. The horizontal position at which a peak appears
in the gas holdup distribution is designated by �˛;max and the half-value width by
�˛;max =2;. These quantities are introduced to represent the horizontal extent of the
bubble dispersion region. In the same manner, the peak position and half-value width
of the axial mean velocity Nu are defined. These two representative scales will be
discussed in a later section. The attachment length La is defined as the vertical
distance from the nozzle exit to the position at which bubbles attach to the side wall.

Measurement of Attachment Length

The attachment length La was determined from a picture taken with a still camera
of a bubbling jet subjected to the Coanda effect.
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Fig. 3.3 Coordinate system

Measurement of Bubble Characteristics

The bubble characteristics represented by the bubble frequency, gas holdup, mean
bubble rising velocity, and mean bubble chord length were measured at z D 0:050,
0.100, 0.150, and 0.190 m with a two-needle electroresistivity probe [14–20]. The
inner and outer diameters of the nozzle were 2:0 � 10�3 and 4:0 � 10�3 m,
respectively, and the distance �n was 2 � 10�2 m. The gas flow rate Qg was
41:4�10�6; 100�10�6, or 293�10�6 m3=s. Although the measurements were car-
ried out in the r; � , and z directions, the results obtained on the r � z plane .� D 0/

will be primarily presented to discuss the Coanda effect on an air–water bubbling
jet rising near the side wall of a cylindrical vessel.

3.2.1.2 Experimental Results

Attachment Length

Figure 3.4 shows a photograph of a bubbling jet attaching to the side wall. When
the nozzle is far from the side wall, the bubbling jet thus generated rises vertically
upward. Accordingly, the attachment of the bubbling jet shown in Fig. 3.4 can be
attributed to the Coanda effect.

The measured values of the attachment length La by �n are shown in Fig. 3.5.
The La=�n values are independent of the inner diameter of the nozzle, dni, but
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Fig. 3.4 Photograph showing
bubbling jet subjected to
Coanda effect

Fig. 3.5 Relation between
attachment length and gas
flow rate

dependent on the gas flow rateQg. This implies that the attachment length is nearly
independent of the inertia force of injected gas, while buoyancy force exerts primary
influence on the length. From single-phase jet flow study [5], the attachment length
is nearly independent of the inertia force of injected gas as long as �n=dni > 10.
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Fig. 3.6 Bubble frequency
near the side wall

The results for the air–water bubbling jets in Fig. 3.5 can be represented by the
empirical relation.

La=�n D 0:14Q�1=3
g (3.1)

with Qg expressed in m3=s. This relation is valid for 30 > �n=dni > 5.

Horizontal Distribution of Bubble Characteristics

The horizontal distribution of bubble frequency fB and gas holdup ˛, measured at
the aforementioned four vertical positions, are shown in Figs. 3.6 and 3.7, respec-
tively. The horizontal position at which a peak appears in the fB distribution moves
towards the side wall as z increases. The same peak-shift can be seen in the horizon-
tal distribution of gas holdup ˛.

Both the measured values of mean bubble rising velocity uB and mean bubble
chord lengthLB are approximately uniform in the horizontal direction, as illustrated
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Fig. 3.7 Gas holdup near the
side wall

in Figs. 3.8 and 3.9, respectively. In addition, changes in uB and LB in the vertical
direction are relatively small, indicating that bubbles rise without any significant
disintegration or coalescence.

Axial Variation of Maximum Values of Bubble Characteristics

The maximum value of bubble frequency, fBmax, is plotted against the vertical
distance z for the three gas flow rate values in Fig. 3.10. The solid and broken
lines designate fB;max values measured for vertical bubbling jets in the absence
of the Coanda effect [21]. Agreement between the measurement and the verti-
cal bubbling jet data is quite good for the two gas flow rates Qg D 41:4� 10�6

and 293 � 10�6 m3=s except near the bath surface. Data on fB;max for the verti-
cal bubbling jet in the absence of the Coanda effect are not available for Qg D
100 � 10�6 m3=s.

The measured maximum values of the gas holdup, ˛max, are plotted in Fig. 3.11.
The trend follows that for fB;max described above.
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Fig. 3.8 Mean bubble rising
velocity near the side wall

The maximum values of mean bubble rising velocity, uB;max, and mean bubble
chord length, LB;max, are shown in Figs. 3.12 and 3.13, respectively. In each figure
the measurement forQg D 41:4� 10�6 and 293� 10�6 m3=s can be approximated
by the data obtained for the vertical bubbling jet that is free from the Coanda effect.

The experimental results shown in Figs. 3.6–3.13 collectively suggest that the
maximum values of the bubble characteristics in the bubbling jet rising very near
the side wall of the vessel are not significantly affected by the wall although the jet
is pulled towards the wall and finally rises along it.

Horizontal Spread of Bubble Dispersion Region

Figure 3.14 shows the characteristic length �f B;max =2, defined in the same manner as
�˛;max =2 illustrated in Fig. 3.3. These length scales were introduced to represent the
spread of a bubbling jet rising along the side wall of a cylindrical vessel. It is evident
that the dependence of �f B;max =2 on the air flow rate Qg is weak and �f B;max =2
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Fig. 3.9 Mean bubble chord
length near the side wall

Fig. 3.10 Maximum value of
bubble frequency
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Fig. 3.11 Maximum value of
gas holdup

Fig. 3.12 Maximum value of
mean bubble rising velocity

remains nearly constant in the vertical direction. Allowing for mass balance of gas,
it is curious that the ˛max and NuB;max values for the bubbling jets with and without
the Coanda effect are approximately the same in Figs. 3.10 and 3.12 in spite of
the difference in the measured half widths. Mass balance of gas, however, must be
considered after the bubble dispersion in the tangential .�/ direction is known. So
far this issue has not been addressed.

In the vicinity of the nozzle exit, �f B;max =2 is approximated by

�f B;max=2 D �n C bf; (3.2)
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Fig. 3.13 Maximum value of
mean bubble chord length

Fig. 3.14 Relation between
�f B;max =2 and vertical
distance z

where bf is the half-value radius of the horizontal distribution of the bubble
frequency in the vertical bubbling jet, which is not subject to the Coanda effect [19].

The parameter �˛;max =2 follows the same relation, as shown in Fig. 3.15. It is in-
teresting that the measured values of �f B;max =2 compare well with those of �˛;max =2.

Distribution of Bubble Characteristics in the Horizontal Plane

The measured bubble frequency fB forQg D 41:4� 10�6 m3=s are nondimension-
alized by the maximum value, fB;max, and plotted against the dimensionless, hori-
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Fig. 3.15 Relation between
�˛;max =2 and vertical distance
z

Fig. 3.16 Horizontal
distributions of bubble
frequency for
Qg D 41:4� 10�6 m3=s

zontal distance, �=�f B;max=2, in Fig. 3.16. The horizontal distributions of fB=fB;max

measured above the attachment position, designated by the three open symbols,
agree favorably with one another. A similarity law therefore holds for the fB=fB;max

distributions. The horizontal distributions of gas holdup measured at the same ver-
tical positions are also similar, as shown in Fig. 3.17.
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Fig. 3.17 Horizontal
distributions of gas holdup for
Qg D 41:4� 10�6 m3=s

Fig. 3.18 Similar
distribution of bubble
frequency

The fB=fB;max distribution for Qg D 100 � 10�6 and 293 � 10�6 m3=s also
are similar, as demonstrated in Fig. 3.18. The solid line is drawn to pass through
the mean of the measured values as close as possible. The distribution can be
expressed by

fB=fB;max D 1:52 exp.�1:1� 02
f / tanh.2:64� 0

f /; (3.3)

� 0
f D �=�f B;max=2: (3.4)
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Fig. 3.19 Similar
distribution of gas holdup

In addition, Fig. 3.19 illustrates that the same functional relationship as above is
valid for the ˛=˛max distributions. Accordingly, ˛=˛max can be expressed by,

˛=˛max D 1:52 exp.�1:1�02
˛ / tanh.2:64�˛

0/; (3.5)

�˛
0 D �=�˛;max =2: (3.6)

3.2.1.3 Summary on Bubble Characteristics

(a) An air–water bubbling jet generated vertically upward near the side wall of
a cylindrical vessel is pulled towards the side wall and attaches to it through
the Coanda effect. The vertical distance from the nozzle exit to the attachment
position, defined as the attachment length La, is nearly independent of the inner
diameter of the nozzle, dni, but dependent on the air flow rate, Qg, and the
horizontal distance between the nozzle exit and the side wall, �n. An empirical
relation, (3.1), is given for La=�n.

(b) The maximum values of the bubble frequency, gas holdup, mean bubble rising
velocity, and mean bubble chord length are hardly influenced by the side wall of
the vessel and agree with the experimental data for a vertical bubbling jet free
from the Coanda effect.

(c) The horizontal extent of bubble dispersion region, represented by �f B;max=2 or
�˛;max =2, is essentially independent of the air flow rate, Qg.

(d) Above the attachment position, the horizontal distributions of bubble frequency
fB and gas holdup ˛ are similar. Empirical relations, (3.3) and (3.5), are given
for these distributions.
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3.2.2 Liquid Flow Characteristics

In this section, data will be given on the mean velocity and turbulence components
of water flow in and near an air–water bubbling jet subjected to the Coanda effect,
measured with a two-channel laser Doppler velocimeter. These quantities are closely
associated with mixing in metallurgical reactors and the erosion of the side wall
of the reactors [22]. Particular attention is paid to whether or not the horizontal
distributions of the liquid flow characteristics near the side wall are similar in the
vertical region above the attachment position.

3.2.2.1 Experimental Apparatus and Procedure

The experimental apparatus has been described in Sect. 3.2.2. The electroresistivity
probe was removed and a two-channel laser Doppler velocimeter was set up to mea-
sure the three velocity components of water flow in the bath. The origin of the
cylindrical coordinates .z; r; �/ was placed at the center of the bath, as shown in
Fig. 3.3. The velocity components were designated by u; v, and w, respectively.
The components, u and v, were measured in the z � r plane including the centerline
of the bath and the center of the nozzle exit [21, 23]. Digitized velocity data were
decomposed into the mean velocity and turbulence components as follows:

ui D Nu C u 0
i ; (3.7)

vi D Nv C v 0
i ; (3.8)

Nu D †ui=N ; (3.9)

Nv D †vi=N : (3.10)

The over-bar and prime denote the mean velocity and turbulence components, re-
spectively, N is the number of data points, and the subscript i designates the i th
digitized datum.

Velocity measurements were carried out at four fixed vertical positions (z D 0:05,
0.10, 0.15, and 0.19 m) for three gas flow rates Qg D 41:4 � 10�6; 100 � 10�6,
and 293� 10�6 m3=s just like the measurements of bubble characteristics [22]. The
root mean square (rms) values of the axial and radial turbulence components, u0

rms

and v0
rms, and the Reynolds shear stress u0v0 were calculated from the following

equations:

u0
rms D �

†u02
i =N

�1=2
; (3.11)

v0
rms D �

†v02
i =N

�1=2
; (3.12)

u0v0 D †u0
i v

0
i=N: (3.13)
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3.2.2.2 Experimental Results

Resultant Mean Velocity Vectors

Figures 3.20 and 3.21 show the resultant vectors of u and v for Qg D 41:4� 10�6

and 293 � 10�6 m3=s on the r � z plane, respectively. The vectors at the four axial
positions are all directed towards the side wall, partly validating the existence of the
Coanda effect.

Mean Velocity and Turbulence Components

The experimental results for Qg D 41:4 � 10�6 m3=s are presented to illustrate
the appearance of the Coanda effect. In Fig. 3.22, a peak occurs in every horizontal

Fig. 3.20 Resultant velocity
vectors for gas flow rate of
Qg D 41:4� 10�6 m3=s
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Fig. 3.21 Resultant velocity
vectors for gas flow rate of
Qg D 293� 10�6 m3=s

distribution of Nu. The horizontal position at which this occurs, referred to as the peak
position, moves towards the side wall as the axial distance from the nozzle exit, z,
increases. Also, a shift in the peak position is observed in the horizontal distributions
of u0

rms and v0
rms, as shown in Figs. 3.23 and 3.24. The peak position for Nu nearly

corresponds to the position at which the Reynolds shear stress u0v0 becomes zero
near the side wall although the evidence is not shown here.

Maximum Axial Mean Velocity and Characteristic Length

The measured values of Numax for three gas flow rates are shown plotted against the
axial distance z in Fig. 3.25. The solid and dot-dash lines indicate the values of Numax

measured in the vertical bubbling jets forQg D 41:4 � 10�6 and 293 � 10�6 m3=s,
which are free from the side wall of the vessel [21]. The measured Numax values for
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Fig. 3.22 Axial mean
velocity u for gas flow rate of
Qg D 41:4� 10�6 m3=s

each gas flow rate can be satisfactorily approximated by the Numax values measured
in the vertical bubbling jet.

Concerning the vertical bubbling jets free from the side wall, the half-value
radius, bu, of the radial distribution of the axial mean velocity u is approximated
by [21]:

bu D 0:14z: (3.14)

If a bubbling jet generated near the side wall of a cylindrical vessel rises straight
upward, the half-value width or characteristic length �u;max =2, which is defined in
Fig. 3.3, could be expressed by

�u;max =2 D �n C 0:14z: (3.15)

This is represented by the solid line in Fig. 3.26. The measured values of �u;max =2

are essentially independent of the gas flow rateQg. In the vicinity of the nozzle exit
.z D 0:05m/, the measured �u;max =2 can be satisfactorily approximated by (3.15),
but overestimated at other axial positions. This reconfirms that the bubbling jets do
not rise straight upward but instead, rise along the side wall of the vessel.
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Fig. 3.23 The rms value of
axial turbulence component,
u0

rms, for gas flow rate of
Qg D 41:4� 10�6 m3=s

Maximum Turbulence Components and Characteristic Lengths

The measured values of the axial turbulence component u0
rms;max also could be

approximated by the data for the vertical bubbling jet, [21] as demonstrated in
Fig. 3.27. On the other hand, Fig. 3.28 indicates that v0

rms;max becomes smaller in
the bubbling jet subjected to the Coanda effect than in the vertical bubbling jet. This
is because the horizontal (radial) turbulence motions are significantly suppressed by
the side wall.

The characteristic lengths, �u0rms;max=2 and �v0rms;max=2, shown in Fig. 3.29 are
larger than �u;max =2, just like the vertical bubbling jets free from the Coanda effect.

Similarity Distributions of Mean Velocity and Turbulence Components

Figure 3.30 shows nondimensionalized distributions of the axial mean velocity
component. The data at three vertical positions above the attachment position,
designated by the three open symbols, agree with one another. Consequently, the
horizontal distributions of Nu are similar just like the horizontal distributions of
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Fig. 3.24 The rms value of
radial turbulence component,
v0

rms, for gas flow rate of
Qg D 41:4� 10�6 m3=s

Fig. 3.25 Maximum value of
axial mean velocity

bubble frequency fB and gas holdup ˛. Thus the similarity distribution of Nu can
be expressed by:

Nu=Numax D 1:52 exp.�1:1�u
02/ tanh.2:64�u

0/; (3.16)

�u
0 D �=�u;max =2: (3.17)
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Fig. 3.26 Characteristic
length �u;max =2

Fig. 3.27 Maximum value of
the rms value of axial
turbulence component

Fig. 3.28 Maximum value of
the rms value of radial
turbulence component

Equation (3.16) is represented by the broken line in Fig. 3.30. A slight difference
between the measurement and correlation observed at a larger �u

0 value is at-
tributable to the existence of a recirculating flow outside the bubbling jet.
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Fig. 3.29 Characteristic
lengths, �u0rms;max =2 and
�v0rms;max =2

Fig. 3.30 Horizontal distributions of axial mean velocity for Qg D 41:4� 10�6 m3=s

The dot-dash line in Fig. 3.30 represents the horizontal distribution of Nu=umax for
a two-dimensional, single-phase wall jet [24, 25]. This distribution is expressed by

Nu=Numax D 1:48
�
�u

0�1=7 ˚
1 � erf

�
0:68 �u

0�� ; (3.18)

where erf stands for the error function. Equation (3.18) is significantly different
from the similarity distribution of (3.16).

The solid line in Fig. 3.30 represents Nu=umax values measured by Rajaratnam and
Pani [26] for a three-dimensional single-phase wall jet. This curve seems to be closer
to the measurement than (3.18), as expected. Nevertheless, there is still a noticeable
difference between the two sets of data in Fig. 3.30.

Figure 3.31 shows that the horizontal distributions of Nu measured above the
attachment position for Qg D 100 � 10�6 and 293 � 10�6 m3=s are similar to
that for Qg D 41:4 � 10�6 m3=s.

The data for u0
rms and v0

rms also are nondimensionalized by Numax and plot-
ted against the nondimensionalized horizontal distance �=�u;max =2 in Figs. 3.32
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Fig. 3.31 Similar
distribution of u

Fig. 3.32 Similar
distribution of u0rms

Fig. 3.33 Similar
distribution of v0rms

and 3.33, respectively. In each figure the measurement for the three different gas
flow rates considered agree with one another. Consequently, the horizontal distri-
butions of these turbulence quantities are similar at a vertical position above the
attachment position. It is interesting to note that the values of u0

rms=Numax in the
bubbling wall jet is approximately twice those in a three-dimensional single-phase
wall jet [27]. This difference is attributable to additional turbulence production in
the wake of bubbles.
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3.2.2.3 Summary of Liquid Flow Characteristics

(a) A description is provided of the measured flow characteristics in an air–water
bubbling jet, generated near the side wall of a cylindrical vessel and rising along
the side wall through the Coanda effect. The measurement was carried out with
a two-channel laser Doppler velocimeter. Above the point of attachment of the
bubbling jet to the side wall, the horizontal distributions of the axial mean veloc-
ity Nu are similar irrespective of the gas flow rate Qg. Accordingly, an empirical
correlation of Nu, (3.16), is established. The rms values of the axial and radial
turbulence components, u0

rms and v0
rms, also follow distributions.

(b) The maximum values of Nu and u0
rms are not influenced by the side wall and

are nearly the same as for a vertical bubbling jet. On the other hand, the max-
imum value of v0

rms is lower than that for the vertical bubbling jet due to the
confinement effect of the side wall.

3.3 Interaction Between Two Bubbling Jets

3.3.1 Critical Condition for Merging of Two Bubbling Jets

The critical condition for a bubbling jet to attach to an adjacent vertical wall was
represented by (3.1) as a function of gas flow rate and the distance between the
nozzle exit and the side wall. In this section, we will derive a critical condition for
two bubbling jets to merge with each other in a water bath.

3.3.1.1 Experimental Apparatus and Procedure

A schematic of the experimental apparatus is shown in Fig. 3.34. The test vessel
made of transparent acrylic resin has an inner diameter, D, of 0.4 m and a height,
H , of 1.2 m. The depth of water,HL, is 0.35, 0.50, or 0.65 m. The inner diameter of
two top lance nozzles, dni, is 2:0� 10�3 m. The nozzles are made of brass pipe, and
the wettability of the nozzle by water is quite good. The horizontal distance between
the two nozzles, LH, is varied from 0.02 to 0.10 m at equal intervals of 0.02 m, and
the vertical distance between them,Lv, is zero, that is, on the same horizontal plane.

The gas flow rates issuing out of the nozzles, Qg1 and Qg2, are varied from
0:50 � 10�6 to 500 � 10�6 m3=s. The behavior of the two bubbling jets is then ob-
served by eye inspection. For convenience, interacting patterns of the two bubbling
jets are classified into the following four categories.

(a) Jets do not merge and rise straight upward independently.
(b) Jets pull each other, but never merge.
(c) Jets repeat merging (attachment) and detachment.
(d) Jets merge with each other completely and become a larger-scale single

bubbling jet.
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Fig. 3.34 Experimental apparatus and definition of merging distance: (a) experimental apparatus
(b) definition of merging distance

First, a critical condition describing no merging between the two bubbling jets is
determined forQg1 D Qg2. That is, the boundary between (b) and (c) is determined.
Second, the critical condition is determined for unequal gas flow rates.
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3.3.1.2 Experimental Results

Critical Condition forQg1 D Qg2

A critical condition for two bubbling jets without merging is determined for equal
gas flow rates, Qg1 D Qg2. The experiments are carried out by changing the bath
depth, HL, the horizontal distance between two nozzles, LH, and the gas flow rate,
Qg1.D Qg2/.

It is assumed that the merging between two bubbling jets is related to the extent
of bubble dispersion region of each bubbling jet. The half-value radius of gas holdup
˛ at ˛ D 50%, designated by b˛;50, is approximated by [15, 19]:

b˛;50 D 0:42.Qg
2=g/1=5; (3.19)

where Qg is the gas flow rate. Accordingly, the radius of the bubble dispersion
region for Qg1 is approximated by 2b˛;50, and the following length scale may be
introduced.

L1 D .Qg1
2=g/1=5: (3.20)

The dispersion radius, L1, is not dependent on the inertia force of injected gas,
but on the buoyancy force of the bubbling jet. L1 is used as a characteristic length
to correlate the condition without merging of the jets. A critical value of LH is
nondimensionalized by L1 and plotted in Fig. 3.35. The solid line is obtained from
the relation:

L1=LH D 0:098: (3.21)

The critical value of LH is predicted by (3.21) to within a scatter of ˙15 pct.

Fig. 3.35 Nozzle distance
without merging of two
bubbling jets for the same gas
flow rates
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This result indicates that the critical condition for merging of two bubbling jets
is dependent only on the dispersion radius of the bubbling jet, i.e., only on the gas
flow rate.

Critical Condition forQg1 ¤ Qg2

The critical condition for Qg1 ¤ Qg2 is determined in the same manner as in
Sect. 3.3.1.2. The specific length, L, is defined by the following relations:

L D .L1 CL2/=2; (3.22)

L1 D .Qg1
2=g/1=5; (3.23)

L2 D .Qg2
2=g/1=5; (3.24)

where L1 and L2 are the specific lengths for the two nozzles. Figure 3.36 shows a
nondimensionalized specific length .L1 CL2/=.2LH/ againstHL=LH. All the crit-
ical LH values are correlated by the following equation within a scatter of ˙30 pct.

.L1 C L2/=.2LH/ D 0:091: (3.25)

The results imply that the critical condition is dependent on the dispersion radius
of the two bubbling jets.

Fig. 3.36 Nozzle distance
without merging of two
bubbling jets for different gas
flow rates
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3.3.2 Merging Length of Two Bubbling Jets

Multi-tuyere gas injection has been widely used to enhance the intensity of mixing,
i.e., to shorten the mixing time in the bath of metallurgical reactors [11]. If bubbling
jets generated through multi-tuyeres merge into a single jet just above the tuyeres,
the enhancement of the mixing intensity may not be expected. On the other hand,
when the bubbling jets merge near the bath surface of the reactors, the interaction
between them sometimes causes intense wave motions on the bath surface which
may lead to undesirable slopping and spitting [28, 29].

Considering these circumstances, the merging distance Hc, is described in this
section, based on experimental data obtained from a water model.

3.3.2.1 Experimental Apparatus and Procedure

Two top lances are used to inject air into a water bath contained in a cylindrical
vessel (see Fig. 3.34). The vessel has an inner diameter D of 30 � 10�2 m and a
height H of 40 � 10�2 m. Each top lance is bent at an angle of 180ı, and its exit is
contracted to form a single-hole nozzle. The height from the bottom of the vessel to
the nozzle tip is 4:5 � 10�2 m. The depth from the nozzle exit to the bath surface,
HL, is varied from 10 � 10�2 to 30 � 10�2 m with equal intervals of 10 � 10�2 m.
The inner diameter of the nozzle, dni, is 2:0 � 10�3 or 4:0 � 10�3 m. The gas flow
rateQg varies from 10�10�6 to 100�10�6 m3=s. The horizontal distance between
the two nozzles, LH, varies over a wide range. Photographs of the two bubbling jets
subjected to the Coanda effect are then taken with a still camera.

3.3.2.2 Experimental Results

Effect of Gas Flow Rate Qg on Merging Distance

Two typical photographs of interacting bubbling jets are shown in Fig. 3.37.
Figure 3.37a shows a photograph for Qg1 D Qg2 D 40 � 10�6 m3=s. The other
experimental conditions are given in the caption. It is evident that the two jets
merge into one around z D 25 � 10�2 m where z is the vertical distance from the
nozzle exit.

Figure 3.38 shows that measured values of Hc obtained for Qg1 D Qg2 can be
approximated by the following empirical relation within a scatter of ˙30% irrespec-
tive of the gas flow rate:

Hc D 6:2LH: (3.26)

This relation is valid for the following modified Froude number.

Frm D �gQg
2=.�Lgdni

5/: (3.27)
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Fig. 3.37 Photographs of merging bubbling jets. (a) Qg1 D Qg2 D 40� 10�6 m3=s; HL D 30�
10�2 m; dni D 2:0 � 10�3 m; LH D 3:44 � 10�2 m; Hc D 24:6 � 10�2 m. (b) Qg1 D 40 �
10�6 m3=s; Qg2 D 10 � 10�6 m3=s; HL D 30 � 10�2 m; dni D 2:0 � 10�3 m; LH D 2:83 �
10�2 m; Hc D 15:9 � 10�2 m

Fig. 3.38 Merging distance
for Qg1 D Qg2; HL D
30� 10�2 m, and
dni D 2:0� 10�3 m

Over the range 0:4 < Frm < 40, where �L and �g are the densities of liquid and gas,
respectively, and g is the acceleration due to gravity.

The gas flow rate through the left nozzle, Qg1, is kept at 40 � 10�6 m3=s, while
that through the right nozzle, Qg2, is varied from 10 � 10�6 to 100 � 10�6 m3=s.
Figure 3.37b shows a photograph of the merging bubbling jets of different gas flow
rates. The jet of the lower gas flow rate is pulled towards that of higher gas flow rate.
It is, however, interesting to note that the merging distance,Hc, can be approximated
by (3.26), as seen in Fig. 3.39.

Effect of Bath Depth HL on Merging Distance

The measured values of Hc for different bath depths are also approximated by
(3.26), as partly demonstrated in Fig. 3.40. Consequently, the bath depthHL hardly
affects the merging length under the experimental conditions considered. The work
done per unit time by the buoyancy force acting on bubbles to liquid around a bub-
bling jet, PB, is expressed by [30, 31]:
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Fig. 3.39 Merging distance
for Qg1 D Qg2 D
40� 10�6 m3=s; HL D
30� 10�2 m, and
dni D 2:0� 10�3 m

Fig. 3.40 Merging distance for Qg1 D Qg2; HL D 10� 10�2 m, and dni D 2:0� 10�3 m

PB D .�L � �g/gQgHL: (3.28)

The experimental results reveal that the buoyancy force does not have much ef-
fect on the merging lengthHc because Qg and HL are nearly independent of Hc.

Effect of Nozzle Inner Diameter dni on the Merging Distance

Figure 3.41 shows that the measured values of Hc obtained for two nozzles of the
same inner diameter dni D 4 � 10�3 m are also approximated by (3.26). The modi-
fied Froude number Frm is varied from 0.6 to 1.2.

The work per unit time done by the inertia force of the injected gas, PI, is ex-
pressed by [30]:

PI D .1=2/�gun
2Qg; (3.29)

un D Qg=. dni
2=4/; (3.30)
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Fig. 3.41 Merging distance
for Qg1 D Qg2; HL D
30� 10�2 m, and
dni D 4:0� 10�3 m

where un is the gas velocity at the nozzle exit. Substitution of (3.30) into (3.29)
yields

PI D .1=2/�gQg
3=. dni

2=4/2: (3.31)

Equation (3.31) and Fig. 3.41 collectively indicate that the inertia force of the in-
jected gas has little influence on the merging distance.

Mechanism of Interaction of Two Bubbling Jets

An air–water bubbling jet which is not subjected to the Coanda effect is known
to rise straight upward while entraining the surrounding water into it [21]. As a
result, the horizontal region in which water moves vertically upward spreads as z
increases. The extent of this horizontal region can be represented, for example, by
the half-value radius, bu, of the horizontal distribution of the axial mean velocity of
water flow, u (see Fig. 3.42). Based on existing experimental study, [21] bu can be
approximated by

bu D 0:14z; (3.14)

where z is the vertical distance from the nozzle exit. Equation (3.14) states that the
half-value radius bu is independent of the gas flow rate Qg and the inner diameter
of the nozzle, dni.

It can be assumed that the two air–water bubbling jets, shown in Fig. 3.42, begin
to interact and pull each other when the above-mentioned upward moving water
regions of the jets overlap beyond a certain critical value. This situation can be
described by

k.2bu/ D LH (3.32)

where k is a constant characterizing the overlapping.
Substituting z D Hc into (3.14) and combining the resulting equation with (3.32)

yields,
Hc D LH=.0:28k/: (3.33)
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Fig. 3.42 Schematic illustration of two bubbling jets generated a short distance off

This functional relationship is the same as (3.26). A comparison of (3.33) with
(3.26) yields k D 0:58. Consequently, the above assumption about the interaction
between two bubbling jets seems reasonable.

Interaction of Two Bubbling Jets in Molten Metal Bath

It has been demonstrated that the half-value radius bu of molten Wood’s metal
flow induced by He gas injection through a single-hole bottom nozzle can be sat-
isfactorily predicted by (3.14) [32] Accordingly, (3.26) may also be applicable in
predicting the interaction between two bubbling jets in a molten metal bath.

3.3.2.3 Summary

The interaction between two air–water bubbling jets generated through two single-
hole nozzles in a water bath has been discussed. The two bubbling jets merge into
one at a certain distance, Hc, from the nozzle exit. This distance is approximated
by (3.26) within a scatter of ˙30% regardless of the gas flow rate and the inner
diameter of the nozzle [33].

3.3.3 Bubble Characteristics

In steel refining processes, gas is often injected into the bath through multi-nozzles
or multi-tuyers in order to enhance mixing, chemical reaction rates, and inclu-
sion removal efficiently [34, 35]. If the nozzles are placed adjacent to one another,
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bubbling jets thus generated would interact and then merge into a larger scale one as
discussed in Sect. 3.3.2.3. In this situation, the purpose of multi-nozzle gas injection
may not be realized. The bubble characteristics in merging bubbling jets could be
described in this section to provide information that may be useful for the design of
nozzle configuration [36].

3.3.3.1 Experimental Apparatus and Procedure

Figure 3.34 shows a schematic of the experimental apparatus. The test vessel, made
of transparent acrylic resin, has an inner diameter D of 300 � 10�3 m and a height
H of 400 � 10�3 m. Two J-shaped lance nozzles of the same inner diameter of
2� 10�3 m are so placed in the bath that the nozzle exits are on the same horizontal
plane. The two lances are made from transparent glass pipe. The midpoint of a line
connecting the centers of the two nozzle exits is placed on the vertical axis of the
vessel. The origin of the Cartesian coordinates (x, y, z) is located at the midpoint.
The distance from the bottom of the bath to the nozzle tipsHn is 50�10�3 m and the
distance from the nozzle exits to the bath surfaceHL is 300 � 10�3 m. By referring
to the results of the merging length in Sect. 3.3.2.2, the distance between the two
nozzle exits, LH, is chosen to be 20 � 10�3 m.

The air flow rate supplied with a compressor is adjusted with a regulator and a
mass flow controller. The gas flow rates at the exits of the left nozzle, Qg1, and the
right nozzle,Qg2, are the same at 40 � 10�6 m3=s.

In order to compare the experimental results for dual nozzle gas injection system,
the two nozzles are removed, and subsequently gas is injected through a single-hole
nozzle of inner diameter dni of 2:0� 10�3 m. The center of the nozzle exit is placed
at the origin of the coordinate system. The air flow rate is set to 80 � 10�6 m3=s,
being equal to the sum ofQg1 andQg2. The center of the nozzle is placed at the ver-
tical axis of the vessel. Bubble characteristics represented by gas holdup ˛, bubble
frequency fB, mean bubble rising velocity uB, and mean bubble chord lengthLB are
measured by making use of a two-needle electroresistivity probe [23, 37].

3.3.3.2 Experimental Results

Merging of Two Bubbling Jets

The two bubbling jets pull each other and then merge into single jet at around z D
15 cm, as shown in Fig. 3.37. The merging length Hc is given by,

Hc D 6:2LH; (3.26)

where LH is the distance between the two nozzle exits. This equation gives Hc of
12.4 cm, which is close to the measured merging length for the two bubbling jets.
The resulting larger scale single jet is found to be axisymmetrical for z > Hc.
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Axial Distribution of Bubble Characteristics

1. Bubble frequency on the centerline, fB;cl

Figure 3.43 shows measured values of bubble frequency, fB;cl, on the centerline of
the bath against the axial distance from the nozzle exit, z, where the subscript cl
denotes a value on the centerline of the vessel. The bubble frequency is defined as
the number of bubbles passing through a point of measurement in 1 s. The frequency
fB;cl is much smaller for the dual nozzle gas injection than for the single nozzle gas
injection when z is very small because the origin of the Cartesian coordinates is
placed at the midpoint of the line connecting the two nozzle exits. Thus no bubble
source exists near the origin for the dual nozzle gas injection.

The solid line represents an empirical relation of fB;cl for Qg D 80� 10�6 m3=s
proposed by Iguchi et al. [20] for single nozzle gas injection. The broken line is
calculated from the same relation by assuming that bubbles do not merge into larger
bubbles, although two bubbling jets merge into one. In other words, the bubble fre-
quency in the larger scale bubbling jet is assumed to be two times as large as that
calculated from the empirical equation for Qg D 40 � 10�6 m3=s. The measured
values of fB;cl for the single nozzle gas injection, represented by solid symbols, are
satisfactorily predicted by the empirical relation, indicating that the experimental
accuracy is quite satisfactory.

The chain line in Fig. 3.43 denotes the merging distance from the nozzle exit,
calculated from (3.26). For z > Hc the measured values of fB;cl agree well with the
broken line, and accordingly, coalescence and breakup of bubbles hardly take place
in the merged bubbling jet.

Fig. 3.43 Axial distribution
of bubble frequency
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Fig. 3.44 Axial distribution
of gas holdup

2. Gas holdup on the centerline, ˛cl

The relationship between gas holdup on the centerline, ˛cl, and the axial distance,
z, is given in Fig. 3.44. The gas holdup is defined as the time-averaged volumetric
fraction of gas in a two phase mixture. In practice, it is determined by dividing
the sum of bubble signal periods by total measurement duration. The agreement
between the measured and predicted values for the single nozzle gas injection is
good. It is interesting to note that the measured values of ˛cl for the dual nozzle gas
injection are in good agreement with those for the single nozzle gas injection in the
axial region with z > 7 � 10�2 m.

3. Mean bubble rising velocity on the centerline, NuB;cl

Figure 3.45 shows measured values of NuB;cl against z. Detailed discussion on the
distribution of NuB;cl near the nozzle cannot be made because of the relatively large
scatter in the data points. However, for z > 5:0 � 10�3 m, the values of NuB;cl are
not influenced by the bubble generating devices and remain unchanged in the axial
direction. This result implies that the flow field for z > 5:0 � 10�2 m is governed
mainly by the buoyancy force acting on bubbles in the bubbling jet.

An empirical equation for NuB;cl proposed by Castello-Branco et al. [38] can pre-
dict the measured values except for the data obtained near the nozzle exits. The
difference between the measurement and the empirical relation seems to become
larger as z increases. This difference is however less than 10%, which is within the
applicable scattering range of ˙30% inherent in the empirical equation.

4. Mean bubble chord length on the centerline, NLB;cl

The relationship between NLB;cl and z is shown in Fig. 3.46. In the middle gas flow
rate regime [30, 39, 40], the mean diameter of bubbles generated with a single-hole
nozzle is known to increase with an increase in the gas flow rateQg [20]. The middle
gas flow rate regime is defined as that in which bubble frequency is dependent on
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Fig. 3.45 Axial distribution
of mean bubble rising
velocity

Fig. 3.46 Axial distribution
of mean bubble chord
length

the inertia force of injected gas, drag force, buoyancy force, and the surface tension
force acting on a generating bubble. As described on the data presented in Fig. 3.43,
bubbles generated with the dual nozzles ascend without coalescence and breakup.
Accordingly, in the axial region after the two bubbling jets merge .z > Hc/ the
mean bubble chord length NLB;cl should be greater for the single nozzle than for the
dual nozzle. The data shown in Fig. 3.46 confirms this presumption.

Meanwhile, in an axial region of over approximately z D 5:0 � 10�2–10:0 �
10�2 m; NLB;cl is greater for the single nozzle gas injection than for the dual nozzle
gas injection. This seems attributable to the flattening of bubbles generated with the
single nozzle.
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The solid and broken lines denote predictions based on an empirical equation
for NLB;cl proposed by Xie et al. [40–42]. It is evident that the equation is useful for
predicting NLB;cl under the experimental conditions described here.

Horizontal Distributions of Bubble Characteristics

1. Bubble frequency fB

Figure 3.47 illustrates the distributions of bubble frequency in the x and y directions
at z D 15�10�2 m .> Hc/. The solid and broken lines denote predicted results from
the empirical equation [20]. Under the experimental conditions considered, the ex-
perimental error inherent in the electroresistivity method is approximately ˙10%
for the bubble frequency. Considering such a level of error, it can be concluded that
the measured horizontal distributions of fB are equal in the two directions, suggest-
ing that the merged bubbling jet is axisymmetrical. In addition, the measured value
of fB near the centerline is larger for the dual nozzle gas injection than for the single
nozzle injection, but there is no difference in the outer region of the bubbling jets.
The empirical relation can satisfactorily approximate the horizontal distributions of
fB for the two types of gas injection systems.

2. Gas holdup

The distributions of gas holdup ˛ in the x and y directions at z D 15:0 � 10�2 m
are shown in Fig. 3.48 The experimental error is also considered to be ˙10%. The
horizontal distribution of the gas holdup in the bubbling jet caused by the dual nozzle
gas injection is the same as that in the bubbling jet caused by the single nozzle gas
injection. In addition, the empirical equation proposed by Iguchi et al. [20] is found
to be a good approximation for the gas holdup.

Fig. 3.47 Horizontal
distribution of bubble
frequency
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Fig. 3.48 Horizontal
distribution of gas holdup

Fig. 3.49 Horizontal
distribution of mean bubble
rising velocity

3. Mean bubble rising velocity NuB

Figure 3.49 shows the horizontal distributions of mean bubble rising velocity NuB

in the x and y directions for z D 15:0 � 10�2 m. Just like the axial distributions,
the horizontal distributions of NuB is not influenced by nozzle configuration and is
satisfactorily predicted by the empirical equation proposed by Castello-Branco et al.
[38] mainly in the central part of each bubbling jet.

As the bath is very shallow, the effect of static pressure change on the ex-
pansion of ascending bubbles is negligible. Thus, the total gas flow rate in the
axial region above the merging position of two bubbling jets can be expressed by
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Qg D Qg1 CQg2. The gas flow rate Qg is expressed in terms of the gas holdup ˛
and mean bubble rising velocity uB as follows:

Qg D
Z

2 r˛uB dr=100; (3.34)

where, R is the radius of the test vessel. In this experiment, the total gas flow rate
for the dual nozzle gas injection is set to be the same as that for the single nozzle
gas injection. The distributions of NuB for the two types of gas injection systems,
therefore, must be equal to each other because the ˛ distributions are the same. This
presumption is confirmed by the results in Fig. 3.49.

Meanwhile, the calculated values of Qg from (3.34) are 78 � 10�6 and 62 �
10�6 m3=s in the x and y directions, respectively, for the dual nozzle gas injection.
TheQg value is 73�10�6 m3=s for the single nozzle gas injection. Such a deviation
from the 80 cm3=s is acceptable in this type of measurement.

4. Mean bubble chord length NLB

The horizontal distributions of NLB for z D 15:0 � 10�2 m are shown in Fig. 3.50.
In the same manner as in Fig. 3.46, NLB is larger for the single nozzle than for the
dual nozzles. This fact implies that bubbles generated through dual nozzles hardly
coalesce although the two bubbling jets merge into a larger scale single jet. Con-
sequently, the total interfacial area between ascending bubbles and molten metal in
the bath is larger for the dual nozzles and thus, chemical reaction rates between the
bubbles and molten metal would be enhanced by increasing the number of nozzles.

3.3.3.3 Summary of Bubble Characteristics

The bubble characteristics are described for a system in which air is injected into
a cylindrical bath through dual nozzles of the same inner diameter at the same gas

Fig. 3.50 Horizontal
distribution of mean bubble
chord length



3.3 Interaction Between Two Bubbling Jets 85

flow rates. The bubble characteristics in the bubbling jets thus generated are exper-
imentally investigated. The results are then compared with those for a bubbling jet
generated through a single nozzle at the same total gas flow rate. The main findings
can be summarized as follows:

(a) The measured values of gas holdup ˛ and mean bubble rising velocity NuB for
the dual nozzle gas injection are in good agreement with their respective values
for the single nozzle gas injection. On the other hand, the bubble frequency and
mean bubble chord length differ from those for the single nozzle gas injection.

(b) The merged bubbling jet is axisymmetrical and its horizontal extent is nearly
the same as that of a bubbling jet generated by single nozzle gas injection. The
mean bubble diameter in the merged jet is smaller than that in the bubbling
jet generated with the single nozzle, while the number of bubbles is larger in
the merged jet. Consequently, a total interfacial area relevant to metallurgical
reactions is greater in the merged bubbling jet.

3.3.4 Liquid Flow Characteristics

The liquid flow characteristics specified, for example, by the mean velocity compo-
nents, the rms values of the turbulence components, and the Reynolds shear stresses
are nearly independent of the mean diameter of bubbles provided that the gas flow
rate is the same [43]. The same will be shown to be true for the merged bubbling
jet. That is, the liquid flow characteristics in the merged jet are not dependent on the
bubble diameters. Therefore, if the merging distance, Hc, is much smaller than the
bath depth,HL, dual nozzle gas injections would not be useful for the enhancement
of mixing in the baths.

3.3.4.1 Experimental Apparatus and Procedure

The experimental apparatus and conditions are the same as described in Sect. 3.3.2.
The velocity components in the axial and horizontal directions are measured with a
two channel laser Doppler velocimeter (LDV). Further details of the LDV are given
elsewhere [21, 23].

3.3.4.2 Experimental Results

Axial Distributions

1. Axial mean velocity on the centerline, Nucl

Figure 3.51 shows the axial mean velocity on the centerline of the bath, Nucl, against
the axial distance z. As in the case of the bubble characteristics, the axial position
z D Hc is denoted by a broken line. The measured values of Nucl, for the two gas
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Fig. 3.51 Axial distributions
of axial mean velocity

injection systems approach each other as z increases and approximate the empirical
relation proposed by Castello-Branco et al. Because the liquid flow is driven mainly
by the buoyancy force acting on bubbles, it is reasonable that the values of Nucl for the
two gas injection systems begin to agree with each other at a further axial position
than those of gas holdup ˛cl or mean bubble rising velocity NuB;cl.

2. The root mean square of centerline turbulence components

Figures 3.52 and 3.53 show the horizontal distributions of the axial and horizontal
turbulence components, u0

rms;cl and v0
rms;cl, respectively. The u0

rms;cl for the dual
nozzle gas injection becomes equal to that for the single nozzle gas injection at
around z D Hc. A solid line drawn in the figure is expressed by [44–46]

u0
rms;cl D 0:5Nucl: (3.35)

On the other hand, the v0
rms;cl for the two different gas injection systems are the

same at a nearer axial position .z D 7:0 � 10�2 m/ than that for u0
rms;cl. Such a

difference in the u0
rms;cl and v0

rms;cl distributions may be attributable to a difference
in the diameter of bubbles.

Horizontal Distributions

1. Axial mean velocity

The distributions of Nu in the x and y directions at z D 15:0 � 10�2 m are shown in
Fig. 3.54. A solid line denotes a Gaussian error curve expressed by

Nu D Nucl exp
�� ln 2x2=b2

u

�
; (3.36)
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Fig. 3.52 Axial distributions
of the root mean square value
of turbulence component in
the z direction

Fig. 3.53 Axial distributions
of the root mean square value
of turbulence component in
the x direction

where Nucl is calculated from the empirical relation by Castello-Branco et al. [38] and
the half-value radius of the u distribution, bu, is given by [21],

bu D 0:14z: (3.14)

The Nu distribution in the y direction can also be calculated from (3.36) by re-
placing x by y. The measured value of Nu for the single nozzle gas injection is
slightly larger than that for the dual nozzle gas injection, but the data for the two gas
injection systems become equal at a farther axial position, although the evidence is
not shown here.
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Fig. 3.54 Horizontal
distributions of axial mean
velocity

It should be noted that the measured values of Nu do not follow the Gaussian error
curve expressed by (3.36) in the outer region of the bubbling jet. This is because
the vessel size is finite and a downward flow exists outside the jet. In a strict sense,
(3.36) is valid for a bubbling jet in a very large vessel.

2. Root-mean-square turbulence components

Figure 3.55 shows the horizontal distributions of u0
rms. The solid line denotes the

following Gaussian error curve:

u0
rms D u0

rms;cl exp
h
� ln 2 � x2=bt

2
i
; (3.37)

u0
rms;cl D 0:5Nucl; (3.35)

bt D 1:8bu; (3.38)

where the subscript cl represents the value on the centerline of the merged bubbling
jet and bt is the half-value radius.

The measured values for the two gas injection systems agree with each other
everywhere in the bubbling jet. They are also predicted satisfactorily by (3.37) in
the inner region of the bubbling jets.

Figure 3.56 shows the horizontal distributions of v0
rms together with those of w0

rms

for z D 15:0 � 10�2 m. The measured values of v0
rms and w0

rms for the dual nozzle
gas injection agree with each other, thus indicating that the merged bubbling jet is
axisymmetrical with respect to the centerline of the bubbling jet. In addition, the
two rms values are not influenced by the nozzle configuration.
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Fig. 3.55 Horizontal
distributions of the root mean
square value of turbulence
component in the z direction

Fig. 3.56 Horizontal
distributions of the root mean
square value of turbulence
components in the x and y
directions

3.3.4.3 Summary of Liquid Flow Characteristics

(a) In an axial region of z>Hc, the axial mean velocity Nu and the rms value of the
axial turbulence component, u0

rms, are nearly independent of the nozzle config-
uration as long as two bubbling jets merge into a larger scale one.

On the other hand, the rms values of the horizontal turbulence component, v0
rms, for

the two types of gas injection systems considered are the same at an axial position
much nearer the nozzle .z << Hc/. Such a difference in the axial and horizontal
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turbulence components cannot be explained from limited experimental results.
Further experimental investigation is therefore desirable.

(b) The liquid flow characteristics in the merged bubbling jet are not influenced
by the number of nozzles. This result implies that the effect of multi-nozzle
gas injection cannot be expected as long as Hc is much smaller than the bath
depthHL. However, metallurgical reaction rates would be enhanced because the
interfacial area between bubbles and liquid is increased.

3.3.5 Mixing Time

The mixing time in a bath agitated by dual nozzle gas injection is increased un-
der several conditions, and the results are compared with those for a single nozzle
gas injection. Representative data on the mixing time are presented in Figs. 3.57
and 3.58. There is little difference between the data for the two types of gas injec-
tion systems as long as two bubbling jets generated with dual nozzles merge into a
larger scale jet. Further experimental investigations are needed to reveal the effect
of multi-nozzle gas injection on the mixing time in real metallurgical processes.

Fig. 3.57 Tracer charge
position and sensor position
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Fig. 3.58 Mixing time data
for single and dual nozzle gas
injection systems
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Chapter 4
Interfacial Phenomena

4.1 Single Bubble on Flat Plate

4.1.1 Overview

Foaming in steel refining processes and in bath smelting reduction processes
adversely impacts the quality and productivity of steel. Suppression of foaming is,
therefore, one of the key processes in the steelmaking industry. Foaming is known
to be caused through the effect of CO gas generation from decarburization and to be
suppressed by adding coke or coal to the upper slag layer, decreasing the viscosity
of the slag, or increasing the surface tension of the slag [1–5]. In addition, a low-
frequency sonic wave is considered to be effective for suppression of slag foaming
[6]. Based on X-ray fluoroscopic observations, Ogawa et al. [7] found that the
attachment of CO bubbles to a solid body of poor wettability is extremely effective
for suppressing foaming. The CO bubbles attached to the body become larger due to
coalescence and are pulled to the bath surface as a result of the increased buoyancy
force acting on the bubbles. This result suggests that the attachment of bubbles to
solid bodies of poor wettability may be useful for removing fine bubbles contained
in molten metals. For example, the method would be applicable to the removal of
fine argon bubbles from continuous casting molds and thus aid the production of
clean steel by suppressing bubble-induced defects such as pinhole and sliver.

Mizuno et al. [8] undertook fundamental investigations of this problem using a
water model. A circular cylinder was coated with liquid paraffin to change its wetta-
bility. The advancing contact angle �a was 96ı. When this cylinder was horizontally
immersed in an air–water bubbling jet generated by bottom gas injection, small bub-
bles of a mean diameter less than 1 mm were attached to either the front surface or
the lower surface of the cylinder. The bubbles moved toward the rear part of the
cylinder where some coalesced into a larger single bubble near the rear stagnation
point. When the volume of the coalesced bubble reached a certain critical value, it
detached from the cylinder.

It is of practical importance to predict the shape and size of such a bubble just
before detachment from the cylinder. If the cylinder is immersed in a still water
bath, the shape and size of a bubble in contact with it can be accurately predicted

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 4,
c� Springer Science+Business Media, LLC 2011
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by the well-known Laplace method. However, this method is not convenient for
consideration of the effect of liquid flow around the bubble. Mizuno et al. [8], there-
fore, focused on an energy equation for the bubble [9]. This method allows ready
evaluation of the effects of flow and bubble coalescence on the shape and size of
bubbles attaching to a solid body. The accuracy of the prediction will be discussed in
this section by comparing the calculated shape and size of bubbles in a still bath with
those calculated using the Laplace method. Hereafter, the energy equation method
will be referred to simply as the potential method.

4.1.2 Experimental Apparatus and Procedure

Figure 4.1 shows a schematic of the experimental apparatus used for observing the
attachment of a bubble to the upper surface of a flat plate of poor wettability im-
mersed in a still water bath. This system is referred to as a water–air system. The
test vessel has a cross section of 250� 10�3 m by 100�10�3 m and a height of
150�10�3 m. The vessel was filled with water to a depth of 140�10�3 m. A flat
plate of poor wettability was placed horizontally in the bath. The distance from the
upper surface of the plate to the bath surface was 40� 10�3 m. The �a was 96, 104,
116, or 131ı for the water–air system. The contact angle of 104ı was realized by
coating an acrylic flat plate with liquid paraffin while 116 and 131ı were obtained
by coating a brass plate with two types of fluororesin. The wettability of a plate is
regarded as poor when �a falls between 90 and 180ı for a liquid.

Air was supplied to the water bath through a small straight hole of inner diameter
1:0� 10�3 m (see part A in Fig. 4.1) by means of a syringe driven by a stepper
motor. A bubble thus formed on the upper surface of the plate grew gradually with
time. When the volume of the bubble exceeded a certain critical value, it detached
from the surface of the plate. The behavior of the growing bubble was observed
with a CCD camera from the horizontal direction, and the images were recorded on a
personal computer. The shape and size of the bubble were determined by processing
these images. The volume of the bubble was obtained by assuming axisymmetry.
In a strict sense, the volume was determined by integration using a relationship
between the local height of the volume and the radial distance from the center of the
bubble. The mean exhausting volumetric flow rate of air was 2:1� 10�3 m3=s, and
accordingly, the exhausted volume of air during every stepping of the motor was
0:21� 10�9 m3. Consequently, the effect of the inertia force of the air injected into
the bubble was negligible. The temperature of the water was controlled at 25˙2 ıC.

Figure 4.2 shows a schematic of the experimental apparatus used for mercury
measurements. Hereafter, this system is referred to as the mercury–air system. The
cross section of the vessel made of transparent acrylic resin was 26� 10�3 m by
26� 10�3 m, and the depth was 50� 10�3 m. The vessel was filled with mercury
to a depth of 40� 10�3 m. The advancing contact angle of the mercury on the
plate, �a, was 130ı. Air was supplied to the mercury bath through a vertical hole
of 1:0� 10�3 m in a manner similar to that in the water–air system in order to form
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Fig. 4.1 Schematic diagram of experimental apparatus for water–air system

a bubble on the flat plate. The bottom of the bubble was observed with a CCD
camera placed below the plate.

Images of a growing bubble were recorded on a personal computer and then
processed to determine its shape and size. The bottom of the bubble thus observed
was circular in shape, and the diameter of the circle was designated by DB. There
was an inherent error of ˙4% in the measurement. The height of the bubble, HB,
was measured with a needle equipped with a three-dimensionally traversing bed.
The needle was gradually immersed in the mercury bath until its tip came in contact
with the top of the bubble. The minimum legible length was 0:01� 10�3 m, and
hence, the error inherent in the measurement was ˙3%.
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Fig. 4.2 Schematic diagram of experimental apparatus for mercury–air system

The volume of bubble in the mercury bath was measured with the aforementioned
syringe. The volume of air exhausted by the syringe was corrected by taking the
static pressure around the bubble into consideration.

4.1.3 Experimental Results

4.1.3.1 Bubble Shape Using Potential Method

As mentioned briefly in the introduction, two methods can be used to predict the
shape and size of a bubble in contact with a horizontal flat plate of poor wettabil-
ity. One is the Laplace method which focuses on local pressure balance around a
gas–liquid interface [10–13]. The other, referred to as the potential method, calcu-
lates the shape of the bubble through energy minimization. Details of the Laplace



4.1 Single Bubble on Flat Plate 99

method is described, for example, in the work of Sano et al. [14] which deals with
the formation of bubbles from a single-hole nozzle immersed in a molten iron bath.

Lee et al. [10] reported that the two methods give the same results for the pre-
diction of a droplet on a horizontal flat plate when the droplet is assumed to be
ellipsoidal in shape. Accordingly, the potential method would also be useful for
predicting the shape of a bubble as long as the shape is adequately modeled.

The Laplace method is not suitable for predicting the shape and size of a bubble
attaching to a solid body of poor wettability that is immersed in a liquid flow field.
This is due to the difficulty of representing the effects of a change in pressure of flow
around a bubble or the coalescence of bubbles. On the contrary, these effects can be
readily considered in the potential method, although the treatment is not exact. For
example, the effect of hydrodynamic drag acting on a bubble can be approximated
by adding the following term to the energy equation.

ED D CDAp�Luw
2zG=2 (4.1)

where CD is the drag coefficient,Ap is the projected area to a plane perpendicular to
the flow direction, �L is the density of water, uw is the mean velocity of water flow,
and zG is the distance from the wall to the gravitational center of the bubble.

Considering these circumstances, the potential method was chosen to predict the
shape of a bubble in contact with a plate of poor wettability, and five simplified
models were proposed for the shape of the bubble.

Details of Prediction Method

Figure 4.3 shows a bubble in contact with a horizontal plate of poor wettability.
The bubble has three types of energy; potential energy due to gravitational force,
surface energy on the gas–liquid interface, and interfacial energy on the gas–solid
interface. The following relationship can be obtained [13]. from the energy equation
for a droplet on a horizontal flat plate [13]:

Fig. 4.3 Explanation of symbols in energy equation for bubble
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E D �.�L � �g/gVBzG C �GLS C �GLA cos �c (4.2)

where �g is the density of gas, g is the acceleration due to gravity, VB is the volume

of the bubble, �GL is the surface tension, S is the interfacial area between the bubble
and liquid, and A is the interfacial area between the bubble and liquid.

We propose five different models which involve some parameters specifying the
shape of a bubble. These parameters can be determined by minimizing the energy
E for a given bubble volume, VB.

Modeling of Bubble Shape

Five different models were proposed for describing the shape of bubble in contact
with a flat plate of poor wettability, as shown in Fig. 4.4. The four parameters,
VB; S; A, and zG, in (4.2) are expressed in terms of the bottom diameter DB and
the height of the bubbleHB for Model 1 as follows.

Model 1 (see Fig. 4.4a)

VB D �DB
2HB=4� �DB

3=24 (4.3)

S D �DBHB (4.4)

A D �DB
2=4 (4.5)

zG D .DB
2 � 8DBHB C 24HB

2/=.48HB � 8DB/ (4.6)

These parameters can be readily obtained for the remaining four models il-
lustrated in Fig. 4.4b–e. The expressions are very complicated and lengthy, and
accordingly, they are not reproduced here for brevity. Interested readers should re-
fer to Mizuno et al. [8].

4.1.3.2 Bubble Volume at Incipient Detachment Using Energy
and Force Balance

There are three types of relationships between the aspect ratio HB=DB .DAB/

and the bubble volume VB, as shown in Fig. 4.5. Models classified into Type 1
do not have a minimum value of energy E for bubble volume larger than a cer-
tain critical value. The Type 2 models have a minimum of E for all VB. In Type
3 models, E does not have a minimum for VB smaller than a certain critical
value.

In Type 1, a bubble is considered to be unstable for the critical value of VB,
and assumed to detach from the plate. In fact, the critical values calculated from
the models of Types 1 and 3 for a plate of �a of 96ı in the air–water system
could satisfactorily predict the experimentally measured volume of detached bub-
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Fig. 4.4 Models applied to bubble shape

bles. However, both model Types 2 and 4 give a minimum value of E for all ranges
of bubble volumes. The detachment of a bubble from the plate, therefore, cannot be
determined solely from (4.2). In order to predict the critical volume for detachment
of a bubble from the plate, a force balance equation is required in addition.
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Fig. 4.5 Relationship between AB and VB when bubble energy is minimum

A bubble is considered to detach from a plate of poor wettability as soon as
the buoyancy force acting on the bubble becomes larger than the interfacial force
acting on the bottom periphery of the bubble. This condition is described by the
relationship (�L � �g/gVB > �DB�GL sin �a, where DB is the bottom diameter
of the bubble. The value of VB at which the left and right hand sides become
equal to each other is defined as the critical value for the detachment of the
bubble. DB should, of course, be evaluated from the energy equation for each
model.

4.1.3.3 Bubble Shape and Size and Critical Volume Using Laplace
and Potential Methods

1. Bubble shape and size

Figures 4.6–4.9 show the relationship between the bubble volume, VB, and the as-
pect ratio,AB, for �a D 96, 104, 116, and 131ı in the water–air system, respectively.
A similar relationship is shown in Fig. 4.10 for �a D 130ı in the mercury–air sys-
tem. In each figure, thin lines denote predicted values of the aspect ratio based on
the potential method, a thick line denotes predicted results based on the Laplace
method, and open and solid circles denote the measured values [8]. The open cir-
cles represent bubbles long before detachment and the solid circles denote bubbles
just before detachment. The measured data for �a D 96ı were obtained by observ-
ing bubbles on the upper surface of a rectangular cylinder placed horizontally in a
water–air bubbling jet [15]. The remaining data were obtained by using the experi-
mental apparatus shown in Figs. 4.1 and 4.2.

Models of Types 4 and 5 proposed in the preceding section could give the min-
imum energy for every bubble volume. The difference between Model 4 and the
exact value calculated from the Laplace method ranged from �1 to C35%, while
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Fig. 4.6 Comparison of AB between measured and calculated values at �a of 96ı in water–air
system

Fig. 4.7 Comparison of AB between measured and calculated values at �a of 104ı in water–air
system
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Fig. 4.8 Comparison of AB between measured and calculated values at �a of 116ı in water–air
system

Fig. 4.9 Comparison of AB between measured and calculated values at �a of 131ı in water–air
system
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Fig. 4.10 Comparison ofAB between measured and calculated values at �a of 130ı in mercury–air
system

the range for Model 5 was �20 to C70%. Such a level of deviation could be reduced
by introducing a more appropriate but complex model. The level of scattering for
Model 4 could be considered acceptable at the present stage. Model 4 will thus be
used in this section for the prediction of the critical bubble volume.

2. Critical bubble volume at incipient detachment

Figure 4.11 compares the critical bubble volumes just before detachment predicted
from the potential and Laplace methods. The deviation of Model 4 prediction from
that based on the Laplace method was �27 to C18% for an advancing contact angle
range from 94 to 130ı. This range is typical of many practical applications in the
metallurgical industry. Therefore, although such a range of deviation is relatively
large, it may be considered acceptable at the present stage.

4.1.3.4 Measured and Predicted Aspect Ratio and Critical Bubble Volume

Figures 4.6–4.10 show that the measured aspect ratio, AB, deviates appreciably
(in the range �40 to 100%) from that predicted with the Laplace method. The devi-
ation was �40 to C100%. A slightly smaller deviation of �37 to C5% is observed
for the critical bubble volume, VB, just before detachment. The deviation becomes
large with an increase in �a. Such a trend can be attributed to the following:

First, the measured VB in the water–air system was numerically determined from
the relationship between the radial distance from the bubble center, r , and the height
of the bubble there, H.r/.
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Fig. 4.11 Comparison of VBs between present method and previous method by Fritz

VB D s 2�rH.r/dr (4.7)

The error inherent with this method is ˙21% for �a D 96ı [15]. The error in-
evitably increases with an increase in �a because a small measurement error inH.r/
near the edge of the bubble on the plate amplifies the error in VB. This is primarily
responsible for the observed deviation of the measured VB from the value calculated
with the Laplace method for an increase in �a.

Second, small disturbances originating from the air supply system and the sur-
roundings may affect the shape of a bubble when the surface tension is relatively
small, as in the case of the water–air system.

It is interesting to note from Fig. 4.12 that DB of the bubble in the mercury–air
system is 6:5� 10�3 m [8], which agrees with the result of Ozawa et al. [16].

Figures 4.13 and 4.14 illustrate the calculated and observed bubbles in the
water–air system and mercury–air system, respectively. As mentioned above, more
sophisticated models are desirable for the prediction of the shape of bubbles over a
wide range of advancing contact angle.

4.1.4 Summary

The shape and size of a bubble in contact with the upper surface of a flat plate of poor
wettability placed horizontally in a water bath or a mercury bath were predicted.
The error inherent in the potential method employed was evaluated by comparing
the results with those calculated from the Laplace method. The results indicate the
need for a more sophisticated model for predicting the bubble shape than could be
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Fig. 4.12 Comparison of VBs between measured and calculated values

achieved with the potential method. Nevertheless, from a practical point of view, the
model considered (Model 4) provides a useful tool for predicting the critical bubble
volume at imminent detachment from a solid body of poor wettability, immersed in
fluid flows.

4.2 Bubbling Jet Along Vertical Flat Plate

4.2.1 Bubble Characteristics

4.2.1.1 Overview

Dispersion of bubbles in a molten metal bath and the induced flow strongly influence
the performance of gas-agitated steelmaking processes. Unfortunately, measure-
ments of the bubble and molten metal flow characteristics are quite difficult in real
steelmaking processes. Hence water model experiments have been extensively em-
ployed for such investigations, as discussed in detail in Chap. 1 [17,18]. The vessels
used for such model experiments are usually fully wetted by water, whereas in the
actual steelmaking processes, the wettability of the reactor wall is generally poor.
When the wall material, i.e., refractory, is wetted by the molten metal, some chemi-
cal reactions may occur between them, and consequently, the molten metal may be
contaminated by the refractory. As mentioned earlier, the wettability is evaluated in
terms of �a [19].
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Fig. 4.13 Observed and calculated bubble shapes in water–air system

Very little is known about the effects of wettability of a plate on bubble and
molten metal flow characteristics except for the frequency of bubble formation, fB

[20–22]. These studies have shown that the frequency of bubble formation from a
single-hole nozzle or a porous nozzle that is not wetted by the liquid is significantly
different from that from a single-hole nozzle of good wettability. This result sug-
gests that the bubble and liquid flow characteristics near a vertical flat plate would
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Fig. 4.14 Observed and calculated bubble shapes in mercury–air system

also be dependent on the wettability of the plate [7, 23]. In this section, particular
attention will be given to the bubble characteristics in a bubbling jet rising along a
vertical flat plate of varying wettability. Such a jet is defined as a bubbling wall jet.
The information obtained on the bubble characteristics may improve fundamental
understanding of refining processes such as the RH degassing process [18].

4.2.1.2 Experimental Apparatus and Procedure

Figure 4.15 shows a schematic of the experimental apparatus. The transparent
cylindrical vessel had an inner diameter D of 200� 10�3 m and height H of
390�10�3 m. The vessel was enclosed in a water jacket of square cross section
in order to reduce parallax effect as much as possible. The distance from the nozzle
tip to the bath surface HL was 240�10�3 m. A single-hole nozzle having an inner
diameter dni of 2:0� 10�3 m, an outer diameter dno of 6:0� 10�3 m, and a height of
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Fig. 4.15 Experimental apparatus

6:5� 10�3 m was placed at the center of the bottom of the vessel. A flat plate was
vertically situated beside the nozzle. The origin of the Cartesian coordinate system
(x; y; z) was placed on the center of the nozzle tip.

Bubble frequency fB, gas holdup ˛, mean bubble rising velocity NuB, and mean
bubble chord length NLB were measured with a two-needle electroresistivity probe
mainly for gas flow rate Qg of 41:4� 10�6 m3=s [24]. This gas flow rate was cho-
sen because it was used for previous experimental studies on bubbling jet generated
away from a vertical flat plate [25]. The previous results were used, for example,
to assess the accuracy of the new measurements. The experiments were repeated
at least twice at every measurement position on the y � z plane depending on the
scatter of the data. The mean value of the data will be presented in subsequent
figures. The duration of measurement was 360 s in the horizontal region ranging
from y D 1� 10�3 to 3� 10�3 m, and 120 s for the remaining measurement po-
sitions located at y > 3� 10�3 m. The outer edge of the region of interest was
located where there were more than ten bubbles over 120-s duration. Bubble trap-
ping on the surface of the plate was examined for gas flow rates in the range of
Qg D 10� 10�6 � 80� 10�6 m3=s.
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The advancing contact angle �a was measured with the sessile drop method [26].
Two flat plates were used: a copper plate with �a D 62ı (good wettability) and an
acrylic plate coated with paraffin with �a D 104ı (poor wettability).

4.2.1.3 Experimental Results

1. Horizontal distribution of bubble frequency and gas holdup

The horizontal distribution of bubble frequency fB measured at four axial positions
z D 50� 10�3; 100�10�3; 150�10�3, and 200�10�3 m is shown in Fig. 4.16.
The abscissa is represented in logarithmic scale in order to amplify the bubble be-
havior near the wall. In the close vicinity of the plate at z D 50� 10�3 m; fB for

Fig. 4.16 Horizontal
distributions of bubble
frequency for
Qg D 41:4� 10�6 m3=s
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the poorly wetted plate is slightly smaller than the results for the plate with good
wettability. There is little difference between the horizontal distributions for the two
plates at other axial measurement positions z � 100�10�3 m.

Figure 4.17 shows that at z D 50� 10�3 m and y D 1� 10�3 m, the measured
gas holdup ˛ is larger for the poorly wetted plate than that of good wettability.
However, this trend is reversed in the horizontal region between approximately
y D 2� 10�3 and 10� 10�3 m at the same axial position. The values of ˛ are nearly
the same for the two plates for y > 10� 10�3 m. The difference between the results
for the two plates diminishes significantly for z > 100� 10�3 m. Consequently, the
wettability of a vertical flat plate has little effect on the horizontal distribution of ˛
for z � 100� 10�3 m.

The vertical distributions of fB;max and ˛max are given in Fig. 4.18, where the
subscript max denotes a maximum value. The wettability of the two plates has no
discernible influence on the axial distribution of fB;max and ˛max except at z D
50� 10�3 m. The results for the plate of good wettability can be correlated as

fB;max D 1:15=z (4.8)

˛max D 1:69=z (4.9)

Two length scales, yf B;max and yf B;max=2, can be defined to characterize the hori-
zontal distribution of fB as shown in Fig. 4.19. Those for the horizontal distribution
of gas holdup ˛, designated by y˛;max and y˛;max =2, are similarly defined as in
Fig. 4.19.

The vertical distributions of yf B;max; yf B;max=2; y˛;max, and y˛;max =2 are shown
in Figs. 4.20 and 4.21. These quantities are not significantly influenced by the wet-
tability of the plates at any axial position and can be approximated thus,

yf B;max D 0:03z C 2:53� 10�3 (4.10)

yf B;max=2 D 0:05z C 7:59� 10�3 (4.11)

y˛;max D 0:02z C 3:74� 10�3 (4.12)

y˛;max=2 D 0:04z C 8:15� 10�3 (4.13)

It is evident that yf B;max=2 is approximately twice as large as yf B;max. The same
relationship holds between y˛;max and y˛;max =2. There is no clear explanation for
the linear dependence of the four quantities on the axial distance z.

2. Similarity laws for horizontal distribution of bubble frequency and gas holdup

The horizontal distribution of bubble frequency in a bubbling free jet which is free
from any walls is known to be similar. In other words, the distributions follow a
normal (Gaussian) distribution [24, 27, 28]. The horizontal distribution of bubble
frequency near a vertical flat plate is also expected to follow another type of similar-
ity distribution. In order to ascertain this anticipation, each fB value was normalized
by the maximum value fB;max and then plotted against a dimensionless horizontal
distance from the plate, �f B.D y=yf B;max=2/, in Fig. 4.22. The solid line denotes
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Fig. 4.17 Horizontal
distributions of gas holdup for
Qg D 41:4� 10�6 m3=s

experimentally derived similarity distribution for fB, being expressed by

fB=fB;max D 0:5�f B
0:55 expŒ�1:43f�f B

2 � 1g� (4.14)

�f B D y=yf B;max=2 (4.15)

The measured values of fB follow (4.14) for z � 100� 10�3 m, irrespective of
the wettability of the plates. On the contrary, the distributions of fB for the two
plates deviate from (4.14) at z D 50� 10�3 m.
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Fig. 4.18 Definition of length scales

Figure 4.23 indicates that for z � 100� 10�3 m, the gas holdup ˛ obeys a similar-
ity distribution for two plates, irrespective of wettability. This similarity distribution
represented by the solid line can be expressed by

˛=˛max D 0:5�˛
0:87 expŒ�1:74f�˛

2 � 1g� (4.16)

�˛ D y=y˛;max=2 (4.17)

A bubbling free jet that is not influenced by the side wall of the vessel can be
classified into four regions with respect to the axial distance from the nozzle tip
[29]: the momentum, transition, buoyancy, and bath surface regions. The inertial
force of injected gas governs the flow in the momentum region, while the buoyancy
force acting on the bubbles is dominant in the buoyancy region. The midpoint of the
transition region, zt, is given by [29]

zt D 9:4.Qg
2=g/1=5 (4.18)

where g is the acceleration due to gravity. Equation (4.18) yields zt D 105� 10�3 m
for the experimental conditions considered. Such flow field classification appears
to be valid for bubbling wall jets, because the distributions of fB and ˛ for
z D 50� 10�3 m do not follow (4.14) and (4.16), respectively. The above zt position
corresponds approximately to the vertical position at which the horizontal distribu-
tions of fB (and ˛) for the two plates of good and poor wettability begin to agree
with each other. It can thus be concluded that the wettability of the plates affects the
bubble frequency and gas holdup distributions primarily in the momentum region.

3. Horizontal distribution of mean bubble rising velocity uB

Figure 4.24 shows the experimental data on mean bubble rising velocity uB. The
data for the poorly wetted plate decrease monotonically in the y direction at every
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Fig. 4.19 Axial distributions
of the maximum values of
bubble frequency and gas
holdup for
Qg D 41:4� 10�6 m3=s

axial position. On the contrary, a distinct peak appears in the horizontal distribution
at z D 200� 10�3 m for this plate. In the horizontal region y > 5� 10�3 m; uB is
not dependent on the wettability of the plate. However, at locations y < 5� 10�3 m
and z < 150�10�3 m; uB is lower for the poorly wetted plate than for the plate
with good wettability. This is because the rising velocity of the bubbles decreases
due to the attachment of the bubbles to the poorly wetted plate.

The standard deviation of NuB is represented by uB
0
rms. The ratio of uB

0
rms to uB

is approximately 50% at z D 150�10�3 and 200� 10�3 m, and remains nearly
constant in the y direction, as shown in Fig. 4.25. Meanwhile, at z D 50� 10�3

and 100�10�3 m, the ratio also is about 50% for y < 5� 10�3 m. Outside this
horizontal position y > 5� 10�3 m; uB

0
rms=uB increases abruptly and then de-

creases with an increase in y. Such a drastic change in uB
0
rms=uB appears to be

associated with strong entrainment of the surrounding liquid into the bubbling wall
jet. In the close vicinity of the plate at the axial positions z D 50� 10�3 and
100�10�3 m; uB

0
rms=uB is slightly larger for the poorly wetted plate than that of
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Fig. 4.20 Axial distributions of length scales, yf B;max and yf B;max=2, for Qg D 41:4� 10�6 m3=s

Fig. 4.21 Axial distributions of length scales, y˛;max and y˛;max =2, for Qg D 41:4� 10�6 m3=s

the plate with good wettability. This trend can be attributed to the fact that bubbles
rising near the poorly wetted plate often attach to it, although they are not always
trapped on the surface.

4. Horizontal distribution of mean bubble chord length

The horizontal distributions of mean bubble chord length NLB are shown in Fig. 4.26.
In the vicinity of the plate, y < 5� 10�3 m, near the nozzle tip, z � 100�10�3 m,
the measured value of NLB is larger for the plate with good wettability than that of the
plate with poor wettability. There is a distinct peak in the measured NLB distributions
for the highly wetted plate at z D 150� 10�3 and 200�10�3 m.

The experimental data for NuB and NLB collectively suggest that bubbles rising
near the highly wetted plate for z � 100�10�3 m are more elongated in the vertical
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Fig. 4.22 Similar distributions of bubble frequency for Qg D 41:4� 10�6 m3=s

Fig. 4.23 Similar distributions of gas holdup for Qg D 41:4� 10�6 m3=s

direction than those rising near the poorly wetted plate. This result is due to the
frequent attachment of bubbles to the latter plate. As z increases, bubbles rising
along the highly wetted plate begin to separate from the plate, while those rising
along the poorly wetted plate remain near the plate right to the top bath surface.
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Fig. 4.24 Horizontal
distributions of mean bubble
rising velocity for
Qg D 41:4� 10�6 m3=s

It should be noted that the data presented for only the y � z plane are not sufficient
to describe fully the mass balance of the gas phase.

5. Attachment of bubbles to plate of poor wettability

The experimental data indicate that bubbles are not in direct contact with a highly
wetted plate. This is evidenced by the existence of a corresponding image on the
right hand side for each bubble in Fig. 4.27a. This is because a water film exists
between the bubble and the plate. On the contrary, Fig. 4.27b shows that bubbles
sometimes are in direct contact with the poorly wetted plate, as indicated by an
arrow. The image of each bubble cannot be seen, as the plate coated with paraffin
does not work like a mirror.
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Fig. 4.25 Horizontal
distributions of the standard
deviation of bubble rising
velocity divided by mean
value for
Qg D 41:4� 10�6 m3=s

As discussed earlier, the differences in the bubble characteristics between the two
types of plates are most noticeable in the vicinity of the plates. These differences
are closely associated with the attachment of bubbles to the poorly wetted plate and
otherwise in the highly wetted plate. Small bubbles were trapped on the former plate
after the termination of air injection, as shown in Fig. 4.28. Such small bubbles are
produced due to disintegration of larger bubbles being detached from the plate. Such
trends are not evident for the plate with good wettability.

The attachment of small bubbles to a poorly wetted plate would significantly in-
fluence heat transfer between the plate and molten metal. Therefore, the total contact
area of trapped bubbles AtB was determined by using a still camera. The measured



120 4 Interfacial Phenomena

Fig. 4.26 Horizontal
distributions of mean bubble
chord length for
Qg D 41:4� 10�6 m3=s

value of AtB was normalized by the area of the bubble dispersion region projected
onto the plate, ApB, giving the trapped bubble area ratio rTB. The projected area ApB

was determined by processing the contour of the bubble dispersion region that was
recorded on a video camera using a personal computer.

Figure 4.29 shows the variation of the measured values of rTB with gas flow
rate Qg. For Qg D 10� 10�6 m3=s, the turbulent motion of water induced by the
bubbles is not sufficiently strong to cause instability of the water film between the
bubble and the poorly wetted plate. As a result, the total number of trapped bubbles
is small and rTB remains at a low level. With an increase in Qg, the measured value
of rTB increases significantly due to enhancement of the horizontal turbulence com-
ponent of water flow. For Qg larger than 41:4� 10�6 m3=s; rTB is nearly invariant
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Fig. 4.27 Photographs showing bubbles rising along a flat plate for Qg D 41:4� 10�6 m3=s. (a)
Good wettability plate; (b) poor wettability plate

Fig. 4.28 Photographs showing trapped bubbles on the flat plate surface for Qg D
41:4� 10�6 m3=s. (a) during gas injection; (b) after termination of gas injection; (c) outer edge of
bubble dispersion region
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Fig. 4.29 Trapped bubble
area ratio

withQg. This equilibrium state may be explained as follows. The number of bubbles
attaching to the plate increases with Qg, but at the same time, the drag force acting
on each bubble increases. Such an elevated drag force enhances bubble detachment
from the plate, and thus results in the aforementioned equilibrium state.

The roughness of the plate may influence bubble entrapment to the plate. The
advancing contact angle is known to be dependent on the roughness of the plate.
Therefore, roughness effect can be partly evaluated in terms of the advancing contact
angle when the roughness height is much smaller than the liquid film thickness.
If the roughness height is equal to or larger than the film thickness, another type
of interaction may occur between the bubbles and the flat plate. This subject is,
however, beyond the scope of the present consideration.

4.2.1.4 Summary

The effects of the wettability of a flat plate on a bubbling wall jet rising along the
plate can be summarized as follows:

1. Bubbles attach to the poorly wetted plate (�a D 104ı), some of which are trapped
on the surface. No bubble entrapment occurs on the highly wetted plate (�a D
62ı). The bubbles in the latter case are more elongated in the vertical direction
and rise faster than those near the poorly wetted plate in the momentum region
(z < 100� 10�3 m). With a further increase in axial position z in the buoyancy
region (z > 100�10�3 m), bubbles rising along the highly wetted plate begin
to migrate away from the plate, while those rising along the poorly wetted plate
remain near the plate right through to the bath surface.

2. As a consequence of bubble attachment to the poorly wetted plate, the measured
bubble frequency fB, gas holdup ˛, mean bubble rising velocity NuB, and mean
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bubble chord length NLB measured in the vicinity of the poorly wetted plate differ
from their respective values for the highly wetted plate. In particular, the bubble
frequency and gas holdup are different in the momentum region located near
the nozzle tip. Differences in the mean bubble rising velocity and mean bubble
chord length are observed between the two flat plates over the entire axial region
ranging from the nozzle tip to the bath surface.

3. Both the bubble frequency and gas holdup exhibit similarity distributions in the
buoyancy region, z � 100�10�3 m. The similarity distributions are independent
of the wettability of the plates.

4. The total contact area of trapped bubbles to the poor wettability plate is evaluated
in terms of the trapped bubble area ratio rTB.

4.2.2 Liquid Flow Characteristics

The precise information on molten metal flow induced by bubbles is essential for
improving current refining processes [30]. Such molten metal flow characteristics
appear to be significantly affected by boundary conditions on the inner walls of the
reactor, in addition to the shape and size of the reactor and the injection method.
The refractories used in these processes are usually not wetted by the molten metal
[31]. Yet most previous model studies on molten metal flow characteristics were
carried out using vessel materials that are wetted by the liquid [30]. Experiments
on the effects of wettability on molten metal flow characteristics are quite limited
[20–22, 32].

Iguchi et al. [32] focused on the relationship between the wettability of a vertical
flat plate and the behavior of bubbles in a bubbling wall jet rising along the plate.
It was found that bubbles rising along a poorly wetted plate repeatedly attach and
detach from the plate. NuB and NLB in the close vicinity of the plate were dependent
on the wettability of the plate in the whole vertical region extending from the noz-
zle tip to the bath surface. Meanwhile, the bubble frequency and gas holdup were
influenced by the wettability solely in the vertical region near the nozzle tip where
the inertial force of the injected gas was dominant. This section describes the be-
havior of water flow induced by bubbles rising along a vertical flat plate of different
wettability.

4.2.2.1 Experimental Apparatus and Procedure

Figure 4.30 shows a schematic diagram of the experimental apparatus. The dimen-
sions of the vessel and nozzle as well as the experimental conditions mirror those
described in the preceding section [32]. The horizontal and vertical coordinates are
denoted by y and z, respectively. The corresponding velocity components of water
flow are designated by v and u. The gas flow rate Qg was set at 41:4� 10�6 m3=s,
the same value used for the bubble characteristic measurements [32].
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Fig. 4.30 Experimental apparatus

The bubble characteristics, represented by the bubble frequency fB, gas holdup
˛, mean bubble rising velocity NuB, and mean bubble chord length NLB, were mea-
sured mainly on the y�z plane with a two-needle electroresistivity probe. Water
velocity was measured with a two-channel laser Doppler velocimeter [25]. The lo-
cations at which measurements were made were chosen by reference to the results
for the bubble characteristics. The characteristics of water flow were represented by
the vertical mean velocity u, the root-mean-square value of the vertical turbulence
component u0

rms, and the skewness and flatness factors of the vertical turbulence
component, Su and Fu. Data aquisition time was 600 s for each position.

4.2.2.2 Results

1. Classification of flow field

The flow field above the nozzle can be classified broadly into two regions: the mo-
mentum region near the nozzle and the buoyancy region far from the nozzle [32]. In
the former region, the inertial force of the injected gas governs the flow field, while
the buoyancy force acting on the bubbles determines the latter. The two regions
share a boundary at approximately z D 100�10�3 m.

2. Horizontal distribution of vertical mean velocity of water flow

The horizontal distribution of u was obtained at four vertical positions z D
50� 10�3; 100�10�3; 150�10�3, and 200� 10�3 m, as shown in Fig. 4.31.
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Fig. 4.31 Horizontal
distributions of vertical mean
velocity

At z D 50� 10�3 m within the momentum region, the measured mean values of u
are slightly larger for the plate with good wettability than for the plate with poor
wettability in the horizontal region y < y˛;max =2, where y˛;max =2 is the half-value
distance of the horizontal gas holdup distribution [32]. For y > y˛;max =2, the
wettability effect is insignificant. In the buoyancy region z � 100�10�3 m, the dif-
ference between the measured values of u for the two types of plates diminishes. In
effect, the influence of wettability on u is important only in the momentum region.

There appears a peak in the horizontal distribution of u in the buoyancy region.
The peak value is denoted by umax. In order to describe quantitatively the horizontal
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Fig. 4.32 Definition of
velocity and length scales

distribution of u, two length scales yu;max =2 and yu;max are defined, as shown in
Fig. 4.32. For the highly wetted plate, the following empirical equation was derived
for umax (see Fig. 4.33), although the maximum velocity of single-phase wall jet is
proportional to z�1 [33],

umax D 0:160z�1=2 (4.19)

The measured values of umax for the poorly wetted plate are also scattered around
(4.19). However, the decreasing rate of umax in the vertical direction is slightly
smaller than that for the wetted plate. This is probably because of the attachment
of bubbles to the plate [32].

Figure 4.34 shows the variation of the two length scales, yu;max =2 and yu;max, with
the vertical distance z. The dotted and solid lines are represented by the following
equations, respectively:

yu;max =2 D 0:075z C 4� 10�3 (4.20)

yu;max D 0:02z (4.21)
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Fig. 4.33 Relationship between maximum value of vertical mean velocity and vertical distance

Fig. 4.34 Relationship between length scales and vertical distance

There is little difference between the measured length scales for the two types of
plates considered. The half-value distance for three-dimensional (3D) single-phase
wall jets is given by [34]

yu;max =2=dni D 0:045z=dni C 0:90 (4.22)
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The half-value distance for bubbling wall jets was found to be much larger than
that of single-phase jet. This was attributed to the effect of horizontal dispersion of
bubbles.

It is interesting to examine whether the half-value distance of bubbling free jets,
bu, is applicable to bubbling wall jets for which bu is given by [25]

bu D 0:14z (4.23)

In applying this equation to bubbling wall jets along a vertical flat plate, yu;max =2

should be expressed as follows:

yu;max =2 D 0:14z C dno=2 (4.24)

Unfortunately, (4.24) overestimates the measured values of yu;max =2 for the bub-
bling wall jet.

3. Similarity law for horizontal distribution of vertical mean velocity

Figure 4.35 shows the nondimensional distributions of u. A dotted line and a chain
line are used to denote the distributions for 2D [35] and 3D [34] single-phase wall
jets along highly wetted plate, respectively. The dotted line was calculated from an
empirical relationship derived by Verhoff [35], expressed as

u=umax D 1:48�u
1=7f1 � erf.0:68�u/g (4.25)

�u D y=yu;max =2 (4.26)

Fig. 4.35 Similar distribution of vertical mean velocity
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The chain line was drawn so as to pass through the mean of the values measured
by Rajaratnum and Pani [34].

In the buoyancy region, the nondimensional distribution of u=umax in the bub-
bling wall jets along the vertical flat plate with good wettability is approximated by

u=umax D 0:5�u
0:081 exp f � 0:85.�u

2 � 1/g (4.27)

Equation (4.27) is also applicable to the u distribution for the poorly wetted plate.
It can thus be concluded that the distributions of u for the bubbling wall jets in
the buoyancy region are self-similar. They also agree favorably with the similarity
distribution for single-phase wall jets along a highly wetted plate.

4. Horizontal distribution of relative velocity

The horizontal distributions of relative velocity ur.D uB �u/ are shown in Fig. 4.36.
At every measurement position in the horizontal region y > y˛;max =2, the rela-
tive velocity is approximately 20 cm/s, which is the same as in a stagnant liquid
[36] regardless of the wettability of the plate. On the contrary, in the region y <
y˛;max =2, the relative velocities at z D 50� 10�3; 100�10�3, and 150� 10�3 m
are higher for the wetted plate than those for the poorly wetted plate. Further up
(z D 200�10�3 m), there is a peak in the distribution for the wetted plate in the
same manner as the NuB shown in the previous section [32]. This result is due to
the fact that larger bubbles with higher velocity tend to migrate away from wet-
ted a plate, while they rise near poorly wetted wall with repeated attachment and
detachment from the plate.

5. Horizontal distribution of root-mean-square turbulence component

Figure 4.37 shows the horizontal distributions of u0
rms. At every vertical position, the

measured values of u0
rms are nearly the same for both types of plates. In the buoyancy

region, u0
rms remains unchanged in the horizontal region y < y˛;max. The horizontal

distributions of the vertical turbulence intensity u0
rms=umax are shown in Fig. 4.38.

The data on u0
rms=umax for the plate with good wettability are approximated by

u0
rms=umax D 0:47 exp.�0:23�u

3/ (4.28)

The turbulence intensity of the bubbling wall jet is about two times as large as
that of single-phase wall jet along a wetted plate (4.34, 4.35). Accordingly, the pro-
duction in the wake of bubbles is largely attributable to the turbulence production in
the bubbling wall jet.

Hetsroni [37] reported that turbulence is generated in the wake of bubbles when
the bubble Reynolds number ReB is higher than 400. According to Kawakami
et al. [24], the mean bubble diameter NdB is 1.5 times as large as NLB, provided that
the bubbles are spherical in shape, and thus the bubble Reynolds number ReB is
defined as

ReB D 1:5 NLBur=	 (4.29)
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Fig. 4.36 Horizontal
distributions of relative
velocity

In this study, ReB ranged from 1,900 to 14,000, and hence, turbulence can be
generated in the wake of bubbles.

6. Horizontal distribution of skewness and flatness factors

High-order turbulence correlations such as skewness and flatness factors are com-
monly introduced to understand the detailed structure of turbulence. The skewness
factor Su and the flatness factor Fu for the vertical turbulence component, u0, are
defined as

Su D f†.ui
0=u0

rms/
3g=N (4.30)

Fu D f†.ui
0=u0

rms/
4g=N (4.31)

N > 15; 000 (4.32)
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Fig. 4.37 Horizontal
distributions of the
root-mean-square value of
vertical turbulence
component

Here, i denotes the i th datum on u0 and N is the number of velocity data.
The measured values of Su and Fu are shown in Figs. 4.39 and 4.40, respectively.
At z D 50� 10�3 m in the momentum region, Su is slightly larger for the poorly
wetted plate than that for the plate with good wettability in the close vicinity of the
plates, y < y˛;max. There is no significant difference between the values of Su for
the two plates at the three vertical measurement positions located in the buoyancy
region (z > 100� 10�3 m).

The flatness factor Fu is nearly independent of the wettability of the plate. These
measurements for Su and Fu differ from their respective values for a Gaussian dis-
tribution (Su D 0 and Fu D 3). Such discrepancy is associated with the turbulence
production in the wake of bubbles.
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Fig. 4.38 Similar distribution of the root-mean-square value of vertical turbulence component

4.2.2.3 Summary

The effect of wettability is noticeable primarily on u and Su of the vertical turbulence
component for water flow in the momentum region located near the nozzle tip. This
is the region where the inertial force of the injected gas is dominant [38]. In the
buoyancy region located above the momentum region, the water flow characteristics
are nearly independent of the wettability of the plate.

The vertical mean velocity u and the root-mean-square value of the vertical tur-
bulence component u0

rms exhibit similarity distributions in the buoyancy region.
Empirical relations (4.27) and (4.28) are proposed for the horizontal distributions
of u and u0

rms.

4.3 Bubble Shape and Size

The refractory used for metal refining processes and continuous casting molds is
commonly poorly wetted by the molten metal [39]. Water model experiments have
shown that bubbles ascending near a wall of poor wettability sometimes attach to the
wall [32] which differs markedly from bubbles ascending near a wall of good wetta-
bility. Although the interaction between a wall and bubbles has been widely studied,
focus has been on wetted surfaces [40–44]. In contrast, there is little information on
the attachment and detachment of bubbles from a wall of poor wettability [32].
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Fig. 4.39 Horizontal
distributions of skewness
factor

The interaction between refractory and bubbles in metals refining processes sig-
nificantly affects the life of the refractory. The local erosion of the refractory is
known to be closely associated with the generation sites and the generation rates of
bubbles [45]. In addition, entrapment of small argon bubbles in solidifying shells
in continuous casting causes bubble-induced defects such as sliver and pin-hole.
These defects reduce the quality of the products [46, 47]. Investigation of the shape
and size of bubbles in contact with a poorly wetted wall as well as the behavior of
bubbles ascending in the vicinity of a liquid/solid interface is, therefore, important
to elucidate the mechanism of generation of bubble-induced defects.
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Fig. 4.40 Horizontal
distributions of flatness factor

Due to the typically high melting points of molten metals (often> 1;000ıC) and
their opacity, direct observation of bubbles in the molten metals is quite difficult.
An X-ray fluoroscope is a powerful tool [21] that can be used, but the spatial and
temporal resolutions of bubble images are not sufficiently high. Thus a number of
cold model experiments have been carried out by using water and silicone oils to
simulate molten metals [48, 49]. Such model liquids are easy to handle, cheap and
transparent. In most of the previous model experiments, the wall of the vessel is
usually wetted by the liquid, which is a major departure from reality.
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In this section, the behavior of a bubble colliding with an acrylic flat plate coated
with paraffin is considered. The shape and size of a bubble in contact with the plate
are also investigated in detail.

4.3.1 Experimental Apparatus and Procedure

Figure 4.41 shows a schematic of the experimental apparatus. The vessel had a
square cross section of 0.260 m by 0.260 m and a height of 0.600 m. It was filled
with water to a prescribed depth of 0.500 m. An acrylic flat plate was immersed
in the bath such that its center was 0.100 m below the bath surface. The angle of
inclination of the plate to the horizontal plane, �p, was varied from 0 to 80ı.

A predetermined volume of air was fed with a syringe into a cap-like container of
diameter 4:1� 10�3 m from the bottom of the vessel. The container was then turned
over to release the air into the bath. This allowed precise continuous control of the
volume of bubble thus generated.

The bubble behavior was observed with a high-speed video camera at 200 frames
per second. The images were recorded on a personal computer and then processed
to determine the shape and size of the bubble at every instant. The horizontal and
vertical sizes of the bubble before collision with the plate were denoted by dBy and

Fig. 4.41 Schematic of
experimental apparatus



136 4 Interfacial Phenomena

Fig. 4.42 Definitions of
bubble diameter and position.
(a) Rising bubble toward a
flat plate; (b) rising bubble
along a flat plate or a sessile
bubble beneath it

Fig. 4.43 Schematic of the
inclined plate setup for
contact angle measurement

dBz, respectively, as shown in Fig. 4.42a. A representative diameter of the bubble,
dB, was defined as

dB D .dBydBz/
0:5 (4.33)

The difference between dB and the volume-equivalent diameter was found to be less
than 20%. This result will be discussed in detail in a subsequent section.

Experiments were carried out for representative diameter dB ranging from
1:0� 10�3 to 15:0� 10�3 m. The rising velocity of bubble was calculated by divid-
ing the vertical displacement of the center of the bubble (y, z) by a predetermined
time interval. This velocity became constant (i.e., reached the terminal velocity
uB;1) at a location far below the flat plate. Therefore, the bubble collided with the
plate at this terminal velocity. For convenience, the size of a stationary bubble or a
sessile bubble just beneath the plate was modeled as shown in Fig. 4.42b.

The wettability of a flat plate was quantitatively evaluated in terms of �a. This an-
gle and the receding contact angle �r were determined by the inclined plate method,
as shown in Fig. 4.43. A water droplet of known volume was placed on a flat plate,
and the plate was gradually inclined. The shape of the bubble was observed with
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the high-speed video camera. The two contact angles, �a and �r, were determined
from the image of the droplet just before it started to slide [50–52]. The two angles
are influenced by the surface roughness of the plate in addition to the interfacial
energies.

Acrylic flat plate coated with paraffin was used to represent a plate of poor wetta-
bility. A flat brass plate was also chosen as a plate of good wettability. The observed
advancing and receding contact angles of the paraffin-coated plate were 104 and
50ı, respectively, while those of the brass plate were 80 and 17ı, respectively.

4.3.2 Experimental Results

4.3.2.1 Bubble Attachment to Flat Plate

Figure 4.44 shows the shape of a sessile bubble just below a flat plate for an incli-
nation angle of �p D 0ı. It should be noted here that bubbles never attach directly
to the flat plate of good wettability .�a D 80ı/. There exists a thin water layer
between the plate and the upper part of the bubble (see Fig. 4.44a–c). When the vol-
ume of the bubble is small, it is almost spherical in shape. As the volume increases,
the effect of the static pressure around the bubble becomes larger than that of the

Fig. 4.44 Sessile bubble beneath horizontal plates of different wettability
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surface tension force acting on the bubble, and consequently, the bubble is flattened
as shown in Fig. 4.44b, c. On the contrary, bubbles always attach directly to the plate
of poor wettability (see Fig. 4.44d–f). In the same manner as for the plate of good
wettability, bubbles become flattened as their volume increase.

A sessile bubble is considered to be stable when its energy is minimum. The
energy consists of the potential energy due to gravitational force and surface energy.
For a sessile bubble just beneath a highly wetted plate, the energy can be expressed
by the following equation since there is no direct contact between the plate and the
bubble:

E D .�L � �g/VBghG C S
Lg (4.34)

Here, �L is the density of liquid, �g is the density of gas, VB is the volume of the
bubble, g is the acceleration due to gravity, hG is the distance from the gravitational
center of the bubble to the plate, S is the gas/liquid interfacial area, and 
Lg is the
gas/liquid interfacial energy.

In a similar manner, the energy of a sessile bubble just below a plate of poor
wettability is given by

E D .�L � �g/VBghG C S
Lg C rA.
Sg � 
SL/ (4.35)

where A is the interfacial area between the bubble and the plate, the surface of
which is regarded as being completely smooth; r is the roughness parameter; rA is
the actual gas/solid interfacial area; 
Sg is the gas/solid interfacial energy; and 
SL

is the liquid/solid interfacial energy.
The following relationship first derived by Wensel [53] is known to exist between

�a and the two interfacial energies, 
Sg and 
SL,

r.
Sg � 
SL/ D 
Lg cos �a (4.36)

Combination of (4.35) and (4.36) yields

E D .�L � �g/VBghG C S
Lg C A
Lg cos �a (4.37)

The shape of a sessile bubble below each of the two types of plates is assumed
to be as shown in Fig. 4.45. Specifically, disk-type bubble having an edge radius of
0:5dBy was assumed for the plate of good wettability [54]. A model of the shape of
a sessile bubble beneath the plate of poor wettability is somewhat complicated, as
shown in Fig. 4.45b [55]. In each model, the gas/liquid interfacial area S , gas/solid
interfacial area A, and bubble volume VB are expressed as follows:

S D �.dBy � dBz/
2=2C �2dBzŒdBz=� C .dBy � dBz/=2�

.�a < �=2/

D 2�rcŒ.dBy � 2rc sin �a/.� � �a/=2C rc.1C cos �a/�

C�.dBy � 2rc sin �a/
2�=4.�a � �=2/ (4.38)

A D 0.�a < �=2/ D �dBy
2=4.�a � �=2/ (4.39)
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Fig. 4.45 Bubble profile
beneath a horizontal plate
(a) 0ı � �a < 90

ı; (b)
90ı � �a � 180ı

VB D �.dBy � dBz/
2dBz=4C �2dBz

2Œ2dBz=.3�/C .dBy � dBz/=2�

.�a < �=2/

D .�=4/Œf.dBy � 2rc sin �a/
2 C 4rc

2grc.1C cos �a/

�.4rc
3=3/.1C cos3 �a/C f2.� � �a/C sin 2�agrc

2dBy�2f2.���a/

C sin 2�agrc
3 sin �a/�.�a � �=2/ (4.40)

where rc is indicated in Fig. 4.45b.
Here, the following aspect ratio R is introduced:

R D dBy=dBz (4.41)

Equations (4.38)–(4.40) are expressed as functions of R as follows:

S D .�=2/dBz
2fR2 C .� � 2/RC 3 � �g.�a < �=2/ D .�dBz

2=4/ŒR2

C4.� � �a � sin �a/R=.1C cos �a/ � 4 sin �af2.� � �a/

� sin �ag=.1C cos �a/
2 C 8=.1C cos �a/�.�a � �=2/ (4.42)

A D 0.�a < �=2/ D �dBz
2R2=4.�a � �=2/ (4.43)

VB D �dBz
3=4fR2 C .�=2� 2/RC 5=3� �=2g.�a < �=2/ D .�=4/

dBz
3ŒR2 C f2.� � �a/C sin 2�a/=.1C cos �a/

2 � 4 sin �a/=.1C cos �a/g
RC4.1C sin2 �a/=.1C cos �a/

2�4.1� cos �a C cos2 �a/=f3.1C cos �a/
2g

�2 sin �af2.� � �a/C sin 2�ag=.1C cos �a/
3�.�a � �=2/ (4.44)

A value of R minimizing E for a given bubble volume VB will be determined in
the following manner. It is evident from (4.44) that dBz is a function of VB and R.
By substituting dBz obtained from (4.44) into (4.42) and (4.43), both S and A can
be expressed as functions of R. Accordingly, the bubble energy E becomes a sole
function of R if VB is given.
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Fig. 4.46 Horizontal and vertical dimensions of a bubble beneath horizontal plates of different
wettability

The minimum E value was determined iteratively by changingR at 0.001 inter-
vals. In these calculations, the surface tension of water, 
Lg; the density of water,
�L; and the density of air, �g, are 72.75 mN/m, 998:2 kg=m3, and 1:20 kg=m3, re-
spectively. The calculated values are compared with the measured data in Fig. 4.46.
Both sets of results agree well regardless of the wettability of the plate. Therefore,
the bubble shape models presented above are useful for the prediction of the shape
of a sessile bubble below a horizontal flat plate.

4.3.2.2 Bubble Collision with Flat Plate

Figure 4.47 shows representative behavior of a bubble just after collision with each
flat plate for an inclination angle of �p D 40ı. For the wetted plate, a small bub-
ble ascends the plate, maintaining a spherical shape (Fig. 4.47a). As the volume
of the bubble increases, the bubble begins to flatten, as shown in Fig. 4.47b, c.
Figure 4.47d, e show the attachment of a bubble to the plate of poor wettability for
�p D 40ı. In Fig. 4.47e, the bubble ascends along the plate due to buoyancy. When
the bubble is large (Fig 4.47f) or when the inclination angle �p is large, no attach-
ment of the bubble to the poorly wetted plate is observed. The bubble ascends near
the wall in the same manner as that for the plate of good wettability.

The behavior of bubbles colliding with the plate of poor wettability .�a D 104ı/
can be classified into the following five types with respect to the bubble diameter dB

and the inclination angle �p, as shown in Fig. 4.48.
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Fig. 4.47 Shape of bubbles rising along an inclined plate of �p D 40ı. (a) dB D 1:6� 10�3 m;
(b) dB D 3:96� 10�3 m; (c) dB D 7:76� 10�3 m; (d) dB D 2:16� 10�3 m; (e) dB D
4:46� 10�3 m; (f) dB D 8:16� 10�3 m

1. Bubble attaches to the plate after bouncing off it.
2. Bubble attaches to the plate without bouncing off.
3. Bubble ascends, sliding below the plate after attaching to the plate.
4. Bubble ascends, sliding along the plate without attaching to the plate.
5. Bubble ascends with repeated bouncing but never attaches to the plate.

Attachment of a bubble to the plate of poor wettability was observed even at
�p D 60ı.

It is known that a bubble bounces off a flat plate of good wettability for a Weber
number, We, larger than 0.3 [43]. Under the experimental conditions considered
here, a bubble of approximately 2� 10�3 m in diameter was observed to bounce
off a poorly wetted plate. For example, the Weber number for the bubble shown
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Fig. 4.48 Behavior of an impacting bubble to a poor wettability plate

in Fig. 4.49a was 2.0. However, there was no observed bouncing for a bubble of
diameter much larger than 2� 10�3 m, as shown in Fig. 4.49b.

The mechanism of the bouncing of a bubble from a plate can be explained as
follows. Before the bubble comes in contact with the plate, the water just above
the bubble first collides with the plate. Consequently, the pressure in the thin water
layer between the plate and the bubble is thereby elevated. When the diameter of
the bubble is small, such as 2� 10�3 m, the force acting downwards on the bub-
ble due to the pressure increase inside the water layer is higher than the buoyancy
force, and the surface tension force is sufficiently large to prevent a breakup of the
bubble. This results in the bouncing of the bubble off the plate. This phenomenon
occurs irrespective of wettability of the plate. The implication of this result is that
the bouncing of a bubble off a plate is always accompanied by the existence of a
thin liquid layer between the bubble and the plate even if the plate is not wetted by
the liquid.

With increase in both �p and dB, a bubble attached to the poorly wetted plate
starts to slide along the plate due to the buoyancy force acting on the bubble. The
point of incipient slide is represented in Fig. 4.48 by the solid and broken lines. The
method used to determine these lines are described below.
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Fig. 4.49 Impact sequence
of a bubble to a flat plate
coated with paraffin wax.
(a) dB D 2:66� 10�3 m;
uB D 0:238m=s; (b)
dB D 5:76� 10�3 m;
uB D 0:22m=s

Fig. 4.50 Profile of a bubble
sliding on a poor wettability
plate

The shape of a bubble which starts to ascend and slide along the flat plate is
assumed, as shown in Fig. 4.50. The work required to replace a solid/liquid interface
of area ds by a solid/gas interface just before the leading edge of the bubble is
given by

WA D �
Lgf1 � .cos �r/=rgr ds (4.45)
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This work is however neglected for �r � 90ı. Similarly, the work required to
replace a solid/gas interface of areas ds located near the trailing edge of the bubble
is expressed by

WT D �
Lgf1 � .cos �a/=rgr ds (4.46)

Combination of (4.45) and (4.46) yields the total work required for the bubble to
ascend along the inclined flat plate as follows:

W D WA CWT D 
Lg.cos �r � cos �a/ds (4.47)

On the contrary, the work done by the buoyancy force acting on the bubble is
given by

W D k.�L � �g/VBg.sin �p/dl (4.48)

where dl is the apparent displacement of the bubble along the plate and coefficient
k represents the effect of surface roughness of the plate. For a completely smooth
plate, k D 1.

Assuming ds Š dBx dl , we obtain the following force balance equation from
(4.47) and (4.48):

k.�L � �g/VBg sin �p D 
Lg.cos �r � cos �a/dBx (4.49)

When the plate is completely smooth, i.e., k D 1, (4.49) reduces to that describ-
ing the force balance for a liquid droplet on a flat plate [51, 56–58].

If VB is constant, there remain three unknown parameters, �p; k and dBx, in
(4.49). Furthermore, assuming dBx D dBy for convenience, dBy can be determined
from (4.37) as the bubble volume VB is given. This reduces the number of unknown
parameters to two. The experimental conditions considered, however, indicate that
a bubble of relatively large volume is no longer spherical. Thus the relationship
between dB and VB must be obtained a priori. One empirical relation is expressed by

dB D .6VB=�/
1=3 .VB <D 1:5� 10�8 m3/ (4.50)

dB D 115VB
2=3 C 2:32� 10�3 .VB > 1:5� 10�8 m3/ (4.51)

Figure 4.51 shows the relationship between VB and dB, as well as that between
(4.50) and (4.51). Equation (4.51) compares favorably with the measured values.
These results indicate that dB can indeed be determined provided that the volume
of a bubble is given. In other words, if the roughness parameter k is known a priori,
the relationship between dB and �p, which gives the critical condition for a bubble
to start to slide along the plate, can be determined from (4.37), (4.49), and (4.51).

The solid line in Fig. 4.48 denotes the calculated value for k D 1. Clearly, this
line is not satisfactory for predicting the boundary between the sessile bubble regime
and the sliding bubble regime. The value of k giving the best fit to the boundary was
found to be 2, as demonstrated by the broken line in Fig. 4.48.
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Fig. 4.51 Relationship between bubble volume VB and bubble diameter

Fig. 4.52 Bubble rising velocity along an inclined plate

The mean rising velocity, uB;� , of bubbles ascending without contact with an
inclined flat plate is shown in Fig. 4.52. There is no difference between the mea-
sured values for the plates of good and poor wettability. For a dB smaller than
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4� 10�3 m; uB;� is lower than the terminal velocity uB;1. Both velocities become
close as dB increases. This trend is consistent with the experimental results of
Maxworthy [42].

4.3.2.3 Summary

Results have been presented of water model experiments on bubble collision and
subsequent attachment or detachment on an inclined flat plate immersed in a water
bath. The main findings can be summarized as follows:

1. The shape of a sessile bubble placed beneath a horizontal plate can be predicted
satisfactorily by using an energy equation for the bubble, irrespective of the wet-
tability of the plate.

2. Bubble attachment to a poorly wetted inclined plate occurs until the inclination
angle �p reaches 60ı. The critical condition for a bubble to attach and stick to the
plate can be represented by (4.49) as a function of �a; �r, and k.

3. The velocity of a bubble rising near an inclined flat plate without attaching to the
plate is essentially independent of wettability.

4.4 Bubble Removal from Molten Metal

Removal of small bubbles from molten metal is essential for the production of clean
steel as well as suppression of foaming in metal refining processes [59–62], as
described in Sect. 4.1. In continuous casting molds, Ar gas is introduced into the
submerged entry nozzle (SEN) to prevent the attachment of alumina .Al2O3/ to the
inner part of the SEN. The Ar gas disintegrates into small bubbles over a wide range
of diameters due to highly turbulent motion caused by molten steel flow issuing from
the SEN. Large bubbles are lifted up due to buoyancy force and are removed from
the mold surface, while smaller bubbles are carried deep into the mold and trapped
in the solidified steel as pin-holes. Such pin-hole defects significantly reduce the
quality of the steel product.

In this section, experimental results will be presented on the attachment of
bubbles to a circular cylinder placed horizontally in a water–air vertical bubbling
jet [15].

4.4.1 Experimental Apparatus and Procedure

Figure 4.53 shows a schematic of the experimental apparatus. The acrylic cylindrical
vessel had an inner diameter D of 200�10�3 m and a height H of 400�10�3 m.
The vessel was filled with water to a depth HL of 300�10�3 m. Air was injected
into the bath through a perforated nozzle. The exit of the nozzle has a square cross
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Fig. 4.53 Schematic diagram of the experimental apparatus and coordinate system

section of 5� 10�3 m by 5� 10�3 m. The air flow rate was adjusted with a mass
flow controller over the range 0:5� 10�6–100�10�6 m3=s. A circular cylinder was
placed horizontally above the nozzle, as shown in Fig. 4.54. The distance from
the nozzle tip to the leading edge, i.e., the lower stagnation point, of the cylin-
der was set at 150�10�3 m. The vessel diameters were 10� 10�3; 15� 10�3 or
20� 10�3 m. The effective diameters were 11� 10�3; 16� 10�3, or 21� 10�3 m
after each cylinder was coated with paraffin. The �a of the original aluminum cylin-
ders was 63ı and that of the paraffin-coated cylinders was 96ı. Accordingly, the
cylinders of �a D 63ı were wetted by water, while those of �a D 96ı were not
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Fig. 4.54 Position of circular cylinder and explanation of symbols

wetted by water. The mean bubble diameter, bubble frequency, and the width of bub-
ble dispersion region were determined with a still camera and a high-speed video
camera at 200 frames per second. The velocity of water flow was measured with a
two-channel laser Doppler velocimeter.

4.4.2 Experimental Results

4.4.2.1 Behavior of Bubbling Jet Approaching Horizontal Cylinder

1. Classification of bubbling jets generated from perforated nozzle

Before discussing the attachment and detachment behavior of bubbles to a hori-
zontal cylinder, the characteristics of bubbling jets approaching the cylinder were
first investigated [15]. From previous studies on bubbling jets generated from a
porous nozzle [63, 64], bubble formation patterns can be classified into three types
with respect to the gas flow rate Qg: low, medium, and high gas flow rate regimes,
as schematically shown in Fig. 4.55. The gas flow rates indicating the boundaries
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Fig. 4.55 Classification of bubble formation patterns

between the three flow regimes were Qg D 6� 10�6 and Qg D 30� 10�6 m3=s,
respectively. In the low gas flow rate regime, small discrete bubbles are generated
that rise vertically upward without coalescence and disintegration. In the medium
gas flow rate regime, small bubbles are also generated, but some of them coalesce
into lager bubbles near the centerline of the bubble dispersion region. In the high
gas flow rate regime, a large bubble covering the entire nozzle surface is repeatedly
generated.

2. Mean bubble diameter in bubbling jets approaching cylinder

The mean bubble diameter, uB, measured in a bubbling jet approaching a cylin-
der is given in Fig. 4.56. The boundaries between the aforementioned three gas flow
rate regimes are also indicated in the figure. Open symbols in the low and medium
gas flow rate regimes denote discrete bubbles generated from the perforated nozzle,
while shaded symbols in the medium and high gas flow rate regimes denote coales-
cent bubbles. In the regime ranging from approximately 6� 10�6–30� 10�6 m3=s,
there are two distinct bubble mean diameters typical of the medium gas flow rate
regime. The diameter of the discrete bubbles increases with an increase in the gas
flow rate in the low gas flow rate regime. On the contrary, in the medium gas flow
rate regime, the diameter decreases slightly with Qg. The mean diameter of the co-
alesced bubbles increases monotonically with an increase in Qg. In the high gas
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Fig. 4.56 Mean bubble diameter in a bubbling jet approaching a cylinder

flow rate regime, the diameter can be satisfactorily approximated by the following
empirical relation for the diameter of bubbles generated from a single-hole nozzle
[26, 65]; thus,

dB D 0:54ŒQg.dni/
1=2�0:289 (4.52)

where dni is the inner diameter of the nozzle, with a value of 5� 10�3 m in the
experimental study.

Figure 4.57 shows that the mean rising velocity of small discrete bubbles is nearly
independent of the gas flow rate, while that of large coalesced bubbles increases
monotonically with Qg. The mean rising velocity of the large coalescent bubbles
can be approximated by the following empirical equation proposed for bubbles gen-
erated from a single-hole nozzle [66]:

uB=.g
0:4Qg

0:2/ D 1:60.z=z0/
�2:04 C 1:82.z=z0/

�0:08 (4.53)

z0 D 6:8dniŒ�gQg
2=.�Lgdni

5/�0:272 (4.54)

where z is the vertical distance from the nozzle exit and z0 is the z value at which
gas holdup on the centerline of the bubbling jet is 50%.

(a) Axial mean velocity of water flow approaching cylinder

Figure 4.58 shows the variation with Qg, of the axial mean velocity ucl and the
root-mean-square value of axial turbulence component u0

rms;cl. Both variables in-
crease with Qg. The turbulence intensity increases from 30% in the low gas flow
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Fig. 4.57 Mean bubble rising velocity in a bubbling jet approaching a cylinder

Fig. 4.58 Axial mean velocity and the root-mean-square value of axial turbulence component of
water flow approaching a cylinder
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Fig. 4.59 Relative velocity

rate regime to 50% in the medium and high gas flow rate regimes. The turbulence
intensity is known to be approximately 50% in a bubbling jet produced using a
single-hole nozzle.

(b) Relative velocity

The relative velocity, ur, defined by uB � ucl, is approximately 20� 10�2 m=s in
the low and high gas flow rate regimes. In the medium gas flow rate regime, uyr for
large coalescent bubbles exhibits a minimum of 10� 10�2 m=s and that for small
discrete bubbles becomes very small, as shown in Fig. 4.59.

4.4.2.2 Behavior of Bubbles on Cylinder Surface

Figure 4.60a–c show photographs of three circular cylinders of good wettability
placed in a bubbling jet. There is no observed attachment of bubbles to any of the
cylinders. On the contrary, bubbles are observed to be attached to the cylinder of
poor wettability (see Fig. 4.61a) in the low gas flow rate regime. Most of the attached
bubbles are subsequently expelled from the cylinder surface due to strong turbulence
induced by the wakes of the rising bubbles in the medium and high gas flow rate
regimes, as can be seen in Fig. 4.61b, c.

The mechanism of bubble attachment to a solid body of poor wettability can
be explained as follows. When a bubble approaches the solid body for which the
advancing contact angle falls between 90 and 180ı, the bubble pushes water away
from the solid body and attaches to it (see Fig. 4.62). On the contrary, the bubble
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Fig. 4.60 Photographs of a bubbling jet passing around a circular cylinder of good wettability

cannot expel the surrounding liquid at a contact angle less than 90ı, because of the
large adhesive force between the water and the solid body. As a result, the bubble
cannot attach to the plate.

4.4.2.3 Stem Diameter and Stem Height of Trapped Bubble

The measured stem diameter dBS and stem heightHBS of a trapped bubble at incip-
ient detachment from the rear stagnation point of a cylinder are given in Figs. 4.63
and 4.64, respectively. The values of both dBS and HBS remain unchanged with
respect to gas flow rateQg and cylinder diameter, dc, in the low gas flow rate regime.
dc has a negligible effect on both dBS andHBS. In the medium gas flow rate regime,
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Fig. 4.61 Photographs of a bubbling jet passing around a circular cylinder of poor wettability

dBS andHBS decrease abruptly due to the highly turbulent motions induced by large
coalescent bubbles. The solid line in each figure represents potential flow calcula-
tions based on Model 1 (see Fig. 4.4). The calculated and measured values agree
quite well in the low gas flow rate regime. Model 1 that was already described fully
in Sect. 4.1 is chosen here because although it is the simplest of the five models, it
adequately predicts the shape of bubbles for �a of about 96ı.

Figure 4.65 presents the volume of a bubble VBS just before detachment from the
circular cylinder. The solid line indicates the value predicted based on the potential
flow method. The measurement error for VBS was ˙20%. In the low gas flow rate
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Fig. 4.62 Mechanism of bubble attachment

Fig. 4.63 Stem diameter of a trapped bubble just before detachment from the rear stagnation point
of a cylinder

regime, VBS is essentially independent of the gas flow rate, but slightly increases
with an increase in dc. This volume decreases drastically in the medium gas flow
rate regime and nearly diminishes in the high gas flow rate regime.

Figure 4.66 shows a relationship between the aspect ratio ABs and VB. The solid
line again denotes the value calculated based on Model 1 of Fig. 4.4. The measured
values are satisfactorily approximated by the potential method.
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Fig. 4.64 Stem height of a trapped bubble just before detachment from the rear stagnation point
of a cylinder

Fig. 4.65 Volume of a trapped bubble just before detachment from the rear stagnation point of a
cylinder
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Fig. 4.66 Relationship between the aspect ratio and the volume of a trapped bubble when the
bubble energy is minimum

4.4.2.4 Summary

The behavior of bubbles in a bubbling jet approaching a horizontal circular cylinder,
and that of bubbles attaching to and detaching from the cylinder were observed with
a still camera and a high-speed video camera [15]. The bubbling jets approaching
the cylinder could be classified into three types with respect to the gas flow rate; low,
medium, and high gas flow rate regimes. The characteristics of bubbles attaching to
and detaching from the cylinder are strongly dependent on the behavior of bubbles
in the jet approaching the cylinder.

Only bubbles with volumes less than the critical bubble volume, VBs, can be
trapped on the upper surface of a circular cylinder. In a water–air system, the volume
equivalent diameter of the trapped bubble was approximately 5 mm. As the critical
bubble volume increases with �a of a solid body, larger bubbles can be trapped on the
surface of the body by increasing �a. The potential method satisfactorily predicts the
shape and size of a bubble trapped by a circular cylinder of poor wettability placed
in a water–air bubbling jet.

4.5 Flow Distribution in Vertical Pipes

Considerable effort has been devoted to understanding the characteristics of
gas–liquid two-phase flows in vertical and horizontal pipes. Such systems are
used in a variety of engineering fields, including mechanical, chemical, and atomic
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energy engineering [67–70]. Most studies have focused on pipes of good wettabil-
ity, i.e., pipes wetted by the liquid. Extensive data have also been accumulated on
the flow pattern, velocities of liquid and gas, pressure losses, and heat transfer in the
pipes. However, investigations on the effects of wettability on flow characteristics
are quite limited [71] in spite of the wide application of poorly wetted pipes in
materials engineering [31] and atomic energy engineering. The limited research is
partly because the liquids (molten metal) used in these engineering fields are not
transparent and partly because the melting temperature of the molten metal is typi-
cally very high, so that measuring the flow characteristics is difficult and dangerous.
Consequently, there is no adequate sensor for measuring the characteristics under
such severe conditions.

Model experiments, therefore, are expected to be used, but it is difficult to control
and maintain the wettability of a pipe wall over a sufficiently long duration even in
the model experiments. Surface treatment is commonly applied to change the wet-
tability of the pipe wall. The advancing contact angle, which is used to represent the
wettability quantitatively [26], rapidly decreases due to contamination and in most
cases, the pipe becomes wet with liquid only for a relatively short time. Therefore,
long-range experiments are difficult except in very rare cases.

Terauchi et al. [72] carried out model experiments on the flow pattern in a vertical
circular pipe of poor wettability. �a of an acrylic pipe was changed by coating a
hydrophilic substance or liquid paraffin on the inner wall of the pipe. Three different
values of �a were realized; �a D 36, 77, and 104ı. The flow pattern was observed
with a still camera and a high-speed video camera to understand the effects of pipe
wettability. The results of this study will be presented in the following.

4.5.1 Experimental Apparatus and Procedure

Figure 4.67 shows a schematic of the experimental apparatus. Three transparent
acrylic pipes with an inner diameter D of 5.0, 10.0, or 15.0 mm were used. The
original pipe had a �a of 77ı, and, accordingly, it was wetted by water. The wet-
tability of the pipe was varied by coating with a hydrophilic substance or liquid
paraffin. The �a was 36ı for the hydrophilic substance coating and 104ı for the liq-
uid paraffin coating. The former and the latter pipes are classified into a pipe of good
wettability and a pipe of poor wettability, respectively. The lifetime of each coating
was long enough to carry out systematic experiments. Although purified water was
initially used, it became fully contaminated before the measurements were carried
out. The water was circulated with a pump, and air was supplied through a porous
nozzle settled flush on the inner wall of the lower part of each pipe. The diameter
of the nozzle, dp, was 4.0 mm, and it had a pore diameter of 270
m and porosity
of 25%. Pulsation arising from the compressor was satisfactorily suppressed with a
filter. The shape and size of bubbles and slugs rising in the fully developed region
L=D � 53 for the three pipes were recorded with a still camera and a high-speed
video camera at 200 frames per second.
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Fig. 4.67 Experimental apparatus

4.5.2 Experimental Results

4.5.2.1 Flow Distribution

The change in the flow patterns of air–water two-phase flows in the three pipes of
different contact angles is shown in Fig. 4.68, where jG and jL denote the superficial
velocities of air and water, respectively [72]. Each shaded portion appearing in the
upper row of the figure indicates the part of a bubble or a slug in contact with the
pipe wall. The flow patterns of air–water two-phase flows in the pipe of �a D 36ı
were nearly identical to those in the pipe of �a D 77ı. This result implies that the
flow pattern of air–water two-phase flows in a vertical pipe of good wettability is
not significantly affected by the contact angle at least over the range 36–77ı. For
the sake of simplicity and brevity, only the experimental results obtained for the
pipes of �a D 77 and 104ı are presented to examine the effects of pipe wettability
on the flow pattern.
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Fig. 4.68 Flow patterns in pipes of different contact angles

When the pipe was poorly wetted by the liquid and jL was lower than jL;cr,
bubbles and slugs frequently attached to the pipe wall. These bubbles do not remain
stationary but rather ascend in the pipe and repeatedly attach to and detach from the
pipe wall. Such a behavior has never been observed in a wetted pipe. Bubbly flows
in the poorly wetted pipe for jL < jL;cr can, therefore, be further classified into
two categories, while slug flows in the same pipe for jL < jL;cr can be classified
into three types [72]. There is yet no detailed information on the boundaries of the
bubbly and slug flow regimes. For a better understanding of the flow patterns in a
vertical pipe of poor wettability, the definitions of the bubbly and slug flows will be
described in this section as well as the critical superficial velocity of water jL;cr.

1. Classification of bubbly flow in a pipe of poor wettability for jL < jL;cr

Two types of bubbly flows were observed in the pipe of �a D 104ı.

(a) Bubbly flow a. Small bubbles approximately ellipsoidal in shape ascend the
pipe and repeatedly attach to and detach from the pipe wall.

(b) Bubbly flow b. When relatively large bubbles attach to the pipe wall, they
spread in the circumferential (horizontal) direction and sometimes become
piston-like or donut-like bubbles. However, these bubbles never remain on
the pipe wall. Their vertical length is less than the pipe diameter.

2. Classification of slug flow in a pipe of poor wettability for jL < jL;cr

(a) Slug flow a. Bullet-like slugs spread on the pipe wall as they attach to the
pipe wall and become bullet-like in shape again as they detach from the
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wall. Such slugs resemble bubbles classified into the aforementioned bubbly
flow B when in contact with the pipe wall, but their sizes are much larger
than those of the bubbles.

(b) Slug flow b. Bullet-like slugs rise without attaching to the pipe wall, but
small bubbles behind them repeat attachment to and detachment from the
pipe wall.

(c) Slug flow c. Bullet-like slugs ascend as their rear parts repeatedly attach to
and detach from the pipe wall.

4.5.2.2 Bubbly Flow–Slug Flow Regime Boundary

Wetted Pipe

Many empirical relations have been proposed to describe the boundary between the
bubbly flow and slug flow regimes in a vertical pipe of good wettability [66,73–75].
The boundary, determined by Iguchi et al. [76], is represented by the solid line in
Fig. 4.69. This boundary can be approximated by the following empirical relation
proposed by Taitel et al. [73]:

jL D 3:0jG � 1:15.�g��=�L
2/1=4 (4.55)

where � is the surface tension of liquid, g is the acceleration due to gravity, �� is
the density difference, and �L is the density of the liquid.

Fig. 4.69 Boundary between bubbly flow and slug flow regimes in a pipe of good wettability
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Fig. 4.70 Boundaries among bubbly and slug flow regimes in a pipe of poor wettability

Poorly Wetted Pipe

Figure 4.70 shows the boundaries between the three types of bubbly flows and four
types of slug flows. The boundary between the bubbly flow regimes denoted by open
symbols and the slug flow regimes denoted by solid symbols is represented by the
solid line. This boundary was found to be almost identical to that for the wetted
pipe of part (a) mentioned earlier and shown in Fig. 4.69. Thus the boundary is not
significantly affected by the wettability of the pipe. For jL > 0:8m=s, the behavior
of bubbles and slugs is also essentially independent of the wettability.

As the pipe diameter decreases, capillary forces become dominant, especially in
the poorly wetted pipe. The Weber number similitude can, therefore, be introduced
to correlate the boundaries between the two regimes. The two kinds of Weber num-
bers defined are

WeSG D �GDjG
2=� (4.56)

WeSL D �LDjL
2=� (4.57)

where �G is the density of gas.
The boundaries among the three types of bubbly flows and four types of slug

flows are shown in Fig. 4.71. The effect of the wettability of the pipe on the be-
havior of bubbles and slugs is insignificant when the Weber number, WeSL, exceeds
approximately 100, which thus represents the critical Weber number,

WeSL;cr D �LDjL;cr
2=� D 100 (4.58)
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Fig. 4.71 Correlation of boundaries among bubbly and slug flow regimes in terms of Weber num-
ber similitude

Therefore, the critical superficial velocity of water, jL;cr, is approximated by

jL;cr D 10Œ�=.�LD/�
1=2 (4.59)

It should be remarked that the validity of this relation beyond the specific exper-
imental conditions considered requires further investigation.

4.5.2.3 Summary

The effects of the wettability of a vertical pipe on the flow pattern of air–water two-
phase flows in the pipe have been described [76]. When the pipe is poorly wetted
with water .�a D 104ı/ and the superficial velocity of water jL is lower than a
critical value, jL;cr:, bubbles and slugs ascend the pipe and repeatedly attach to and
detach from the pipe wall. Such a phenomenon does not occur in the highly wetted
pipe for jL < jL;cr. The findings were used to classify bubbly flows in the poorly
wetted pipe into two types and slug flows into three. When the superficial velocity
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of water is higher than the critical value, bubbly and slug flows typical of two-phase
flows are observed in a wetted pipe. The boundary between the bubbly flow and
slug flow regimes is essentially independent of the pipe wettability. The boundaries
among three types of bubbly flows and four types of slug flows were determined as
shown in Figs. 4.70 and 4.71. An empirical relation, (4.59), was proposed for jL;cr.

4.5.3 Bubble Velocity and Size

The wettability of materials used for the refractories and pipes in current metal
processing systems is usually designed to be very poor in order to avoid contam-
ination of the molten metal through chemical reactions with the materials. Model
studies on the behavior of bubbles rising along a flat plate [32] or rising in a ver-
tical pipe [72] have demonstrated that the bubbles frequently attach to the walls.
Such a phenomenon would cause changes in the momentum, heat, and mass trans-
fer from the walls. Information on the interaction between bubbles and poorly
wetted walls, therefore, is of practical significance for the redesign of materials
processing systems.

In the previous section, the flow patterns of air–water two-phase flows in a ver-
tical poorly wetted pipe were presented. This section discusses the mean rising
velocity uG and the mean vertical length LG of bubbles and slugs in such pipes
measured with a high-speed video camera. The results are compared with those ob-
tained in a wetted pipe .�c D 77ı/. An empirical equation is proposed for LG in the
slug flow regime. It should be noted that the symbol uG is used here to denote the
mean rising velocity of dispersed gas phase, although uB was used in the preceding
chapters to denote the mean rising velocity of bubbles.

4.5.3.1 Experimental Apparatus and Procedure

The details of the experimental apparatus have been given in the description of
Fig. 4.67. A still camera and a high-speed video camera were used to observe the
behavior of bubbles and slugs in the fully developed region in the pipe. The rising
velocity of a bubble or a slug was calculated by dividing its vertical displacement
by a prescribed time interval. The mean rising velocity was determined by averag-
ing more than 50 rising velocity data. The vertical length of a bubble or a slug was
determined from its image recorded on the high-speed video camera.

4.5.3.2 Experimental Results

Mean Rising Velocity of Bubbles and Slugs

The measured values of uG on the pipe axis are shown in Figs. 4.72–4.74. Three
arrows in each figure denote the boundaries between the bubbly and slug flow
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Fig. 4.72 Relationship between mean rising velocity, uG, and superficial velocity of gas, jG, for a
pipe diameter of D D 0:5 cm

Fig. 4.73 Relationship between mean rising velocity, uG, and superficial velocity of gas, jG, for a
pipe diameter of D D 1:0 cm

regimes for three different jL values calculated from (4.55). In the slug flow regime,
uG is independent of the pipe wettability. However, in the bubbly flow regime for
jL � jL;cr; uG is slightly smaller in the poorly wetted than that in the highly wetted
pipe. This is because bubbles in the former pipe are likely to attach to the wall and,
as a result, their vertical motions are suppressed.

Figures 4.75 and 4.76 show the measured NuG in the wetted and poorly wetted
pipes, respectively. Allowing a scatter of ˙30%, the measured values of uG both
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Fig. 4.74 Relationship between mean rising velocity, uG, and superficial velocity of gas, jG, for a
pipe diameter of D D 1:5 cm

Fig. 4.75 Comparison of measured with predicted values of mean rising velocity of bubbles and
slugs in a good wettability pipe

in the bubbly flow and slug flow regimes can be approximated by the following
equation [77], irrespective of the wettability of the pipe:

uG D 1:2.jG C jL/C 0:35.gD/1=2 (4.60)

In the slug flow regime, the following empirical equation proposed by Kariyasaki
et al. [78] is also valid:

uG D 1:2.jG C jL/ (4.61)
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Fig. 4.76 Comparison of measured with predicted values of mean rising velocity of bubbles and
slugs in a poor wettability pipe

Fig. 4.77 Relationship between mean vertical length on the pipe center line, LG, and superficial
velocity of gas, jG, for a pipe diameter of D D 0:5 cm

Mean Vertical Length of Bubbles and Slugs

Figures 4.77–4.79 show the measured values of the mean vertical lengths of bubbles
and slugs in the wetted and poorly wetted pipes. The values of LG in the bubbly
flow regime are larger in the latter than those in the former pipe. This result may be
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Fig. 4.78 Relationship between mean vertical length on the pipe center line, LG, and superficial
velocity of gas, jG, for a pipe diameter of D D 1:0 cm

Fig. 4.79 Relationship between mean vertical length on the pipe center line, LG, and superficial
velocity of gas, jG, for a pipe diameter of D D 1:5 cm

attributed to the fact that bubbles generated in the poorly wetted pipe are likely to
coalesce on the wall while ascending the pipe. The values of LG of slugs require a
more detailed examination as given below.
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Wetted Pipe

Akagawa and Sakaguchi [70, 79] proposed the following empirical relation:

LG D jG
1:1 � 102:16�0:8jL (4.62)

Street and Tek [80] also independently derived the following equation [70]:

LG D 0:29jG=.jL C 0:12/ (4.63)

The units of LG; jG, and jL in (4.62) and (4.63) are m, m/s, and m/s, respec-
tively. However, (4.62) and (4.63) cannot adequately represent the data obtained on
LG in the experiments presented here. For example, the measured value of LG is
approximately 1.5 cm when D D 10:0mm; jG D 20:0 cm=s, and jL D 38:2 cm=s,
while (4.62) and (4.63) predict 12.1 and 6.3 cm, respectively. This large discrepancy
between predictions and measurements indicates that a new empirical relation is
required for LG in the slug flow regime.

In this regime specified by (4.55), LG is proportional to jG (see Fig. 4.80) but
is inversely proportional to jL

3=4 (see Fig. 4.81). The relationship between LG and
D is shown in Fig. 4.82. It is evident that LG is proportional to D7=8. These results
collectively suggest that LG is proportional to DFrG=FrL

3=4 in the slug flow regime
because DFrG=FrL

3=4 is expressed by

DFrG=FrL
3=4 D jGg

�1=8D7=8=jL
3=4 (4.64)

FrG D jG=.gD/1=2 (4.65)

FrL D jL=.gD/1=2 (4.66)

Fig. 4.80 Mean vertical length data re-plotted from Fig. 4.77
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Fig. 4.81 Relationship between mean vertical length on the pipe center line, LG, and superficial
velocity of liquid, jL, for a pipe diameter of D D 1:0 cm

Fig. 4.82 Relationship between mean vertical length on the pipe center line, LG, and pipe
diameter D
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Fig. 4.83 Correlation of mean vertical length data in a good wettability pipe

The measured values of LG=D are plotted against FrG=FrL
3=4 in Fig. 4.83

together with those obtained by Akagawa and Sakaguchi [79]. All the measured
values in this slug flow regime are adequately correlated by the proposed methodol-
ogy, resulting in the following empirical relation:

LG=D D 4:7ŒFrG=FrL
3=4�1:17 (4.67)

This equation approximates the measured values within a scatter of ˙30%. It
should be noted that the dependence of LG on jG; jL, andD described by (4.67) is
slightly different from that described by (4.64). Additional data are needed on LG

in the bubbly flow regime to derive a similar empirical relation.

Poorly Wetted Pipe

In the slug flow regime, LG=D is not significantly influenced by the wettability of
the pipe. It can thus be approximated by (4.67), as demonstrated in Fig. 4.84.

4.5.3.3 Summary

The effects of the wettability of a vertical pipe on the characteristics of air–water
two-phase flows in the pipe can be summarized as follows.

The mean rising velocity of slugs, uG, follows the empirical relation proposed by
Nicklin et al. [77] irrespective of the wettability of the pipe wall. The mean rising
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Fig. 4.84 Correlation of mean vertical length data in a poor wettability pipe

velocity of bubbles is slightly smaller in a poorly wetted than in a highly wetted
pipe. Allowing for a scatter of ˙30%, the mean rising velocity of bubbles can be
predicted by the empirical relation of Nicklin et al. [77].

The mean vertical length of slugs,LG, in a wetted pipe is adequately represented
by the empirical correlation of Iguchi et al. [81]. The measured values of LG are
essentially independent of the pipe wettability. On the contrary, the mean vertical
length of bubbles in the poorly wetted pipe is slightly larger than the values for the
highly wetted pipe. This result is attributable to the possible coalescence of bubble
in the poorly wetted pipe.

In this section, experimental results on the mean rising velocity and mean vertical
length of bubbles and slugs were measured only on the pipe center line. Further
experimental investigations on the distributions of these quantities in the whole cross
section are required for a full understanding of the effect of pipe wettability on the
characteristics of bubbles and slugs.
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Chapter 5
Swirling Flow and Mixing

5.1 Rotary Sloshing of Liquid in Cylindrical Vessel

A liquid in a rigid vessel subjected to external forced excitation becomes unstable
under certain conditions due to strong nonlinear effects [1–12]. A variety of modes
of liquid surface oscillations occur such as rotary sloshing or swirl. Such oscillations
exert significant influence on the safety of cylindrical tanks preserving petroleum,
tankers carrying petroleum, rocket boosters, and liquid containers in many chemi-
cal and mechanical plants. When the amplitudes of the oscillations are sufficiently
large, the vessels are sometimes destroyed or ruptured, resulting in huge economic
losses. A number of theoretical and experimental investigations have been done
to understand the oscillation modes of liquids in circular cylindrical tanks [6, 10],
spherical tanks [7, 10], sector-compartmented circular cylindrical tanks [3, 8], and
long rectangular tanks [12]. Some aspects of the rotary sloshing or swirl are briefly
reviewed in this section.

5.1.1 Linear Theory

At the earlier stage, linear theory was developed to estimate unsteady dynamic pres-
sure distributions on the walls of tanks in the presence of liquid surface oscillations
of relatively small amplitudes. A dynamic force acting on the wall can be calculated
using this pressure distribution.

According to this theory [13], the angular frequency of the i th tangential oscilla-
tion mode of liquid, !i , contained in a circular cylindrical vessel shown in Fig. 5.1
can be given by the relation,

!i D Œ2g"i tanh.2"iHL=D/=D�
1=2; (5.1)

where, g is the acceleration due to gravity, "i is the i th positive zero of the Bessel
function J1

0."/ [14], and D is the vessel diameter. For i D 1, (5.1) reduces to [15]:

!1 D Œ3:68g tan h.3:68HL=D/=D�
1=2: (5.2)

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 5,
c� Springer Science+Business Media, LLC 2011
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Fig. 5.1 Rotary sloshing in
circular cylindrical vessel

Fig. 5.2 Liquid surface
oscillation in rectangular tank

For a rectangular tank (see Fig. 5.2) the angular frequency of the first oscillation
mode which is, of course, not rotary sloshing is expressed as:

!1 D Œ3:16g tanh.3:16HL=W /=W �
1=2 (5.3)

where,W is the width of the tank [13].

5.1.2 Nonlinear Theory

The linear theory has been found to be applicable to limited conditions. Nonlinear
theories therefore have been developed, and this has allowed prediction of nearly
all liquid surface oscillations encountered in practical applications. Majority of
previous investigations were concerned with liquids in circular cylindrical tanks
[1,6,10]. Abramson et al. [10] focused on nonlinear oscillations of liquid contained
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Fig. 5.3 Liquid surface
oscillation in axisymmetrical
tank of arbitrary geometry

in circular, cylindrical, and spherical tanks and compared the calculations with
measurement. Faltinsen [12] carried out experimental and theoretical investigations
on liquid surface oscillations in rectangular tanks.

Kimura and Ohashi [16] succeeded in developing a nonlinear theory for liquids
contained in axisymmetrical tanks of arbitrary geometries (see Fig. 5.3) using the
calculus of variation and derived the equations governing the motions of liquid sur-
faces. This theory was further verified by comparing the results using the finite
element method with the experimental data for a circular cylindrical tank and a
spherical tank undergoing horizontal excitation [17].

The natural frequency, f .D1=Ts/, of liquid surface oscillations in a circular
cylindrical tank and a spherical tank are presented in Figs. 5.4 and 5.5, respectively.
In these figures, HL is the bath depth,D is the vessel diameter,HL=D is the aspect
ratio, m in the parentheses denotes the mth mode of surface oscillation in the tan-
gential direction and n is the nth mode in the radial direction. The tangential mode,
i.e., rotary sloshing appears first in both tanks. Further information about this study
is available elsewhere [13].

5.1.3 Summary

Liquids in tanks of various geometries would be strongly mixed in the presence of
rotary sloshing, but at the same time, sloping and splashing would become serious.
This is due to the violent wave motions accompanying rotary sloshing. Accord-
ingly, rotary sloshing may be efficiently used to enhance mixing in metallurgical
reactors, provided that the sloping and splashing are suppressed. Similar sloshing is
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Fig. 5.4 Surface oscillation modes in circular cylindrical vessel

Fig. 5.5 Surface oscillation modes in spherical vessel
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known to appear when a bath is agitated by gas injection. In the following sections, a
description will be provided for rotary sloshing or swirl motion in a circular cylin-
drical vessel induced by gas injection.

5.2 Swirl Motion of Bubbling Jet

5.2.1 General Features

A bubbling jet formed in a bottom blown bath does not always rise directly upward.
For example, molten metal baths in bottom blown converters are highly excited by
gas injection and result in steady oscillations of varying modes under certain blow-
ing conditions [18]. Such oscillations significantly impact refining efficiency and
erosion of refractories [18,19]. On the basis of water model experiments, Kato et al.
found that two types of oscillations occur in a bath with bottom gas injection through
multi-tuyeres arranged along two parallel lines on the bottom plate [18]. First, small-
scale bubbling jets form above the tuyeres and unite into a large-scale jet. The
large-scale jet oscillates in the radial direction like the motion of a liquid column
in a U-shaped tube. This motion is termed “A-type oscillation”. Second, each small-
scale bubbling jet rises independently without coalescing. The jets generated from
the tuyeres along one line oscillate in the same direction and in phase with one an-
other. Similar results are observed for jets along the other line. However, there is a
phase difference of 180ı between the former and the latter oscillations (referred to
as a B-type oscillation).

Similar bath oscillations have also been observed when liquid in a circular cylin-
drical vessel is drained through a centric single-hole bottom nozzle [20,21] or when
a circular cylindrical bath is subjected to external forced oscillation, as described in
detail in Sect. 5.1.3 [6, 10, 13, 16, 17]. The bath oscillation due to external forced
oscillation is called sloshing. In particular, a purely tangential mode of sloshing is
referred to as rotary sloshing [6].

Although the above observations show that bath oscillations are not unusual
events [22–24], the characteristics of these oscillations induced by gas injection are
not fully understood.

In this section, swirl motions, i.e., tangential oscillation modes of a bubbling jet
in a cylindrical bath with centric bottom gas injection are described. The oscillations
are classified into two categories and empirical correlations are presented for the
critical bath depths for the initiation and cessation of swirl motion and the swirl
period.

5.2.1.1 Classification of Swirl Motion

Swirl motion of a bubbling jet can be classified into two, as shown in Fig. 5.6. One
occurs when the bath depth HL is smaller than the bath diameter D. The radial
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Fig. 5.6 Classification of the swirl motions of bubbling jet in a cylindrical vessel

displacement of the jet on the bath surface is relatively small and the swirl period of
the jet is nearly equal to the period of the rotary sloshing. The wave motion of the
liquid is also quite similar to that of the rotary sloshing. This type of swirl motion
is caused by internal excitation of liquid due to the quasi-periodic generation of
bubbles at the nozzle exit. In a strict sense, rotary sloshing is an oscillation of liquid
caused by external forced oscillation, whereas the swirl motion observed here is
related to the hydrodynamic instability of two-phase flow of gas and liquid contained
in the circular cylindrical vessel. Therefore, the swirl motion of a bubbling jet under
consideration is distinguished from rotary sloshing and referred to, for convenience,
the first kind of swirl motion.

The first kind of swirl motion is further divided into two categories with respect to
the bath depth,HL: shallow water type and deep water type. The boundary between
the two is represented by HL=D Š 0:3.

The other swirl motion of the second kind occurs for a bath depth larger than
about twice the bath diameter, D. The radial displacement of the jet becomes large
and the jet approaches the side wall of the vessel. The swirl period therefore be-
comes much longer than the period of the first kind of swirl motion. The liquid
at a radial location opposite to the jet falls as it swirls. The bath would be highly
mixed by such a large-scale swirl motion, and hence, the mixing time would become
shorter. In fact, Murthy et al. [25] reported that the mixing time has a minimum
at HL=D Š 2. This motion is caused by the Coanda effect [26–28] and called
the second kind of swirl motion. The Coanda effect has been fully discussed in
Chap. 3.
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5.2.1.2 The First Kind of Swirl Motion

Critical Bath Depth for Initiation of Motion

The critical bath depthHL;1;s for the initiation of the first kind of swirl motion in an
air–water system was measured five times under a range of experimental conditions.
The arithmetic mean of the data is plotted in Figs. 5.7 and 5.8. The scatter in the
experimental data was within ˙25%. The results indicate thatHL;1;s is about 25 mm
irrespective of the bath diameter D, the inner diameter of nozzle, dni, and air flow
rate Qg. This trend suggests that the inertial force of the injected gas has no effect
on the initiation of the first kind of swirl motion.

Swirl Period

Figure 5.9 shows the relationship between the period of the first kind of swirl mo-
tion, Ts, and the bath depth,HL, for an air–water system. The solid and broken lines
denote the periods of the fundamental and second harmonics of the rotary sloshing,
respectively. The angular velocity of the i th harmonics of the rotary sloshing, !i ,
can be derived using the inviscid linear theory mentioned previously [13] thus,

!i D Œ.2g"i=D/ tanh.2"iHL=D/�
1=2; (5.1)

where, "i is the i th positive zero of the Bessel function J1
0.©/ and g is the accelera-

tion due to gravity.

Fig. 5.7 Critical water bath depth at which the first kind of swirl motions occur for D D 200mm
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Fig. 5.8 Critical water bath depth at which the first kind of swirl motions occur for dni D 2mm

Fig. 5.9 Comparison of the period of the first kind of swirl motion with the period of rotary
sloshing in water bath

The measured swirl period could be adequately approximated by (5.1) and
divided into two categories, the limit being at HL=D Š 0:3. The swirl period
agrees with the period of fundamental harmonics of the rotary sloshing .i D 1/ for
HL=D > 0:3 within a scatter of �20 to 0%, whereas agreement with the period of
the second harmonics .i D 2/ for HL=D < 0:3 is within a scatter of 0 to C25%.
This limit seems to be associated with the limit between the shallow water wave and
the deep water wave in a cylindrical vessel [16, 17] given by HL=D D 0:3. In this
case, a wave affected significantly by the bottom wall of the vessel is termed shallow
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Fig. 5.10 Comparison of the period of the first of kind swirl motion with the period of rotary
sloshing in silicone oil and mercury baths

water wave, while the deep water wave is essentially unaffected by the bottom wall.
In the deep water regime, only the fundamental oscillation mode was observed, and
the swirl period of the bubbling jet was identical to the period of the liquid wave
motion. On the other hand, the liquid wave motion exhibits higher radial oscillation
modes in the shallow water regime.

Experimental results for silicone oil and mercury baths are shown in Fig. 5.10.
For HL=D > 0:3, the correlation of the oscillation period is similar to that for the
water baths.

Critical Bath Depth for Cessation of Motion

Figures 5.11 and 5.12 show the measured critical bath depth, HL;1;f, for cessation
of the first kind of swirl motion for the air–water system as a function gas flow
rate Qg. Unlike the bath diameter, D, the inner diameter of the nozzle, dni, has a
negligible effect onHL;1;f. Experimental results for the air–water system are shown
in Fig. 5.13. The measured data are well correlated within a scatter of ˙30%. Hence,
the following empirical relation has been proposed:

log.HL;1;f=D/ D 0:05� 1:35.X C 6/=Œexp.X C 5/�.�4 < X < 0/; (5.4)

We D ¡LQ
2
g=¢LD3; (5.5)

where, X D log We and We is the Weber number.
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Fig. 5.11 Critical water bath depth at which the first kind of swirl motion ceases forD D 390mm

Fig. 5.12 Critical water bath depth at which the first kind of swirl motion ceases for dni D 2mm

Experimental results for mercury, n-pentane, and silicone oil are shown in
Fig. 5.14. The physical properties of the liquids are listed in Table 5.1. These data
are similarly approximated by (5.4) within a scatter of ˙30%.
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Fig. 5.13 Correlation of the critical water bath depth at which the first kind of swirl motion ceases

Fig. 5.14 Correlation of the critical depth at which the first kind swirl of motion ceases in silicone
oil, mercury, and normal pentane baths

Table 5.1 Physical properties of liquids at 298 K

Liquid
Density
�L.kg=m3/

Kinematic viscosity
	L.mm2=s/

Surface tension
�.mN=m/

Water 997 0:891 72:7

n-pentane 620 0:37 15:5

Silicone oil 935 12 21

Mercury 13,600 0:11 482

Aqueous glycerol solution 1 1,170 9:4 ��
Aqueous glycerol solution 2 1,110 4:5 ��
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5.2.1.3 The Second Kind of Swirl Motion

Critical Bath Depth for Initiation of Motion

Figures 5.15 and 5.16 present measured critical bath depth,HL;2;s, normalized by the
bath diameter,D, as a function of gas flow rate,Qg. In general,HL;2;s=D decreases
with an increase inQg in Fig. 5.15, while it varies in a complex manner in Fig. 5.16.
As shown in Fig. 5.17, HL;2;s=D is reasonably well correlated by the following
empirical relation:

HL;2;s=D D 0:758Fr�0:313
H ; (5.6)

FrH D .Q2
g=gH5

L;2;s/
1=5;

0:01 < FrH < 0:08: (5.7)

where, FrH is a modified Froude number.
Figure 5.18 shows that the experimental results for other liquids are also ade-

quately approximated by (5.6) proposed originally for the air–water system.

Swirl Period

Figures 5.19 and 5.20 indicate that the swirl period Ts is a decreasing function of
gas flow rate Qg. The swirl period is non-dimensionalized in terms of the Strouhal

Fig. 5.15 Relation between
air flow rate and the critical
bath depth at which the
second kind of swirl motion
occurs for D D 200mm
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Fig. 5.16 Relation between
air flow rate and the critical
bath depth at which the
second kind of swirl motion
occurs for D D 80mm

Fig. 5.17 Correlation of the critical depth at which the second kind of swirl motion occurs in
water bath
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Fig. 5.18 Relation between the critical bath depth at which the second kind of swirl motion occurs
and the dimensionless parameter FrH

Fig. 5.19 Relation between
the period of the second kind
of swirl motion and air flow
rate for D D 200mm
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Fig. 5.20 Relation between
the period of the second kind
of swirl motion and air flow
rate for D D 80mm

Fig. 5.21 Correlation of the period of the second kind of swirl motion as a function of FrH in
water bath

number and plotted against the Froude number FrH in Fig. 5.21. The data on Ts are
correlated by the following empirical relation within a scatter of ˙20%.

D=.Tsur/ D 0:137Fr0:140
H ; (5.8)

ur D .gQg=HL;2;s/
1=3; (5.9)

0:01 < FrH < 0:15;
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Fig. 5.22 Correlation of the period of the second kind of swirl motion as a function of FrH

where ur has the dimension of velocity. This quantity is a measure of the centerline
velocity of upward rising liquid flow induced by bubbles.

Figure 5.22 shows the swirl period measured for aqueous glycerol solution 1,
n-pentane, and silicone oil. The solid line denotes the empirical (5.8) for the
air–water system. The agreement between the measured values for the n-pentane
and (5.8) is quite good, but poor for the other liquids. This might be because the
flow in the recirculation region, which encloses the bubbling jet region, undergoes
re-transition from turbulent to laminar flow regime with increasing kinematic vis-
cosity, 	L.

The measured values of D=.Tsur/ are normalized by the predicted value
based on (5.8) and replotted against the Reynolds number Re.D urD=	L/ in
Fig. 5.23. The solid line represents the best fit of the measured data. The ra-
tio ŒD=.Tsur/�mea=ŒD=.Tsur/�est clearly depends on the Reynolds number for
Re < 2;000.

5.2.1.4 Summary

Swirl motion of circular cylindrical baths agitated by gas injection is not unusual
events. It occurs over a variety of modes depending on the blowing condition
[29, 30]. The swirl motion is not welcome for safety and stable operations of met-
allurgical processes, but from a different point of view it is beneficial to the mixing
of metallurgical processes. Some features of the first kind of swirl motion will be
present in the following sections.
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Fig. 5.23 The ratio of measured to estimated values of D=.Tsur/ against Reynolds number

5.2.2 Operation Under Reduced Surface Pressure

A variety of swirl motions are known to occur in a bath agitated by gas injection
when the bath surface is exposed to the atmosphere, as described in Sect. 5.2.1.4
[18, 23, 29–37]. In particular, two types of swirl motions typically occur in a circu-
lar cylindrical bath agitated by single-nozzle bottom gas injection, as schematically
illustrated in Fig. 5.6 [29, 30] One is observed over an aspect ratio, HL=D, from
approximately 0.2–1.0. The other appears for HL=D > 2. No swirl motion occurs
when the aspect ratio falls in the range of 1.0–2.0. The former swirl motion is caused
by bath surface oscillations due to quasi-periodic generation and subsequent arrival
of bubbles at the bath surface. It resembles the rotary sloshing of a water bath con-
tained in a circular cylindrical vessel [16,17,38]. The latter is caused by the Coanda
effect [26], which appears when a bubbling jet approaches the side wall of the vessel
[29, 30, 39].

The mixing time in a cylindrical water bath with aspect ratio between HL=D Š
0:2–1:0 is significantly shortened when the bath is accompanied by the first kind
of swirl motion [35, 37]. This motion may thus be beneficial for shortening the
mixing time in real refining processes agitated by bottom gas injection. Most of
these processes are operated under reduced pressure on the bath surface. However,
measurements of the characteristics of the swirl motion and the relationship between
the mixing time and the swirl motion in model experiments have been carried out
solely under atmospheric pressure on the bath surface.

It is quite difficult and dangerous to carry out systematic experiments to study
swirl motion using real processes under reduced pressures on the bath surface.
Thus model experiments are conducted using water models under two different
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reduced pressures on the bath surface in order to accumulate basic data for future
applications of the swirl motion to real refining processes. The results are presented
in the following.

5.2.2.1 Experimental Apparatus and Procedure

Figure 5.24 shows a schematic of the experimental apparatus. The test vessel had
an inner diameter D of 200 � 10�3 m and a height H of 400 � 10�3 m. The upper
part of the vessel was covered with a flat plate, and the pressure on the bath surface,
Ps, was reduced with a vacuum pump. The details of the procedure can be found
in Iguchi et al. [40]. The aspect ratio HL=D employed ranged from approximately
0.1–1.2. Experiments were conducted with bath surface pressures of 20, 51 and
101 kPa and bath temperature TeB in the range 293–298 K. The lowest pressure of
20 kPa, was chosen to be larger than the vapor pressure, to suppress cavitation. The
volumetric gas flow rateQg was varied from 10�10�6 to 300�10�6 m3=s. Starting
time Ts;s is defined as a period from the start of gas injection until the initiation of
swirl motion, and damping time Ts;d is defined as a period from the stoppage of gas
injection until the swirl motion is damped out. The two time scales were determined
by eye inspection and with a high-speed video camera (200 frames/s). In addition,
the period and amplitude of the swirl motion were similarly obtained.

Fig. 5.24 Experimental apparatus
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5.2.2.2 Experimental Results and Discussion

Starting Time of Swirl Motion

Figure 5.25 shows the measured values of the starting time of swirl motion, Ts;s, for
three different pressures on the bath surface as a function of the normal gas flow
rateQgN. The latter is evaluated at a temperature TeN of 298 K and a pressure PN of
101 kPa. The starting time obtained under atmospheric pressure on the bath surface
decreases with an increase in the normal gas flow rate. This is because the energy
supplied by gas into the water bath increases with QgN. A similar trend is observed
for the two reduced pressures on the bath surface. In addition, Ts;s becomes shorter
as the pressure on the bath surface, Ps, decreases.

The relationship between the volumetric gas flow rate at the nozzle tip Qg and
Ps can be expressed by,

Qg D PNQgNTeB=Œ.Ps C �LgHL/TeN�; (5.10)

where, �L is the density of liquid and g is the acceleration due to gravity. When the
normal gas flow rate QgN is the same for different values of Ps, the volumetric gas
flow rate Qg becomes high as Ps decreases due to gas expansion. This is primarily
responsible for the observed decrease in Ts;s with decreasing Ps.

The data shown in Fig. 5.25 are replotted against Qg in Fig. 5.26. All the mea-
sured values of Ts;s can be correlated in terms of Qg irrespective of the bath surface
pressure Ps.

The following empirical relation has been reported for the starting time Ts;s in
water and molten metal baths under atmospheric pressure at the bath surface [36],

Ts;s.g=D/
1=2 D 1:5

h
Re1=2

�
HLQg=D

7=2g1=2
�i�1

; (5.11)

Re D
�
Q2

g=g
�2=5

.g=D/1=2 =	L; (5.12)

Fig. 5.25 Measured values
of the starting time against
normal gas flow rate
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Fig. 5.26 Measured values
of the starting time against
volumetric gas flow rate

Fig. 5.27 Comparison
of (5.13) with measured
values of the starting time

where, Re is the Reynolds number and 	L is the kinematic viscosity of liquid. The

Reynolds number Re is defined in terms of a representative length
�
Qg

2=g
�1=5

and

a representative velocity
�
Qg

2=g
�1=5

.g=D/1=2. The length scale
�
Qg

2=g
�1=5

is a
measure of the horizontal extent of a bubbling jet and .D=g/1=2 is a measure of the
period of the swirl motion.

This functional relationship was also satisfactorily applicable to measured val-
ues of Ts;s under reduced pressures, as can be seen in Fig. 5.27. However, Fig. 5.27
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indicates that the coefficient of 1.5 in (5.11) should be replaced by 1.0. Wave
motions of water induced by rupture of bubbles at the bath surface are superim-
posed on the swirl motion of water. These wave motions become more intense as
the pressure on the bath surface decreases, and accordingly, the accuracy of the
measurement of Ts;s decreases. The following empirical relation has therefore been
proposed for Ts;s thus,

Ts;s.g=D/
1=2 D 1:0

h
Re1=2

�
HLQg=D

7=2g1=2
�i�1

; (5.13)

0:02 < Re < 0:3:

Equation (5.13) can be used to correlate all the measured values within a scatter
of �40% to C60%, as shown in Fig. 5.27. Such a large scatter is inevitable in this
kind of measurement. Equation (5.13) has also been suggested to be applicable to
molten metal baths [36].

Period of Swirl Motion

Figure 5.28 shows the relationship between the period of the swirl motion, Ts, and
the normal gas flow rate QgN with the pressure on the bath surface, Ps, as a param-
eter. The measured values of Ts are independent both of QgN and Ps.

Figure 5.29 illustrates the relationship between .D=g/1=2=Ts and the aspect ratio
HL=D. The solid line indicates the period of rotary sloshing occurring in a cylindri-
cal water bath subjected to externally forced oscillation. The angular frequency of
the fundamental wave of the rotary sloshing, !1.D 2�=Ts/, is given by [18, 38]:

!1 D Œ.2g"1=D/ tanh.2"1HL=D/�
1=2; (5.14)

Fig. 5.28 Measured values
of the period of swirl motion
against normal gas flow rate
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Fig. 5.29 Correlation
of the period of swirl motion

where, "1 is the first zero of the Bessel function J1
0."/. The measured values are

slightly smaller than the solid line and essentially independent of the aspect ratio.
The following simplified expression therefore has been derived:

.D=g/1=2=Ts D 0:23: (5.15)

This equation could also correlate the measured Ts obtained in other studies [29,30].
Equation (5.15) is valid for molten metal baths agitated by gas injection under the
atmospheric pressure condition on the bath surface [29, 30]. Accordingly, it would
also be applicable to molten metal baths under reduced pressures on the bath surface.

Amplitude of Swirl Motion

The amplitude of the swirl motion was defined and determined in the following
manner. The swirl motion was recorded on the high-speed video camera. The verti-
cal distance between the highest and the lowest water levels on the side wall of the
vessel was divided by 2, being the amplitude of the swirl motion.

The measured amplitudes of the swirl motion forHL D 0:10m are shown against
the normal gas flow rate QgN in Fig. 5.30 for three different pressures on the bath
surface. The amplitudeA increases with an increase in the normal gas flow rateQgN

as well as with a decrease in the pressure on the bath surface, Ps. The measured val-
ues of A are replotted against the volumetric gas flow rate in Fig. 5.31. These values
can be approximately correlated irrespective of the pressure on the bath surface. The
following equation was derived with reference to a previous study [2]:

A D 1:65f.Qg �Qgc/
2=gg1=5

�
1 � f2=.0:2� asu/g2fHL=D � .asu C 0:2/=2g2

�
;

(5.16)
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Fig. 5.30 Measured values
of the amplitude of swirl
motion against normal
gas flow rate

Fig. 5.31 Measured values
of the amplitude of swirl
motion against volumetric
gas flow rate

Qgc D 0:0555.¢D3=�L/
1=2; (5.17)

asu D 10Œ0:05� 1:35.X C 6/= exp.X C 5/�; (5.18)

X D log We; (5.19)

We D �LQ
2
g=.�D3/; (5.5)

where, � is the surface tension, asu is the upper limit at which the first kind of swirl
motion ceases, and We is the Weber number. This equation was devised so that the
amplitudeA becomes 0 atHL=D D 0:2 andHL=D D asu, because the swirl motion
ceased forHL=D � 0:2 and forHL=D � asu.
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Fig. 5.32 Comparison of (5.16) with measured values of the amplitude of swirl motion for differ-
ent aspect ratios

As a representative example, the measured values of A for a gas flow rate Qg of
240� 10�6 m3=s are shown in Fig. 5.32. Equation (5.16) is represented by the solid
line. The agreement between the measured values and (5.16) is quite satisfactory for
every aspect ratio considered.

Damping Time of Swirl Motion

Figure 5.33 shows the variation of the measured damping time of the swirl mo-
tion, Ts;d, with the normal gas flow rate QgN. The damping time increased either by
increasing QgN or by decreasing the pressure on the bath surface, Ps. The damp-
ing time is associated with the dissipation energy of water flow in the bath. Under
steady state condition the dissipation energy is equal to the energy supplied by the
injected gas per unit time and mass, "d, and approximated by the following expres-
sion [29, 30],

"d D g.�L � �g/QgHL=.�D2HL�L=4/: (5.20)

Equation (5.20) states that "d is proportional to the gas flow rateQg. Accordingly,
it is reasonable that Ts;d is an increasing function of Qg.

The measured values of Ts;d are independent of the pressure on the bath surface
when plotted against Qg, as demonstrated in Fig. 5.34. The solid line indicates the
following empirical relation [36],

Ts;dQg=D3 D 1:45 � 10�6Re1:74: (5.21)
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Fig. 5.33 Measured values
of the damping time against
normal gas flow rate

Fig. 5.34 Measured values
of the damping time against
volumetric gas flow rate

A variety of data can be approximated by (5.21) within a scatter of ˙60%, as
shown in Fig. 5.35. The damping time, Ts;d, for reduced pressures on the bath surface
can be approximated by (5.21) taking the expansion of the injected gas at the nozzle
tip into consideration.

The following relation has also been proposed for Ts;d.

Ts;dQg=D
3 D 11Re1=2

�
HLQg=D

7=2g1=2
�
: (5.22)

This equation, however, is less accurate than (5.21) in correlating the experimen-
tal data of nTs;d.
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Fig. 5.35 Comparison
of (5.21) with measured
values of damping time

5.2.2.3 Summary

Swirl motions occurring in a water bath of aspect ratio ranging approximately from
0.2 to 1.0 were characterized by the starting time Ts;s, period Ts, amplitude A,
and damping time Td;s. The effects of reduced pressure on the bath surface, Ps, on
these quantities were experimentally investigated [41]. The measured values of these
quantities for gas injection under reduced pressure on the bath surface agreed favor-
ably with their respective values for gas injection under atmospheric pressure con-
dition on the bath surface provided that the volumetric gas flow rates at the nozzle
tip, Qg, were the same. Empirical relations were proposed for Ts;s; Ts;d; Ts, and A.

It should be noted that the work described here is a first step towards under-
standing the behavior of swirl motion under reduced pressure on the bath surface.
The flow behavior for Ps lower than 20 kPa may not be adequately represented by
the empirical relations proposed due to intense rupture of bubbles at the bath sur-
face. Further work is desirable under such conditions .Ps < 20 kPa/. Silicone oils
would be a suitable liquid for such investigation because of their very low vapor
pressure.

5.2.3 Mixing Time

When gas is injected into a bath through a single-hole nozzle placed on the bot-
tom center of a cylindrical vessel, a vertical bubbling jet is generated in the bath.
Under certain blowing conditions, the jet rises, swirling around the vessel axis
[29, 30, 35–42]. A swirling motion is also induced in the liquid, being in phase with
the swirling motion of the jet. This type of swirl motion of the liquid, called the first
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kind of swirl motion, occurs for aspect ratio, HL=D, ranging from approximately
0.2–1.0. It is very similar to the well-known rotary sloshing observed for a bath
contained in a cylindrical vessel oscillating in the horizontal or vertical direction.
The period of the liquid swirl motion is approximately equal to that of the rotary
sloshing, while the amplitude becomes large with an increase in the gas flow rate.

The liquid contained in a cylindrical vessel is violently agitated in the presence
of the swirl motion. This also results in spitting, splashing, and slopping. Due to
these disadvantageous effects, the swirl motion has not been used practically in the
steelmaking industries. From a different point of view, the swirl motion would also
produce excellent mixing of the bath. In fact, it has been used to provide very high
melting rate in a snow-melting process [43].

If the spitting, splashing, and slopping can be avoided, for example, by shielding
the upper part of a bath, a novel refining process with high mixing efficiency could
be developed. However, there exists no information on the mixing time in the pres-
ence of the swirl motion [44–55]. Water model experiments have been performed
and an empirical relation proposed for the mixing time in a water bath accompa-
nied by the first kind of swirl motion. The details of the model experiments will be
presented below.

5.2.3.1 Experimental Apparatus and Procedure

Figure 5.36 shows a schematic of the experimental apparatus. Three cylindrical ves-
sels of different sizes were used. The inner diameter D and the height H of the
vessels were 0:125 � 0:400m; 0:200 � 0:400m, and 0:400 � 0:800m. Each vessel
was filled with deionized water to a prescribed depth, HL. Air was supplied with a
compressor, and the air flow rate,Qg, was adjusted with a regulator and a mass flow
controller from 40 � 10�6 to 800 � 10�6 m3=s. The air was injected into the bath

Fig. 5.36 Experimental apparatus
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Fig. 5.37 Definition of mixing time

through either a bottom nozzle of inner diameter dni of 2 mm or a J-shaped top lance
of the same inner diameter. The inner diameter of a bottom nozzle has a negligible
effect on the mixing time [44, 45]. The critical condition for the existence of the
swirl motion has been established [29, 30, 42].

Mixing time was determined on the basis of the history of the electrical conduc-
tivity of liquid in the bath. A dilute aqueous KCl solution was used as tracer and
charged from the top onto the bath surface. The electrical conductivity was mea-
sured with an electrical conductivity sensor having a time constant of 0.25 s. The
output voltage approaches a constant value, VF, with time. The mixing time is de-
fined as the period from the moment of tracer charge to the moment at which the
electrical conductivity finally crosses 0:95 VF or 1:05 VF, as shown in Fig. 5.37. Fur-
ther details of the experimental method for the mixing time are given elsewhere [52].

5.2.3.2 Experimental Results

Bottom Gas Injection

The variation of measured mixing time with gas flow rate for three different vessels
are presented in Figs. 5.38, 5.39 and 5.40. The straight line in each figure represents
the best fit of the measured data for the same aspect ratio. The mixing time decreases
with an increase in the gas flow rate, but increases with an increase in the bath
diameter. The following empirical relation has been proposed for the mixing time
in a bottom blown bath in the absence of swirl motion [52],

TmB D 1;200Q�0:47
g D1:97H�1

L 	0:47
L ; (5.23)

where, 	L is the kinetic viscosity of liquid and the subscript B denotes bottom
blowing.
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Fig. 5.38 Relationship between mixing time Tm and gas flow rate for D D 0:125m

Fig. 5.39 Relationship between mixing time Tm and gas flow rate for D D 0:200m

Equation (5.23) can be rewritten in a dimensionless form as follows:

TmB.HL=D/.g=D/
1=2 D 4:21 � 103Re�0:47; (5.24)

Re D Dvsp=	L; (5.25)

Vsp D 4Qg=.�D2/: (5.26)
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Fig. 5.40 Relationship between mixing time Tm and gas flow rate for D D 0:400m

Equation (5.24) is valid for

30 < Re < 3;000: (5.27)

In the above equations, g is the acceleration due to gravity and Re is the Reynolds
number based on the superficial velocity of gas, Vsp. The conditions describing the
onset of swirl motion have been given Sect. 5.2.3.1 [29, 30].

Equation (5.23) is used to correlate the measured mixing time in the presence
of swirl motion. All the mixing time values are divided by (5.23) and replotted
against the aspect ratio HL=D in Fig. 5.41. For each vessel, a straight line is drawn
through the mean of the data as close as possible. The gradient of each straight line
is 4/3, implying that the mixing time is proportional to .HL=D/

4=3. Therefore the
following relationship has been assumed:

Tm D ak.HL=D/
4=3TmB: (5.28)

Inspection of Fig. 5.41 suggests that the coefficient ak is a function of the vessel
diameterD.

Referring to Stokes’s first problem [56], we introduce the following representa-
tive length to non-dimensionalize the vessel diameter as follows

L D .	LTs/
1=2; (5.29)

Ts D k.D=g/1=2; (5.30)



5.2 Swirl Motion of Bubbling Jet 207

Fig. 5.41 Relationship between non-dimensionalized mixing time and aspect ratio

where, Ts is the period of the swirl motion and k is a constant. It is known that
k is approximately 0.27 [29, 30]. Equation (5.29) characterizes a distance for the
momentum transfer from the vessel wall during one period of the swirl motion.

For convenience, k is assumed to be unity and (5.30) is substituted into (5.29)
to give

L D .	2
LD=g/

1=4: (5.31)

The values of ak can be obtained directly from Fig. 5.41. These values are plotted
againstD=L in Fig. 5.42, whereD=L is expressed by

D=L D �
D3g=	2

L

�1=4
: (5.32)

The measured values of ak are approximated by

ak D 4:1 � 10�3.D3g=	2
L/

7=32: (5.33)

Combination of (5.23), (5.28) and (5.33) yields,

Tm D 4:92.D3g=	2
L/

7=32.HL=D/
4=3Q�0:47

g D1:97H�1
L 	0:47

L : (5.34)

All the mixing time values obtained in the presence of swirl motion are compared
with (5.34) in Fig. 5.43 It is evident that (5.34) can approximate the measured data
within a scatter of �13 to C20%.

Equation (5.34) can be rewritten as,

Tm D 4:92g0:22Q�0:47
g D1:29H 0:33

L 	0:03
L : (5.35)
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Fig. 5.42 Coefficient ak as a function of
�
D3g=	L

2
�1=4

Fig. 5.43 Comparison of measured mixing time values with (5.34)

The contribution of the kinematic viscosity of liquid, 	L, was found to be very
small and negligible. This result implies that a bath subjected to swirl motion of a
bubbling jet is primarily mixed by the strong wave motions induced by the swirl
because the wave motions are not affected by the kinematic viscosity of the liquid.
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J-Shaped Top Lance Gas Injection

The mixing time in a bath agitated by gas injection through a J-shaped top lance
in the absence of the swirl motion can be represented by the following empirical
relation [57]:

TmJ D 1; 200Q�0:47
g D1:97H�1

L 	0:47.Hin=HL/
0:7�1:34HL=D; (5.36)

where, Hin is the distance from the nozzle tip to the bath surface and the subscript
J denotes the J-shaped top lance. Referring to (5.35) and (5.36), we assume that the
mixing time in a bath in the presence of the swirl motion can be approximated by

Tm D 4:92
�
D3g=	2

L

�7=32
.HL=D/

4=3Q�0:47
g D1:97H�1

L 	0:47
L .Hin=HL/

0:7�1:34HL=D

(5.37)

In order to examine the applicability of (5.37), additional experiments were car-
ried out in a bath agitated by a J-shaped top lance in the presence of the swirl motion.
Representative results for D D 0:200m are shown in Fig. 5.44. Each line is drawn
so as to best fit the measured data obtained under the same experimental condition.
Mixing time was also measured for the remaining two vessels of D D 0:125 and
0.400 m. The experimental results are compared with (5.37) in Fig. 5.45. The mea-
sured values for the three vessels of different diameters can be approximated by this
equation to within a scatter of �30% to C40%. Such a scattering level is considered
acceptable for this type of measurement [46, 53].

Fig. 5.44 Relationship between mixing time Tm and gas flow rate for D D 0:200m
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Fig. 5.45 Comparison of measured mixing time values with (5.36)

Applicability of (5.37) to Molten Metal Bath

Empirical relations for mixing time derived for water baths agitated by bottom gas
injection are known to be approximately applicable to molten steel baths [46]. This
is because the kinematic viscosity of water is approximately equal to that of molten
steel. Accordingly, (5.37) would be applicable to molten steel baths in the presence
of swirl motion of liquid.

5.2.3.3 Summary

The mixing time, Tm, of a water bath agitated by gas injection through a bottom
nozzle or a J-shaped top lance was measured with an electrical conductivity sensor.
An empirical relation (5.37) was proposed for Tm in the presence of the first kind
of swirl motion. All the existing Tm data could be reasonably correlated by this
empirical relation within a scatter of �30 to C40%.

5.2.4 Effect of Top Slag

Swirl motion of a bubbling jet occurs even in the presence of a thin slag layer on a
molten metal layer. The bath surface oscillations, however, are strongly modulated
compared with those in the absence of the slag layer. This section presents the effects
of the top slag layer on the first kind of swirl motion of a bubbling jet and the
behavior of the slag layer.
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Fig. 5.46 Experimental apparatus with top slag layer

5.2.4.1 Experimental Apparatus and Procedure

Figure 5.46 shows a schematic of the experimental apparatus. Two vessel diameters
D of 125 or 200 mm were employed. The inner diameter of the nozzle dni was 2 mm.
Water and silicone oil were used as models for molten metal and slag, respectively.
The physical properties of water are listed in Table 5.1. The density, kinematic
viscosity, and surface tension of the silicone oil are 968 kg=m3; 100 mm2=s, and
53 mN/m, respectively. The thickness of the upper slag layer is denoted by Hs and
that of the lower molten metal layer by HL. The slag layer thickness was varied
up to 2.5 cm, while HL was chosen to fall in the range 0:3HL=D < 1:0 in which
the first kind of swirl motion occurred. The bath surface oscillations were observed
with a commercial video camera. The starting time, Ts;s, period, Ts, amplitude, A,
and damping time, Ts;d, of the swirl motion were determined.

5.2.4.2 Experimental Results

Classification of Slag Motion

The motions of the slag layer were classified into three categories, as shown in
Figs. 5.47a–c. When the gas flow rateQg was lower than a certain critical value, the
first kind of swirl motion was not observed (Fig. 5.47a). WhenQg exceeded the crit-
ical value, the slag layer disintegrated into small droplets (reverse emulsification).
On average, the droplets did not rotate around the vessel axis, i.e., they remained
at their initial position, but the bubbling jet rotated in the plume eye (Fig. 5.47b).



212 5 Swirling Flow and Mixing

Fig. 5.47 Classification
of motions of top slag layer

As Qg increased further, the disintegrated slag layer clustered and rotated in the
direction opposite to the direction of the bubbling jet (Fig. 5.47c). This result may
be explained as follows.

As gas is injected vertically upward into a still water bath, the initial angular
momentum of liquid in the bath is zero. If a bubbling jet rotates, for example, counter
clockwise, the water and silicone oil outside the bubbling jet rotate clockwise in
order to satisfy the conservation law of angular momentum [35, 37].

The three types of motions of the silicone oil layer can be mapped as a function of
gas flow rate as shown in Fig. 5.48. It should be stressed that reverse emulsification,
i.e., the formation of silicone oil droplets in the lower water layer occurs in the
motions of Types 2 and 3.

Critical Gas Flow Rate

The critical gas flow rate, Qgc, for the initiation of the first kind of swirl motion
increased with an increase in the thickness of the upper silicone oil layer. No corre-
lation has been proposed yet for the critical gas flow rate.
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Fig. 5.48 Three types
of motions of top slag layer

Fig. 5.49 Relationship
between starting time
and gas flow rate

Starting Time of Swirl Motion

The starting time, Ts;s, is defined as the time duration from the start of gas injection
to the moment at which the swirl motion of a bubbling jet reaches steady state. It
is one of the important parameters used for the design of metallurgical processes.
The thickness of the upper silicone oil layer lengthens the starting time, as shown
in Figs. 5.49 and 5.50. Note that Ts;s has a minimum at the aspect ratio of approxi-
mately 0.5 .HL D 10 cm/.
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Fig. 5.50 Relationship
between starting time and
thickness of lower molten
metal layer

Fig. 5.51 Relationship
between swirl period
and gas flow rate

Period of Swirl Motion

Figures 5.51 and 5.52 show that the swirl period of a bubbling jet is not sensitive to
the existence of the upper silicone oil layer. This trend is irrespective of whether the
swirl motion of the layer is classified into Types 2 and 3.
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Fig. 5.52 Relationship
between swirl period and
thickness of lower molten
metal layer

Fig. 5.53 Relationship
between swirl amplitude
and gas flow rate

Amplitude of Swirl Motion of Liquid on Side Wall

As the surface of the bath is covered with silicone oil droplets, the amplitude of the
swirl motion is highly attenuated in Types 2 and 3 (see Figs. 5.53 and 5.54).

Damping Time of Swirl Motion

The damping time Ts;d is defined as the time duration from the stoppage of gas in-
jection to the moment at which the swirl motion of a bubbling jet ceases completely.
According to the experimental results shown in Figs. 5.55 and 5.56, Ts;d is a weak
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Fig. 5.54 Relationship
between swirl amplitude
and thickness of lower
molten metal layer

Fig. 5.55 Relationship
between damping time
and gas flow rate

function of gas flow rate Qg and nearly independent of the thickness of the lower
water layer,HL. However,Ts;d is significantly shortened in the presence of the upper
silicone oil layer.

5.2.4.3 Summary

A thin top silicone oil layer was found to significantly affect the first kind of swirl
motion in a bottom blown bath with the exception of the swirl period. Although the
kinematic viscosity of the silicone oil layer was fixed in this section, the behavior of
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Fig. 5.56 Relationship
between damping time
and thickness of lower
molten

the swirl motion would be affected to a greater extent by the top silicone oil layer as
the kinematic viscosity of the silicone oil is further increased.

Additional experimental investigations are needed for deriving correlations for
the starting time, Ts;s; damping time, Ts;d; period, Ts; and amplitude, A, of the first
kind of swirl motion in the presence of the top slag layer.

5.2.5 Effect of Offset Gas Injection

The locus of a swirling bubbling jet generated through a centric bottom nozzle is
circular in shape on the bath surface. As the nozzle moves toward the side wall, the
locus becomes modulated as follows: circular, ellipsoidal, crest-like, as shown in
Fig. 5.57, where the subscript e denotes an offset position. For example, e D 1=4

means that the nozzle is placed at an offset position R=4 away from the center of
the vessel, where R is the radius of the vessel. It can be concluded that the behavior
of a swirling bubbling jet for e < 1=3 is ultimately the same as that of a swirling
bubbling jet generated through a centric bottom nozzle .e D 0/. For e D 1=3 the
period of swirl motion is approximately the same as that for e D 0 although the
locus of the bubbling jet is ellipsoidal in shape.

Unfortunately, comprehensive information on the period, amplitude, starting time,
and damping time of the swirl motion is not available. In addition, mixing time has
not been measured. Experiments in a bath agitated by bottom gas injection through
an offset single hole nozzle shows that the mixing time in the absence of the swirl
motion has a minimum for e D 1=3 [55]. Similar shortening of the mixing time
would be expected for an offset gas injection accompanied by the first kind of swirl
motion.
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Fig. 5.57 Locus of bubbling jet on the bath surface

5.2.6 Effect of Dual Jet Sources

Swirl motion of bubbling jets occurs even when gas is injected through dual nozzles,
as shown in Figs. 5.58, 5.59 and 5.60, where e.1/ and e.2/ denote the dimensionless
offset positions of the nozzles. When the nozzles are sufficiently separated, each jet
rises without merging and swirls independently. In this case, the locus of each jet
at the bath surface is approximately circular in shape if the nozzles are placed far
away from the side wall (e < 1/3). Dual nozzle gas injection accompanied by swirl
motion would be useful for controlling as well as enhancing the mixing time in the
metallurgical processes. There is yet no available information on the characteristics
of such a system and additional experimentation is required.
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Fig. 5.58 Loci of bubbling jets generated with dual nozzles (1)

Fig. 5.59 Loci of bubbling jets generated with dual nozzles (2)
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Fig. 5.60 Loci of bubbling jets generated with dual nozzles (3)
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Chapter 6
Slag–Metal Interaction

6.1 Shape and Size of Entrained Metal Layer

In the in-bath smelting reduction processes and the desulfurization processes, gas
is injected into a molten metal bath covered with a thick slag layer. Understanding
the mixing phenomena in the two layers and the behavior of molten metal droplets
and slag droplets generated at the slag–metal interface is crucial for an improved
understanding of the performance of the processes [1–3]. It is very difficult, how-
ever, to investigate these effects using the real processes at present, and accordingly,
a number of model experiments have been performed by using water and oil to
simulate molten metal and molten slag, respectively [4, 5]. The mixing phenomena
and reverse emulsification of oil droplets in a water bath covered with a thin oil
layer has been extensively investigated [6,7]. On the contrary, very limited informa-
tion exists on the spatial and temporal distributions of molten metal droplets in the
thick slag layer and of slag droplets in the molten metal layer, even for water model
experiments.

A number of water model experiments have been performed on the distributions
of water droplets in a thick silicone oil layer using a two-needle electroresistivity
probe [8]. The density ratio of the silicone oil to water was 0.93, which differs
markedly from 0.4 to 0.5 in the real refining processes. Therefore, similarity condi-
tion may not be fully satisfied in these experiments.

Lin and Guthrie [9,10] used an aqueous ZnCl2 solution and silicone oil of differ-
ent kinematic viscosities as models for molten metal and molten slag, respectively,
in order to elucidate the mechanism of the generation of molten metal droplets. The
density ratio was approximately 0.6, which was close to slag–steel density ratio in
real processes. Later, Takashima and Iguchi [11] carried out model experiments us-
ing the same liquids as Lin and Guthrie. In this section, we describe experimental
results on holdup of aqueous ZnCl2 solution carried up by rising bubbles into the
upper silicone oil layer.

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 6,
c� Springer Science+Business Media, LLC 2011
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6.1.1 Experiment

Figure 6.1 shows a schematic of the experimental apparatus. An aqueous ZnCl2
solution was used to fill in a cylindrical vessel made of transparent acrylic resin to
a prescribed level. The aqueous ZnCl2 solution layer was covered with a silicone
oil layer. Air was injected through a single-hole nozzle located on the center of
the bottom of the vessel. The nozzle had an inner diameter, dni, of 2 mm, an outer
diameter, dno, of 4 mm, and a protrusion height hn of 4.5 mm. The air flow rate
was adjusted with a regulator and a mass flow controller. The physical properties of
the aqueous ZnCl2 solution and the variety of silicone oils employed are listed in
Table 6.1. The experimental conditions specified, for example, by the thickness of
each layer and the air flow rate, are listed in Table 6.2.

An electroresistivity probe cannot be used to measure the holdup of aqueous
ZnCl2 solution droplets in silicone oil because of the low electrical conductivity of
aqueous ZnCl2 solution. A suction pipe method was therefore employed in which
holdup was defined as the volumetric ratio of the solution to the total volume of a
mixture of the solution and silicone oil. The inherent error in the suction pipe tech-
nique was determined by applying an electroresistivity probe and the suction pipe
simultaneously to a water–silicone oil system [12]. It was found to be within ˙7%.

In what follows, the aqueous ZnCl2 solution and silicone oil are simply referred
to as molten metal and slag, respectively.

Fig. 6.1 Experimental apparatus
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Table 6.1 Physical properties of liquids at 293 K

Liquid
Density
.kg=m3/

Kinematic
viscosity
.m2=s/

Viscosity
(mPa s)

Silicone oil A 818 1:0� 10�6 0.82
Silicone oil B 915 5:0� 10�6 4.6
Silicone oil C 943 10:0� 10�6 9.4
Aqueous ZnCl2

solution 1,670 5:0� 10�6 8.4
Water 997 0:857 � 10�6 0.854

Table 6.2 Experimental conditions

Vessel
diameter
.�10�2 m/

Thickness
of metal layer
.�10�2 m/

Thickness
of slag layer
.�10�2 m/

Gas flow rate
.�10�6 m3 s

�1
/

Vessel A 20 6, 9, 6, 9, 41.4, 50,
12.5, 16 12.5, 16 60, 80

Vessel B 12.25 12.5 12.5 10, 20, 25,
30, 35, 41.4

Vessel C 7.5 12.5 12.5 10, 15, 20

Figure 6.2 shows a schematic of the interface between the molten metal and
slag layers in the presence of molten metal droplets. The molten metal in the lower
layer is carried up into the upper molten slag layer by bubbles passing through
the interface. Such molten metal is often referred to as elevated molten metal. The
mountain-like region occupied mainly by this metal is called elevated region. The
interface between the elevated region and the surrounding molten slag layer is not
stable, but the shape of the interface changes with respect to time in a complex
manner due to the passage of rising bubbles.

A mixture of air, molten metal, and molten slag is sucked with a suction pipe. The
pipe is 400 mm long and has inner and outer diameters of 4 and 6 mm, respectively.
The suction volume of the mixture is approximately 8 ml in every experimental run.
After a sufficiently long settling time, the three phases are separated as shown in the
upper right part of Fig. 6.2. The length of each phase is denoted by A, B , or C . The
gas holdup ˛ and the molten metal holdup " are defined by

˛ D C=.ACB C C/; (6.1)

" D A=.AC B C C/: (6.2)

As the gas flow rate increases, several molten metal droplets are generated and
accumulated above the interface between the two layers. For convenience, these
droplets are called accumulated metal droplets to distinguish them from the elevated
molten metal. Figure 6.3 shows that air, elevated molten metal, and accumulated
molten metal droplets coexist in the suction pipe.
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Fig. 6.2 Metal behavior caused by bubbles through a slag–metal interface; lower gas flow rate

The molten metal holdup, "0, including the elevated molten metal and accu-
mulated molten metal droplets can be measured in a real situation by using the
expression:

"0 D ŒAC �.r/B�=.ACB C C/; (6.3)

where �.r/ is the distribution function for the accumulated molten metal droplets in
the elevated region. The introduction of this function is desired due to the difficulty
of distinguishing between the elevated molten metal and accumulated molten metal
droplets in the suction pipe.

The following two types of distribution functions are assumed.

�.r/ D ˇr=rB; (6.4)

�.r/ D 0:30; (6.5)
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Fig. 6.3 Metal behavior caused by bubbles through a slag–metal interface; higher gas flow rate

where rB is the radius of the bubble dispersion region in the elevated region shown
in Fig. 6.3. Equation (6.4) implies that the holdup of accumulated molten metal
droplets in the elevated region increases linearly with respect to the radial distance
and then reaches the holdup of accumulated molten metal droplets outside the el-
evated region, ˇ. On the other hand, (6.5) states that the holdup of accumulated
molten metal droplets is uniform everywhere in the elevated region. A more de-
tailed description of the distribution function given in a subsequent section.

The elevated molten metal holdup in the elevated region, ", can be expressed in
terms of ˛; "0 and ˇr=rB, which is given by (6.4), as follows:

" D A=.AC B C C/;

D �
"0 � .1 � ˛/ˇr=rB

�
=.1 � ˇr=rB/: (6.6)
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Meanwhile, the application of (6.5) for �.r/ yields

" D Œ"0 � 0:3.1� ˛/�=0:7: (6.7)

In summary, (6.2) is used to determine " in the absence of accumulated molten
metal droplets, while there are two methods for determining " in the presence of
accumulated molten metal droplets. One is based on (6.6) with rB D 4:0 cm, and
the other is based on (6.7). This value of rB was decided by observing the behavior
of bubbles in the bubble dispersion region with the aid of a high-speed video camera.

6.1.2 Experimental Results

6.1.2.1 Total Holdup Distribution in the Slag Layer

Figure 6.4 shows the radial distributions of total molten metal holdup "0 in the
molten slag layer at three representative axial positions. It should be noted that
the axial distance z is not measured from the initial, horizontal interface between
the two layers but from the actual horizontal interface after a steady state has been
established. The actual horizontal interface is lower than the initial interface due to
the existence of elevated molten metal and accumulated molten metal droplets. This
actual interface is here simply called a horizontal interface between the two layers.

Fig. 6.4 Radial distributions of total metal holdup in the slag layer. .D D 12:25�10�2 m; Qg D
25� 10�6 m3=s; Hm D Hs D 12:5 � 10�2 m/
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Fig. 6.5 Accumulated metal holdup in the silicone oil layer .D D 12:25 � 10�2 m; Qg D
25� 10�6 m3=s; Hm D Hs D 12:5 � 10�2 m/

At every axial position, the total metal holdup "0 follows a Gaussian error
curve. Also, "0 decreases with an increase in r and approaches a constant value
denoted by ˇ.

The holdup of accumulated molten metal droplets in the molten slag layer located
outside the bubble dispersion region, and designated by ˇ as above, increases lin-
early toward the horizontal interface between the molten metal and slag layers, and
then suddenly increases after ˇ exceeds 30% (see Fig. 6.5). On the other hand, in
the absence of accumulated molten metal droplets, ˇ is at most 10% even just (say
1 cm) above the horizontal interface between the two layers. The contour lines of
the total molten metal holdup, "0, calculated from the data plotted in Fig. 6.4, are
shown in Fig. 6.6.

6.1.2.2 Horizontal Distribution of Elevated Molten Metal Holdup

Two types of distribution are assumed for the accumulated molten metal holdup,
ˇ, as illustrated in Figs. 6.7 and 6.8. In Fig. 6.7, contour lines of ˇ are parallel to
the horizontal interface between the molten slag and metal layers. In this case, ˇ
decreases as the radial distance decreases in the elevated region, and the distribution
function expressed by (6.4) seems reasonable.



230 6 Slag–Metal Interaction

Fig. 6.6 Contour lines for total metal holdup in the silicone oil layer .D D 12:25�10�2 m; Qg D
25� 10�6 m3=s; Hm D Hs D 12:5 � 10�2 m/

Fig. 6.7 Schematic of metal plume and metal accumulation

Figure 6.8 shows that the contour lines of ˇ are parallel to the actual interface
between the two layers. It is also considered constant everywhere in the elevated
region. This result validates the use of (6.7) in such a situation.
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Fig. 6.8 Schematic of metal plume and metal accumulation

Fig. 6.9 Radial distributions of metal holdup in the slag layer .D D 12:25 � 10�2 m; Qg D
25� 10�6 m3=s; Hm D Hs D 12:5 � 10�2 m/

Figure 6.9 shows the elevated molten metal holdup " calculated using the data
on "0 of Fig. 6.4 and (6.6). Also, Fig. 6.10 shows the distribution of " calculated by
using the same data on "0 and (6.7). In each figure, " follows a Gaussian error curve
similar to the "0 distribution.
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Fig. 6.10 Radial distributions of metal holdup in the slag layer .D D 12:25 � 10�2 m; Qg D
25� 10�6 m3=s; Hm D Hs D 12:5 � 10�2 m/

The contour lines of elevated molten metal holdup " calculated from (6.6)
are given in Fig. 6.11 and those calculated from (6.7) are shown in Fig. 6.12.
Both figures indicate that the elevated region is parabolic in shape. When
bubbles escape from the vicinity of the top of the elevated region, molten
metal is engulfed in the wakes of the bubbles and lifted up into the upper
slag layer. The filament-like molten metal consequently breaks up into many
droplets.

6.1.2.3 Height and Volume of Molten Metal in the Elevated Region

Definitions

The contour lines of " shown in Figs. 6.11 and 6.12 can be approximated by the
following parabolic curve.

f ."; r/ D A."/r2 C�H."/: (6.8)

For the sake of simplicity, a part of the elevated region in which " is less than
10% is not taken into consideration. This is because the top of the elevated region
fluctuates significantly with time due to the passage of rising bubbles. Consequently,
the shape of the elevated region is described by (6.8) with "D 10%, and accordingly,
�H." D 10%/ is regarded as the height of the elevated region and represented by
�Hcl;mea.
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Fig. 6.11 Contour lines for metal holdup in the slag layer .D D 12:25 � 10�2 m; Qg D 25 �
10�6 m3=s; Hm D Hs D 12:5� 10�2 m/

Fig. 6.12 Contour lines for metal holdup in the slag layer .D D 12:25 � 10�2 m; Qg D 25 �
10�6 m3=s; Hm D Hs D 12:5� 10�2 m/
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The volume of molten metal in the elevated region can be calculated from (6.9).

Vm D
ZZ

2�r.r; z/dr dz=100: (6.9)

A total area occupied by the molten metal at any height in the elevated region is
denoted by Sm, expressed by

Sm D
Z
2�r".r; z/dr=100; (6.10)

".r; z/ D "cl.z/ exp
�
�0:6931r2=b"

2
�
; (6.11)

where "cl.z/ is the value of " on the centerline of the vessel and b " is the half-value
radius of the horizontal distribution of ".

Figure 6.13 shows the relationship between Sm and the axial distance z. The
area Sm decreases linearly with respect to z, and accordingly, the hatched region
can be regarded as the volume of the elevated molten metal in the elevated region,
designated by Vm;mea.

Height of Elevated Region

Molten metal flow in the vertically upward direction is driven by rising bubbles in
the elevated region as well as in the lower molten metal layer. If we neglect the

Fig. 6.13 Calculation method of metal volume Vm lifted up into the slag layer .D D 12:25 �
10�2 m; Qg D 25� 10�6 m3=s; Hm D Hs D 12:5 � 10�2 m/
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buoyancy force acting on bubbles in the elevated region, the following relationship
holds between the kinematic energy and potential energy of ascending molten metal.

.1=2/�mum;cl
2 D .�m � �s/g�Hcl; (6.12)

where�Hcl is the height of the elevated region and um;cl
2 is the axial mean velocity

of molten metal ascending along the centerline of the vessel. From (6.12) �Hcl is
expressed by

�Hcl D �mum; cl
2=Œ2g.�m � �s/�: (6.13)

This �Hcl is the calculated value of the height of the elevated region,�Hcl;cal.
The measured values of �Hcl, represented by �Hcl;mea, are compared with

�Hcl;cal in Figs. 6.14 and 6.15, using (6.6) and (6.7), respectively. The data on
�Hcl;mea for a water–air system are also included in the figures. The dotted line in
each figure represents the condition,�Hcl;mea D �Hcl;cal. All the measured values
are much larger than �Hcl;cal due to the buoyancy force acting on bubbles passing
through the elevated region.

The experimental data in both cases can be satisfactorily correlated, indicating
that �Hcl is not a function of the kinematic viscosity of molten metal and slag and
bath diameter,D.

The data in Fig. 6.14 are slightly larger than those in Fig. 6.15. This may be
attributable to the existence of accumulated molten metal droplets in the elevated
region. In (6.6), the accumulated molten metal droplets are assumed to be nonexis-
tent at the centerline of the vessel while (6.7) assumes that there are droplets there.

Fig. 6.14 Relation between measured and calculated values of �Hcl
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Fig. 6.15 Relation between measured and calculated values of �Hcl

The following empirical relation, represented by the solid line, can be derived
from�Hcl on the basis of the data presented in Fig. 6.15.

�Hcl D 6�mum;cl
2=Œ2g.�m � �s/�: (6.14)

Volume of Elevated Molten Metal in the Elevated Region

If we neglect the volume of bubbles in the elevated region, the volume of molten
metal brought up in the elevated region, Vm, can be determined by integrating the
height of the region with respect to the radial distance r , thus:

Vm D
Z
2�r�Hdr; (6.15)

where R is the radius of the vessel, and �H is a function of r . The height �H can
be derived from (6.12), giving:

�H D 6�m Nu 2
m =Œ2g.�m � �s/�: (6.16)

From existing experimental investigations [13, 14], the mean velocity of molten
metal flow approaching the interface between the molten slag and metal layers, um,
is given by

Num D Num;c;l; exp
�

� 0:6931r2=bu
2
�
; (6.17)



6.1 Shape and Size of Entrained Metal Layer 237

where bu is the half-value radius of the radial distribution of um. In the case of
centered bottom blowing, bu is expressed by

bu D 0:14Hm: (6.18)

Most molten metal droplets are found to be generated in the circular region whose
outer edge is located at approximately r D 2bu.

Combining (6.16) and (6.17) gives the following expression for Vm:

Vm D 0:022�mHm
2 Num;cl

2=Œg.�m � �s/�: (6.19)

The value of Vm calculated from (6.19) is denoted by Vm;cal. The experimental
data, Vm;mea, obtained by assuming (6.6) and (6.7) are shown in Figs. 6.16 and 6.17,
respectively. Equation (6.19), represented by the broken line, underestimates the
volume of the molten metal droplets in the elevated region. The data on Vm for
both the real and air–water systems are better correlated by the method depicted in
Fig. 6.17. The following empirical relation can thus be deduced with reference to
Fig. 6.17.

Vm D 0:156�mHm
2 Num;cl

2=Œg.�m � �s/�: (6.20)

The difference between (6.19) and (6.20) is attributable to the existence of bubbles
in the elevated region.

Equation (6.20) implies that the volume of molten metal droplets Vm is indepen-
dent of the kinematic viscosities of molten metal and slag as well as the diameter of
the vessel.

Fig. 6.16 Relation between measured and calculated values of Vm
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Fig. 6.17 Relation between measured and calculated values of Vm

6.1.2.4 Accumulated Molten Metal Droplets

The diameters of accumulated molten metal droplets were measured with the same
suction pipe. The inner diameter of the suction pipe was 4 mm and the suction vol-
ume was 8 ml. The droplets were sucked with the suction pipe together with slag.
The shape and size of each molten metal rising in the suction pipe was observed
with a high-speed video camera, and the size was evaluated in terms of a volume-
equivalent diameter.

Figure 6.18 shows a histogram of the diameters of molten metal droplets, dm. The
result nearly follows a logarithmic normal distribution. The mean droplet diameter
falls between 1 and 1.5 mm.

Figure 6.19 shows the variation of dm with the gas flow rate Qg. The mean di-
ameter for the aqueous ZnCl2 solution is much smaller than for water.

Asai [15] developed an inviscid theory for the generation of a slag droplet at the
interface between molten slag and metal in the absence of bubbles based on the
energy equation. The reported diameter, dpc, is given by

dpc D 2Œ3�ms=fg.�m � �s/g�1=2: (6.21)

This equation may also be valid for predicting the diameter of a molten metal
droplet.

It may be assumed that the mean diameter of molten metal droplets generated
in the presence of bubbles is also predicted by (6.21). Furthermore, the following
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Fig. 6.18 Histogram of diameters of metal droplets .DD 12:25� 10�2 m; Qg D 25� 10�6 m3=s;
Hm DHs D 12:5� 10�2 m/

Fig. 6.19 Relation between mean diameter of metal droplets and gas flow rate
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Fig. 6.20 Relation between mean diameter of metal droplets and gas flow rate

empirical relation originally derived from the initiation of slag droplets or the onset
of reverse emulsification in the presence of rising bubbles [16], may be used in order
to nondimensionalize the gas flow rate Qg, thus:

Qgc D V 4:52.	s=	m/
0:308.Hs=D/

�0:498g�1:76Hm
�0:240; (6.22)

V D .�msg=�s/
0:25: (6.23)

The comparison of dm=dpc with Qg=Qgc is given in Fig. 6.20. The mean droplet
diameter is independent of the gas flow rate Qg and expressed by

dm D 0:2dpc D 0:69Œ�ms=fg.�m � �s/g�1=2; (6.24)

where �ms is the interfacial tension.

6.2 Characteristics of Metal Droplets

In Sect. 6.1.2.4, we discussed the shape and size of molten metal carried into the
upper silicone oil layer by rising bubbles, and the diameters of molten metal droplets
accumulated at the slag metal interface. Evaluation of the birth rate, death rate,
and lifetime of molten metal droplets is essential for practical applications. In this
section, particular attention is paid to the behavior of small molten metal droplets
in the silicone oil layer. The birth and death rates and lifetime of the molten metal
droplets are defined, and empirical equations are introduced for these quantities.
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6.2.1 Experiment

The experimental apparatus and fluids used as models for molten metal and slag are
the same as those described in Sect. 6.2. When the air flow rate is relatively high,
a number of small metal droplets that later accumulated at the slag–metal interface
are generated, as shown schematically in Fig. 6.1. Droplet generation ceases below
a certain critical air flow rate.

Figure 6.21 shows the change in the vertical position of the slag–metal inter-
face with time. Displacement of the interface from its initial position at time t is
represented by
�Hm (cm). This parameter was measured with a video camera.

Fig. 6.21 Change in the thickness of metal layer
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The total volume of accumulated metal droplets, Vd.t/ .cm3/, can be expressed
by [9]:

Vd.t/ D �HmA; (6.25)

where A is the cross-sectional area of the vessel .cm2/. The death rate of the accu-
mulated droplets,RD

0 .cm3=s/, after the stoppage of air injection, i.e., in the absence
of rising bubbles can also be measured by observing a change in �Hm.

6.2.2 Experimental Results

6.2.2.1 Mechanism of Metal Droplet Generation

Figure 6.22 shows that molten metal engulfed in the wake of a bubble is carried
into the upper slag layer as the bubble passes through the slag–metal interface.
Such filament-like melt breaks up, resulting in the generation of many small metal
droplets in the upper slag layer. After a while, most of the metal droplets reach the
horizontal slag–metal interface and then return to the lower metal layer. The metal
droplets accumulated at the horizontal slag–metal interface until steady state is at-
tained [9, 11].

The total volume of accumulated metal droplets at time t in the presence of rising
bubbles can be expressed by [9]

Vd.t/ D RBt �
Z
RD.T /dt; (6.26)

where RB.cm3=s/ and RD.cm3=s/ are the birth rate and death rate of molten metal
droplets, respectively, and RB is assumed to be constant.

Differentiating (6.26) with respect to time t gives the accumulating rate of molten
metal droplets as follows:

dVd.t/=dt D RB � RD.t/: (6.27)

Equation (6.27) states that the accumulating rate of molten metal droplets on the
horizontal molten slag–metal interface is simply the difference between the birth
rate and death rate.

Following Lin and Guthrie [9], the following relationship is further assumed.

RD.t/ D Vd.t/=�: (6.28)

Substituting (6.28) into (6.27) and integrating the resulting equation with time
under the initial condition

Vd.t/ D 0 at t D 0 (6.29)
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Fig. 6.22 Droplet formation caused bubbles through a slag/metal interface

gives:
Vd.t/ D RB�Œ1 � exp.�t=�/�: (6.30)

If we designate the value of Vd.t/ at t D 1 by V1 .cm3/, we have

RB D V1=�: (6.31)

This equation implies that �.s/ is the residence time of molten metal droplets in
the slag layer at steady state. In other words, � is regarded as the mean lifetime of
molten metal droplets.



244 6 Slag–Metal Interaction

Fig. 6.23 Effect of gas flow rate on the volume of droplets entrained within upper phase
.DD 12:25 cm; 	s D 100 cSt/

Figure 6.23 shows the measured Vd.t/ for three different flow rates of 20, 30,
and 60 cm3=s. The origin of time, t D 0, was set at the start of air injection into the
bath. The data for each air flow rate follow (6.30) and subsequently reach a constant
value, V1. That is, the death rate RD.t/ increases with time and is finally balanced
by the birth rate,RB, as indicated by (6.27). The total volume of accumulated molten
metal droplets, V1, at the steady state, and the birth rateRB can be determined from
this figure.

6.2.2.2 Total Volume of Accumulated Molten Metal Droplets
at Steady State, V1

As shown in Fig. 6.24, V1 increases with an increase in air flow rate Qg .cm3=s/.
Also, V1 is an increasing function of the vessel diameter D (cm) and the kine-
matic viscosity of molten slag, 	s, (see Fig. 6.25). The effects of the thickness of
molten metal layer, Hm (cm), and of molten slag layer, Hs (cm), on the total vol-
ume of molten metal droplets, V1, are shown in Figs. 6.26 and 6.27, respectively.
In Fig. 6.26, V1 increases monotonically with the thickness of the molten oil layer.
On the other hand, in Fig. 6.27 V1 becomes independent of Hm when Hm exceeds
a certain critical value. This value was found to be closely related to the boundary
between the momentum-dominant and buoyancy-dominant regions [17].

Dimensional analysis can be performed using Buckingham’s˘ theorem, assum-
ing the following functional relationship:

V1 D f .Qg;D;Hs; �s; ��; �ms; g; �s; �m/; (6.32)
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Fig. 6.24 Effect of vessel diameter on the volume of droplets entrained within upper phase

Fig. 6.25 Effect of upper phase viscosity on the volume of droplets entrained within upper phase
.D D 7:5 cm/

where �s is the density of slag .g=cm3/, ��.D �m � �s/ is the density difference
.g=cm3/; �m is the density of melt .g=cm3/; �ms is the interfacial tension (dyn/cm),
g is the acceleration due to gravity .cm=s2/; �s is the viscosity of slag (g/cms), and
�m is the viscosity of molten metal (g/cms).
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Fig. 6.26 Effect of upper phase thickness on the volume of droplets entrained within upper phase
.D D 12:25 cm; Hm D 12:5 cm/

Fig. 6.27 Effect of lower phase thickness on the volume of droplets entrained within upper phase
.D D 12:25 cm; Hm D 12:5 cm/)

Seven dimensionless parameters could be determined, thus:

˘1 D V1�ms
�:5��1:5g1:5; (6.33)

˘2 D Qg�ms
�1:25��1:25g0:75; (6.34)

˘3 D D�ms
�0:5��0:5g0:5; (6.35)
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Fig. 6.28 Relation between measured and calculated values of V1

˘4 D Hs�ms
�0:75���0:25g0:25; (6.36)

˘5 D �s
�1��; (6.37)

˘6 D �s�ms
�0:75���0:25g0:25 (6.38)

˘7 D �m�ms
�0:75���0:25g0:25: (6.39)

After some rearrangements, the following somewhat complicated empirical rela-
tion results:

V1 D 3:1Qg
1:62D�0:48Hs�ms

�0:785��0:785g�0:025

� �Qg
�0:0165D0:037�ms

0:0021��0:138g0:0061�s
�0:14

�
�s=�m (6.40)

Figure 6.28 shows a comparison between the measured V1, designated by V1;mea,
and calculated values from (6.40), designated by V1;cal. It is evident that the data
can be approximated by (6.40) within a scatter of ˙30%. Such a scatter is quite
acceptable for this type of measurement.

6.2.2.3 Birth Rate of Molten Metal Droplets

Lin and Guthrie [9] proposed the following empirical equation for the birth rate of
molten metal droplets.

RB;LG D 0:19 �m�s�s
�1=3���5=3Qg=dB; (6.41)
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Fig. 6.29 Effect of vessel diameter on the droplet birth rate .	s D 100 cSt/

where dB.cm/ is the mean diameter of bubbles passing through the slag–metal in-
terface. Model experiments were performed using only one vessel with an inner
diameter D D 7:5 cm, and as such, the effect of D is not considered in (6.41). In
what follows, an empirical equation for RB is derived with reference to (6.41) and
on the basis of experimental results for three vessels of different sizes.

Figure 6.29 demonstrates that RB increases monotonically with respect to air
flow rate Qg. In addition, RB is an increasing function of the vessel diameter D.
As D increases, the recirculating flow velocity in the molten metal and slag layers
outside the bubble dispersion region becomes small. Accordingly, the wake of a
bubble becomes more stable with an increase in D and the volume of molten metal
carried into the upper slag layer by the bubble becomes greater. This translates to an
increase in RB with D.

Figure 6.30 shows that the measured values ofRB are not dependent on the kine-
matic viscosity of slag except 	s D 10 cSt .cm2=s/. Specifically, the birth rate is
proportional to D1:25 and independent of the kinematic viscosity of slag, 	s, for
	s > 10 cSt.

Based on these results, (6.41) was modified as follows:

RB D 0:082�m
2=3�s��

�5=3Qg=dB.D=7:5/
1:25: (6.42)

Figure 6.31 compares the measured values of RB, designated by RB;mea, with the
values calculated from (6.42), designated by RB;cal. Equation (6.42) can indeed ap-
proximate the measurement for 	s D 50–350 cSt within a scatter of ˙15%.
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Fig. 6.30 Effect of upper phase viscosity on the droplet birth rate .D D 12:25 cm/

Fig. 6.31 Relation between measured and calculated values of RB

The discrepancy between the measurement and (6.42) for 	s D 10 cSt can
be explained as follows: According to Hetsroni [18], the wake of a bubble be-
comes turbulent when the bubble Reynolds number RB, defined in terms of the
relative velocity between bubbles and molten slag, mean bubble diameter and the
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kinematic viscosity of molten slag, exceeds a critical value of approximately 400.
The Reynolds number, ReB, for a bubble rising in the slag layer of 	s D 10 cSt after
passing through the slag–metal interface, is higher than 400, and hence, the wake
becomes turbulent. Meanwhile, the wake of a bubble in the slag layer of 	s � 50 cSt
remains laminar because ReB is much smaller than 400. Molten metal is more easily
carried into the upper slag layer when the wakes of bubbles are laminar than when
they are turbulent.

6.2.2.4 Lifetime of Molten Metal Droplet, �

Filament-like molten metal carried by bubbles into the upper slag layer breaks up
into small droplets, as already illustrated in Fig. 6.22. The droplets accumulate on
the horizontal slag–metal interface, and some of them subsequently return to the
lower molten metal layer. Such a series of events is repeated at steady state. As
can be inferred from (6.31), � is regarded as the mean lifetime of the molten metal
droplets.

Figure 6.32 compares measured values of � , represented by �mea, and the cal-
culated values based on (6.40) and (6.42), denoted by �cal. The measurement and
calculation are in good agreement within a scatter of ˙15% except for 	s D 10 cSt.
The mean lifetime becomes larger as the kinematic viscosity of slag increases. This
is because the falling velocity of molten metal droplets in the upper slag layer be-
comes low with an increase in 	s.

Fig. 6.32 Relation between measured and calculated values of �
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6.2.2.5 Death Rate of Molten Metal Droplets After Stoppage
of Gas Injection

The behavior of accumulated molten metal droplets after the stoppage of gas injec-
tion has been observed with a high-speed video camera. The generation of molten
metal droplets in the central part of the vessel ceases and accumulated molten metal
droplets return to the lower molten metal layer. With time, the position of the hori-
zontal slag–metal interface elevates gradually and finally reaches its initial position
before gas injection. We designate the difference between the actual position of the
interface at time t 0 measured from the stoppage of gas injection and the initial po-
sition, by �Hm

0. The total volume of molten metal droplets remaining in the upper
slag layer, Vd

0.t 0/, can be described by,

Vd
0.t 0/ D �Hm

0A: (6.43)

Figure 6.33 indicates that Vd
0.t 0/ .cm3/ decreases more rapidly with an increase in

the vessel diameter D. A sudden decrease in �Hm
0 immediately after the stoppage

of gas injection suggests that the molten metal in the elevated region appearing in
the central part of the bath returns rapidly to the lower molten metal layer. After
that, Vd

0.t 0/ decreases linearly with time, t 0, in every case and thus the death rate of
accumulated molten metal droplets in the absence of rising bubbles is regarded as
being constant.

Figure 6.34 shows the variation of measured values of death rate, RD
0 .cm3=s/

with the gas flow rate Qg. The kinematic viscosity of slag, 	s was chosen as a

Fig. 6.33 Effect of vessel diameter on the droplet death rate .	s D 100 cSt/
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Fig. 6.34 Effect of upper phase viscosity on the droplet death rate .D D 7:5 cm/

parameter. It is evident that RD
0 decreases as 	s increases. A dimensionless anal-

ysis was performed to derive an empirical equation for RD
0 by assuming

RD
0 D f .D;��; �ms; �s; g/: (6.44)

A comparison of the results of the analysis and the measured values yields the
following empirical relation:

RD
0 D 2:93 � 10�3D1:5�s

�0:25���0:44�ms
0:69: (6.45)

Figure 6.35 compares the measured values of the death rate after the stoppage of
gas injection, RD

0;mea, and calculated values based on (6.45), RD
0;cal. The mea-

surement is approximated by (6.45) within a scatter of ˙30%. The lack of pro-
portionality between RD

0 and the cross-sectional area of the vessel A.D �D2=4/

can be explained by the fact that the number density of accumulated molten
metal droplets in the upper slag layer decreases with an increase in the vessel
diameterD.

At a glance, it seems curious that the death rate RD
0 is a decreasing function of

the density difference �� and an increasing function of the interfacial tension �ms.
The reason why such a functional relationship holds can be explained as follows:

The mean diameter of molten metal droplets, dm, is expressed by (6.22). This
diameter increases with �ms and decreases with ��. When the kinematic viscosity
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Fig. 6.35 Relation between measured and calculated values of RD
0

of slag is high .	s � 10 cSt/, a Reynolds number defined in terms of dm, the falling
velocity of molten metal droplets, and the kinematic viscosity of slag, 	s, is very
small. Thus, the fluid dynamic drag on each molten metal droplet nearly follows
Stokes’s law. Consequently, the falling velocity of the droplets decreases as the mean
diameter decreases, validating (6.45).

6.3 Summary

6.3.1 Shape and Size of Entrained Metal Layer

� The horizontal distribution of the total molten metal holdup, "0, in the elevated
region can be approximated by a Gaussian distribution.

� The shape of the elevated region is parabolic. The maximum height of the ele-
vated region appearing on the centerline of the bath,�Hcl, is expressed by (6.14).

� The volume of the elevated molten metal in the elevated region is approximated
by (6.20).

� The mean diameter of molten metal droplets, dm, in the slag layer is expressed
by (6.24).
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6.3.2 Characteristics of Metal Droplets

Molten metal in the lower layer is lifted up by bubbles passing through the slag–
metal interface into the upper slag layer and forms elevated, i.e., mountain-like
region in the central part of the vessel. At a certain distance above the elevated
region, filament-like molten metal in the wakes of the bubbles breaks up into small
molten metal droplets. These droplets accumulate on the horizontal slag–metal in-
terface with time, and some of them return to the lower molten metal layer. Such a
series of events was observed with a high-speed video camera. The main findings
can be summarized as follows:

(a) The total volume of accumulated molten metal droplets above the slag–metal
interface in steady state can be approximated by the empirical relation in (6.40)
within a scatter of ˙30%.

(b) The birth rate of accumulated molten metal droplets can be predicted by the
empirical relation in (6.42) within a scatter of ˙15%. After steady state has
been established, the death rate RD.t/ becomes equal to the birth rate RB.

(c) The empirical relation in (6.45) is proposed for the death rate RD
0 of accumu-

lated molten metal droplets after the cessation of gas injection. This relation
predicts RD

0 to within a scatter of ˙30%.
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Chapter 7
Surface Flow Control

7.1 Overview

Recently, optimum control of mixing in current refining processes accompanied by
bottom gas injection has become increasingly important because the metallurgical
reactions in the bath proceed at different rates and in different sites with a lapse of
time. The intensity of mixing is commonly represented by the mixing time Tm [1–8].
Measuring the mixing time in the bath of real metallurgical reactors is difficult.
Therefore, it is usually predicted on the basis of water model experiments using
electric conductivity sensor and dilute aqueous KCl solution as tracer. The mixing
time is known to be influenced by operating variables, such as the bath diameterD,
bath depth HL, the location of bottom nozzle, and gas flow rate Qg [8]. However,
only Qg can be easily controlled during processing. Even the effect of the gas flow
rate Qg on the mixing time is relatively weak.

When swirl motion occurs in a bath contained in a cylindrical vessel, the mix-
ing time is considerably shorter than a situation in the swirl motion that is stopped
by bringing a circular cylinder into contact with the bath surface. This result indi-
cates that the mixing time in the bath can be changed drastically by controlling the
surface flow.

As is widely known, mixing in a bath is governed mainly by large-scale recir-
culation and turbulent motion. The former is characterized by the mean velocity
components in the three directions, while the latter is characterized by the root-
mean-square (rms) values of the three turbulence components and the Reynolds
shear stresses. Desirable mixing condition would be realized when the two kinds of
motions are produced together. Unfortunately, these motions on the mixing time
in a bath subjected to surface flow control are poorly understood. This chapter
discusses these effects with reference to experiments in which three types of bound-
ary conditions are imposed on the surface of a water bath stirred by bottom gas
injection.

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 7,
c� Springer Science+Business Media, LLC 2011
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7.2 Experiment

7.2.1 Experimental Apparatus and Procedure

Figure 7.1 shows a schematic of the experimental apparatus. The transparent cylin-
drical vessel made of acrylic resin had an inner diameter D of 200 � 10�3 m and
a height H of 390 � 10�3 m. The vessel was filled with water to a prescribed
depth HL and air was injected using a compressor through a central single-hole
bottom nozzle of inner diameter dni D 2 � 10�3 m. The gas flow rate Qg was ad-
justed with a mass flow controller, but the experiments were carried out mainly for
Qg D 120� 10�6 m3=s. The cylindrical test vessel was placed inside another trans-
parent vessel of a square cross-section. Water was used to fill the space between the
two vessels in order to reduce parallax effect on the accuracy of LDV measurements.

The test vessel was mounted on a three-dimensional traversing device. The axial,
radial, and tangential coordinates were z, r, and � , respectively. The corresponding
velocity components of water flow in the bath were u, v, and w. The origin of the
coordinate system was placed at the center of the nozzle exit, as shown in Fig. 7.1.
These velocity components were measured by making use of a two-channel laser
Doppler velocimeter [10, 11].

The mixing time was measured by a conventional technique based on the de-
tection of a change in the electric conductivity of water induced by the addition of
dilute aqueous KCl solution. The well-known 95% criterion was used to determine
the mixing time [8, 9].

Fig. 7.1 Experimental
apparatus
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7.2.2 Boundary Conditions on Bath Surface

When the gas flow rate Qg was 120 � 10�6 m3=s and the top of the bath was free,
there arose a swirl motion similar to the rotary sloshing typical of a bath in a cylin-
drical vessel subjected to external, horizontal, or vertical forced oscillation. This
motion was termed the first type of swirl motion [12].

The swirl motion could be stopped in one of the two ways, namely, by bringing
a circular cylinder with an inner diameter of 78 � 10�3 m and an outer diameter of
80 � 10�3 m into contact with the bath surface or by bringing a flat circular disk
with a diameter of 32 � 10�3 m and a thickness of 5 � 10�3 m into contact with
the bath surface. The value of 32 � 10�3 m was the minimum disk diameter with
which the swirl motion could be stopped completely for the experimental conditions
investigated. The first option, using circular cylinder is referred to as the CAS model,
while the second, utilizing the circular disk, is termed the disk model.

7.2.3 Data Processing

The axial, radial, and tangential velocity components, .ui ; vi ; wi /, were decom-
posed into the mean, (u; v;w), and turbulence components, .u0

i ; v0
i ; w0

i /, as follows:

u D
X

ui=Nu; (7.1)

v D
X

vi=Nv; (7.2)

w D
X

wi=Nw; (7.3)

u0
i D ui � u; (7.4)

v0
i D vi � v; (7.5)

w0
i D wi � w; (7.6)

where the subscript i designates the i th digitized datum, the overbar denotes the
ensemble averaged value, and Nu, Nv, and Nw are the numbers of the axial, radial,
and tangential velocity data, respectively. The Nu, Nv, and Nw values were chosen
to be larger than 1 � 104 so that the velocity data could be analyzed with sufficient
accuracy [13].

The rms values of the three turbulence components were calculated from

u0
rms D

hX
u02

i =Nu
i
; (7.7)

v0
rms D

hX
v02

i =Nv
i
; (7.8)

w0
rms D

hX
u02

i =Nu
i1=2

; (7.9)
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The Reynolds shear stress u0v0 was calculated from

u0v0 D
X

u0
i v

0
i=Nuv; (7.10)

where Nuv is the number of a set of the axial and radial velocity data obtained
simultaneously. It should be noted that the Reynolds shear stress, i.e., apparent shear
stress due to turbulent motions is a useful measure of the intensity of local turbulent
mixing in the bath.

7.3 Experimental Results

7.3.1 Mixing Time

The results of the mixing time Tm are presented against the radial sensor position
Rs in Fig. 7.2. The bath depth HL is 100 � 10�3 m, and the gas flow rate Qg is
120 � 10�6 m3=s. The electric conductivity sensor is placed at z D 50 � 10�3 m.
This sensor position is designated by Hs in Fig. 7.2.

In the presence of the swirl motion, the mixing time Tm is approximately 15 s,
while it is approximately 100 s when the swirl motion is stopped by making use of

Fig. 7.2 Mixing time values under three boundary conditions imposed on the bath surface
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the CAS model. In effect, the CAS model prolongs the mixing time by about one
order of magnitude over the value in the presence of swirl motion. On the other
hand, the mixing time for the disk model is about 20 s, which is slightly longer than
that in the presence of the swirl motion.

The first type of swirl motion always appears for Qg D 120 � 10�6 m3=s in the
bath of DD 200 � 10�3 m and HL D 100 � 10�3 m whenever the free surface is
present. However, we can imagine a situation in which the swirl motion is absent
even in the presence of free surface. In this imaginary case, Tm can be calculated
from the following empirical relation [13]:

Tm D 1; 200Q�0:47
g D1:97H�1

L 	0:47
L : (7.11)

Equation (7.11) yields Tm D 53:1 s under the experimental condition considered.
This value is much longer than those obtained in the presence of swirl motion and
in the disk model but much shorter than that in the CAS model. Thus, when the
swirl motion is absent in a real bath under certain blowing conditions, the mixing
time in the bath may be significantly shortened by using the disk model.

7.3.2 Fluid Flow Phenomena

7.3.2.1 Mean Velocity Components

CAS Model

All velocity measurements were carried out for a bath depth of HL D 80 � 10�3 m
although the mixing time measurements were done for HL D 100 � 10�3 m. This
difference did not cause any problem because the flow patterns forHL D 80�10�3 m
and 100 � 10�3 m were nearly the same.

The radial distributions of the axial and radial mean velocity components, u
and v, are shown in Figs. 7.3 and 7.4, respectively. The u distribution indicates that
water moves upward for r < 20 � 10�3 m and downward for 20 � 10�3 m < r <

40�10�3 m. The broken line in each figure denotes the location of the outer edge of
the circular cylinder. Outside this region .r > 40� 10�3 m/; u and v nearly vanish.
In other words, a dead water region develops for r > 40 � 10�3 m.

For the purpose of a better understanding of the flow field in the bath with the
CAS model, the resultant velocity vectors for u and v are presented in Fig. 7.5. Only
in the inner region of r <40�10�3 m, is violent vertical water motion evident. Thus,
the CAS model almost completely suppresses the recirculation motion in the radial
region outside the outer edge of the circular cylinder. This is mainly responsible for
the long mixing time obtained with the CAS model.
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Fig. 7.3 Axial mean velocity
u in the bath in CAS model

Fig. 7.4 Radial mean
velocity v in the bath in CAS
model

Disk Model

The radial distributions of the axial and radial mean velocity components, u and v,
are shown in Figs. 7.6 and 7.7, respectively. Unlike the results in the CAS model, the
measured u and v values never diminish in the radial region outside the outer edge
of the disk. The magnitudes of u and v are approximately the same in this region.
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Fig. 7.5 Resultant velocity
vectors of u and v in CAS
model

Fig. 7.6 Axial mean velocity
u in the bath in disk model

The radial mean velocity v exhibits a relatively high positive value beneath the bath
surface .z D 70 � 10�3 m/, indicating the existence of a strong outward-moving
surface flow. Near the bottom of the bath .z D 30 � 10�3 m/; v becomes negative.
This result implies the existence of a strong inward-moving bottom flow.
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Fig. 7.7 Radial mean
velocity v in the bath in disk
model

Fig. 7.8 Resultant velocity
vectors of u and v in disk
model

The resultant velocity vectors of u and v are plotted in Fig. 7.8. Due to the out-
ward moving surface flow induced by the disk, a strong recirculation flow develops
outside the bubbling jet region. Hence, mixing in the bath is much stronger than the
CAS model.

Free Surface

The velocity vectors in the three directions are reproduced from Iguchi et al. [9] and
replotted in Fig. 7.9. In the CAS and disk models, the tangential mean velocity com-
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Fig. 7.9 Axial, radial, and tangential velocity values in the presence of swirl motion

ponent w is negligible, whereas in the presence of the swirl motion it is comparable
to the axial and radial mean velocity components, u and v.

The resultant vectors of u and v are shown in Fig. 7.10. The recirculation flow is
clearly evident outside the bubbling jet region. Such an intense swirl motion strongly
enhances the mixing, and consequently shortens the mixing time.

7.3.2.2 Root-Mean-Square Turbulence Components
and Reynolds Shear Stress

Mixing in the bath is closely associated with the turbulence characteristics in addi-
tion to the mean velocity components presented above. For further understanding of
the mixing condition, information is given below on the rms values of the axial and
radial turbulence components, u0

rms and v0
rms, and the Reynolds shear stress u0v0 at

three representative axial positions, z D 30, 50, and 70� 10�3 m. In the presence of
swirl motion, however, velocity measurements were impossible at z D 70� 10�3 m
due to the wave motion of the bath surface.

(a) z D 30 � 10�3 m (near the bottom wall)

Figures 7.11 and 7.12 show the rms values of the axial and radial turbulence
components, u0

rms and v0
rms, and the Reynolds shear stress u0v0 at z D 30 � 10�3 m.

This axial position is located near the bottom wall. The measured u0
rms; v0

rms, and
u0v0 values in the CAS model are approximately equal to the values in the disk
model. These characteristics become very small outside the bubbling jet region,
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Fig. 7.10 Resultant velocity
vectors of u and v
in the presence of swirl
motion

Fig. 7.11 The rms values
of axial and radial turbulence
components at
z D 30� 10�3 m under three
boundary conditions
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Fig. 7.12 Reynolds shear
stress values at
z D 30� 10�3 m under three
boundary conditions

which is in the region where the axial mean velocity u is negative. On the other
hand, in the presence of swirl motion, the rms values of the two turbulence com-
ponents and the Reynolds shear stress become slightly smaller in the bubbling jet
region than those in the CAS and disk models but much larger outside the bubbling
jet region. A peak appears in the Reynolds shear stress distribution. This peak is
closely associated with the swirl motion of the bubbling jet [9].

(b) z D 50 � 10�3 m (central part of the bath)

Figure 7.13 shows the rms values of the axial and radial turbulence components,
u0

rms; v0
rms, at z D 50 � 10�3 m. The results follow a similar trend to that observed

at z D 30 � 10�3 m.
Near the centerline of the bath in Fig. 7.14, the Reynolds shear stress in the disk

model is smaller than that in the CAS model. This is because the rising motion of
bubbles is suppressed at this axial position by the circular disk. In the presence of
the swirl motion, the Reynolds shear stress is much larger than those obtained both
in the CAS and disk models. The radial position at which the Reynolds shear stress
exhibits a peak shifts from r D 20�10�3 m at z D 30�10�3 m to r D 30�10�3 m
at z D 50 � 10�3 m.

Such high rms and Reynolds shear stress values in the presence of swirl motion
also contribute strongly to the shortening of the mixing time.

(c) z D 70 � 10�3 m (beneath the bath surface)

Figures 7.15 and 7.16 show the rms values of the axial and radial turbulence compo-
nents and the Reynolds shear stress at z D 70�10�3 m in the CAS and disk models.
The measured u0

rms; v0
rms, and u0v0 in the two models are approximately the same.

Recalling that the mixing time in the disk model is much shorter than that in the
CAS model, it can be concluded that the difference between the mixing times in the
disk and CAS models is mainly due to the existence of a large-scale recirculation
motion in the bath.
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Fig. 7.13 The rms values
of axial and radial turbulence
components at
z D 50� 10�3 m under three
boundary conditions

Fig. 7.14 Reynolds shear
stress values at
z D 50� 10�3 m under three
boundary conditions

7.4 Conclusions

(a) When swirl motion is stopped by bringing a circular cylinder into contact with
the bath surface, an intense fluid flow region is localized in the radial region
inside the outer edge of the circular cylinder .r < 40 � 10�3 m/, whereas a
dead water region develops outside the outer edge .r > 40 � 10�3 m/. This is
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Fig. 7.15 The rms values
of axial and radial turbulence
components at
z D 70� 10�3 m under two
boundary conditions

Fig. 7.16 Reynolds shear
stress values at
z D 70� 10�3 m under two
boundary conditions

due to the fact that the surface flow moving outward is drastically suppressed by
the circular cylinder and accordingly, the recirculation flow is nearly suppressed
completely. Due to the existence of this dead water region, the mixing time
becomes very long in the CAS model.

(b) When swirl motion is stopped by using a circular disk, the surface flow moving
outward becomes much stronger than that in the CAS model, and hence, the
recirculation flow also becomes more intense. As a result, the mixing time in
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the disk model is much shorter than the CAS model, but slightly longer than the
value obtained in the presence of swirl motion. The latter result can be explained
by the fact that the tangential water flow associated with the swirl motion of the
bubbling jet also contributes to the mixing in the bath.

(c) These results collectively indicate that mixing in the bottom blown bath can be
significantly influenced by controlling the surface flow.
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Chapter 8
Two-Phase Flow in Continuous Casting

8.1 Flow Characteristics

8.1.1 Overview

In the current continuous casting processes, Ar gas is injected into a submerged
entrance nozzle (SEN) to prevent clogging of Al2O3 to the inner surface of the
SEN [1–6]. The gas disintegrates into small bubbles of varying diameters as it is-
sues out of the SEN. This occurs as a result of the intense shear forces exerted
by steel on the gas. Large bubbles rise toward the meniscus due to buoyancy and
are subsequently removed from the mold, while smaller bubbles are carried deep
into the mold. The small bubbles are trapped in the steel, causing pinhole defects
[4, 7, 8]. Considerable effort has been devoted to removing these small bubbles in
addition to suppressing the entrainment of mold powder into the steel [9–12]. These
efforts have resulted in improvements in the shape and size of the nozzle [13, 14]
and the application of electromagnetic braking [2, 4, 15, 16]. These notwithstand-
ing, pinhole defects have not been successfully and completely eliminated from
castings.

Understanding the behavior of steel–Ar two-phase jet and steel flow around
the jet is essential for the design of effective methods of removing small bub-
bles. Numerical techniques have been developed to predict such a flow field
[1, 2, 11, 12]. Although the accuracy of numerical prediction is improving, the
underlying physics is not fully developed and the techniques are still relatively
complicated to use in a routine manner. A simplified method is therefore highly
desirable.

In this section, a description is provided of the use of water–air two-phase jet
to model steel–Ar two-phase system. The horizontal and vertical velocity compo-
nents are measured with a two-channel laser Doppler velocimeter [17]. Empirical
relations are given for the mean values and the root-mean-square values of the
turbulence components. Predictions of the trajectory of the two-phase jet are also
discussed.

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 8,
c� Springer Science+Business Media, LLC 2011

271



272 8 Two-Phase Flow in Continuous Casting

8.1.2 Experiment

8.1.2.1 Experimental Apparatus

Figure 8.1 shows a schematic of the experimental apparatus. Water and air were
supplied with a pump and a compressor, respectively. The test section had a length
of 30.0 cm, a width of 15.0 cm, and a depth of 50.0 cm. The origin of the Cartesian
coordinate system (x, y, z) was placed at the center of the outlet of a pipe having an
inner diameter dni of 0.9 cm. The pipe outlet was arranged to flush with the narrow
face. The water and air were mixed in the pipe at a position of 10.0 cm upstream of
the outlet. The water flow rate was varied from 2.5 to 7.5 l/min .41:7–125 cm3=s/
while the air flow rate Qg was increased from 4 to 24 cm3=s. The ratio of the flow
rate of air to water was determined with reference to the actual operating conditions
as is presented later. There was no attachment of water–air two-phase jet to one
of the wide faces due to the Coanda effect [18] for the experimental conditions
investigated.

8.1.2.2 Dimensional Analysis

Details of the actual continuous casting processes and model experiments are given
in Table 8.1. Also, included are the following three dimensionless parameters for
single-phase liquid flow (Re, Fr, We) and one dimensionless parameter for liquid–gas
two-phase flow .rv/:

Fig. 8.1 Experimental apparatus
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Table 8.1 Comparison of process parameters between model and actual continuous casting mold

Actual Model

Liquid Molten steel Water
Liquid temperature 1,833–1,853 (K) 293 (K)
Liquid density 7,000–7,200 .kg=m3/ 1,000 .kg=m3/

Gas Argon Air
Gas temperaturea 293 (injection point)–1,853

(nozzle exit) (K)
293 (K)

Gas density 1.6–0.25 .kg=m3/ 1.2 .kg=m3/

Mold size
Narrow face 0.23–0.27 (m) 0.125 (m)
Wide face 0.85–2.3 (m) 0.300 (m)

Nozzle shape Square (two ports) Round
Nozzle size .0:07 � 0:07/–.0:09 � 0:09/ (m) � 0:009 (m)
Liquid flow rate 3.0–5.0 (ton/min) 2.5–7.5 (kg/min)
Liquid velocity at nozzle outlet 0.4–1.5 (m/s) 0.65–1.96 (m/s)
Gas flow rate 10–70 (L/min) 4–24 .cm3=s/
Gas velocity at nozzle outlet 0.020–0.24 (m/s) 0.062–0.38 (m/s)
Bubble diameter of argon trapped

in steel product
30–300 .
m/ –

Reynolds number Re for
single-phase flowb

30,000–200,000 5,000–16,000

Froude number Fr for
single-phase flow

0.4–2 2–7

Weber number We for
single-phase flow

55–1,000 50–500

Velocity ratio rv for two-phase flow 0.6–15 3.0–40

aArgon gas is injected into the submerged entrance nozzle at a room temperature. It expands de-
scending in the nozzle due to heat transfer. Estimation of the temperature of the argon gas at the
nozzle outlet is very difficult
bSteel jet and water jet are turbulent. When a jet is turbulent, its behavior is known to be hardly
dependent on the Reynolds number

Re D u0dni=	L (8.1)

Fr D u0=.gdni/
1=2 (8.2)

We D �Ldniu0
2=� (8.3)

rv D u0=Œ.gQg=.dniu0//
1=2 (8.4)

In the above relations, Re is the Reynolds number, u0 is the liquid flow velocity at the
nozzle outlet, dni is the inner diameter of the nozzle, 	L is the kinematic viscosity
of liquid, Fr is the Froude number, g is the acceleration due to gravity, �L is the
density of liquid, We is the Weber number, � is the surface tension of liquid, rv is
the velocity ratio defined subsequently, and Qg is the gas flow rate.

The argon gas flow rate is much smaller than the molten steel flow rate.
Accordingly, as a first step, experimental conditions in the water model exper-
iment were determined by referring to the aforementioned three dimensionless
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parameters describing the liquid flow in the actual mold. Selected values of the four
dimensionless parameters in the water model study were nearly the same as in the
actual processes, as shown in Table 8.1. Consequently, the results of this study are
considered to be useful for actual continuous casting mold redesign and process
modification.

Although only isothermal systems are considered in this section, the hydrody-
namics in a real system may be influenced by thermal gradients in the mold. The
temperature difference between the molten steel in the mold and the issuing steel
jet is at most 20 K, and the bulk modulus of steel is quite small. Therefore, natural
convection force due to temperature stratification is small compared to the inertia
force of the steel jet and the buoyancy force acting on argon bubbles in the jet.

8.1.2.3 Experimental Procedure

Photographs of the water–air two-phase jets thus generated were taken with a still
camera, from which the diameter of bubbles was determined. The velocity compo-
nents of water flow in the x, y, and z directions are u, v, and w, respectively. For
convenience, the x and y directions are referred to as the axial and vertical direc-
tions, respectively. Measurements of the u and v components were made at the z D 0

plane with a two-channel laser Doppler velocimeter, as shown in Fig. 8.2. The un-
certainty in these measurements was less than 3%. The farthest axial position from
the origin, x D 21:0 cm, was chosen because the flow field upstream of this position
was hardly affected by the flow issuing out of a pipe placed at the opposite narrow
face. The water–air two-phase jet was bent upward due to the buoyancy force act-
ing on air bubbles. The centerline of the jet is represented with a thick solid line in
Fig. 8.2, and the deflection from the x axis is represented by yc.

Fig. 8.2 Measurement positions in the mold
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Fig. 8.3 Photograph of a water–air two-phase jet

8.1.3 Experimental Results

8.1.3.1 Dispersion of Bubbles and Mean Bubble Diameter

A photograph of the water–air two-phase jet is shown in Fig. 8.3. The white patches
in the figure represent bubbles. The upward bending of the jet is quite evident. The
maximum bubble diameter is about 0.5 cm, which is approximately within the range
of Ar bubble in real continuous casting molds.

8.1.3.2 Mean Velocities and Root-Mean-Square Turbulence Components

Figure 8.4 shows the axial and vertical mean velocity components of water, u and v,
measured along the x axis. The value of u decreases monotonically in the x direction
for every gas flow rate. In particular, in the absence of gas flow, u is inversely pro-
portional to x, as widely known for single-phase jets. This result is discussed in a
subsequent section. Meanwhile, v for the two-phase jets becomes positive on the x
axis, implying that upward water flow is induced by the bubbles.

The root-mean-square axial turbulence component, u0
rms, is normalized by the

axial mean velocity of single-phase water jet on the x axis, um;sw, in Fig. 8.5. The
subscripts m and sw denote maximum value and a single-phase water jet, respec-
tively. In the horizontal region x < 10 cm; u0

rms=um;sw is strongly influenced by the
existence of bubbles, and the maximum value is approximately equal to the bubbling
jet value of 0.5 [17]. In the region x > 10 cm; u0

rms=um;sw for the two-phase jet is
slightly larger than that of the single-phase jet and remains approximately constant
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Fig. 8.4 The axial and vertical mean velocities on the x axis

Fig. 8.5 The root-mean-square value of axial turbulence component on the x axis

in the axial direction. The measured turbulence intensity in the single-phase water
jet is approximately 0.3. The dependence of u0

rms=um;sw on the air flow rate Qg is
quite weak.
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8.1.3.3 Vertical Distribution of Axial Mean Velocity

Figure 8.6 shows the vertical distribution of the axial mean velocity u normalized by
the centerline value for the single-phase water jet .Qg D 0 cm3=s/; um;sw. The ver-
tical distance y is nondimensionalized by the half-value radius for the single-phase
jet, bu;sw. The measured velocity u for the single-phase jet can be approximated by
a normal distribution, represented by a solid line in the figure. The vertical position
at which a peak occurs in the u distribution for the two-phase jets shifts upward as
the gas flow rate increases, whereas the magnitude of the peak slightly decreases as
Qg increases. Such an upward shift in the peak position is due to the buoyancy force
acting on bubbles in the water–air two-phase jets.

8.1.3.4 Vertical Distribution of Root-Mean-Square Turbulence Components

The root-mean-square values of the axial and radial turbulence components, u0
rms

and v0
rms, are normalized by the axial mean velocity on the centerline of the single-

phase water jet, um;sw, and plotted in Figs. 8.7 and 8.8, respectively. The vertical
distance y is nondimensionalized in the same manner as in Fig. 8.6. The measured
values of u0

rms=um;sw and v0
rms=um;sw for the single-phase water jet are close to the

data of Wygnanski and Fiedler [19]. Below the x axis .y < 0/ both u0
rms=um;sw

and v0
rms=um;sw are nearly independent of the gas flow rate while above the x axis

.y � 0/ they increase slightly with an increase in Qg. This is because turbulence is
generated in the wake of the bubbles [20], and the number of bubbles increases as
Qg increases.

Fig. 8.6 Vertical distributions of axial mean velocity
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Fig. 8.7 Vertical distributions of the root-mean-square value of axial turbulence component

Fig. 8.8 Vertical distributions of the root-mean-square value of vertical turbulence component

Figure 8.9 shows the vertical distribution of nondimensionalized Reynolds
shear stress against y=bu;sw. Similar to u0

rms=um;sw and v0
rms=um;sw, the distribution

of Reynolds shear stress is hardly influenced by the air flow rate for y < 0.
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Fig. 8.9 Vertical distributions of Reynolds shear stress

Above the x axis .y � 0/ the position at which u0v0=um;sw
2 exhibits a peak shifts

slightly upward as Qg increases, but the distribution of u0v0=um;sw
2 is not sensitive

to Qg.

8.1.3.5 Empirical Relations for Mean Velocity Components

(a) Mechanism of upward deflection of water–air two-phase jet from the x axis

The behavior of the water–air two-phase jets described in this section appears to be
quite similar to a single-phase jet subjected to cross-flow, as briefly explained below.
Consider a single-phase water jet issuing out of a pipe placed horizontally. If there
exists a uniform cross-flow of water directed upward around the jet, the jet is bent in
the cross-flow direction, i.e., in the vertical direction due to the drag force acting on
the jet, as illustrated in Fig. 8.10a. The deflection of the jet in the vertical direction
can be described by introducing a velocity ratio defined u0=Ucrs [21, 22] where u0

is the velocity of water jet at the pipe outlet and Ucrs is the cross-flow velocity of
water flow.

Concerning the horizontal water–air two-phase jets, upward moving water flow is
also induced by the buoyancy force acting on the bubbles (see Fig. 8.10b). In a sim-
ilar manner to the single-phase water jet deflected by a cross-flow, a velocity ratio
is introduced characterizing the upward moving water flow in the two-phase jet.
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Fig. 8.10 Schematic
illustration of (a) water jet
and (b) water–air two-phase
jet subjected to cross-flow

(b) Velocity scale for cross-flow induced by buoyancy force on bubbles

Using the analysis of Themelis et al. [23] for horizontal bubbling jets as a base,
consider a control volume shown in Fig. 8.11b having diameterD and length L. The
following four assumptions are introduced.

1. Gas holdup ’ in the control volume is very low.
2. The deflection of water–air two-phase jet is very small; yc=x � 1.
3. Accordingly, the vertical mean velocity component of water flow, v, is much

smaller than the axial mean velocity component u.
4. The mean bubble velocity uB is equal to the axial mean velocity of water u in the

control volume.
5. The buoyancy force acting on bubbles in the control volume is balanced by the

drag force acting on the control volume.

Based on assumptions (2) and (4), the relationship between the buoyancy force
and the drag force is expressed by [24]

.�w � �g/LgQg=uB D CDDL�mUcrs
2=2 (8.5)

�m D .1 � ˛/�w C ˛�g (8.6)
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Fig. 8.11 Correlation of the vertical deflection of water–air two-phase jet

where �w is the density of water, �g is the density of air .�g � �w/; g is the acceler-
ation due to gravity, CD is the drag coefficient, �m is the mean density of water and
air mixtures, and Ucrs is the cross-flow velocity.

Assumption (1) states that �m is nearly equal to �w, hence, Ucrs reduces to

Ucrs D Œ2gQg=.DuB/�
1=2 (8.7)

In order to evaluate uB, we further assume that the momentum of fluid in the axial
direction is preserved, as proposed by Crowe and Riesebieter [22,24]. The momen-
tum of gas is negligibly small compared to that of water, and hence, the following
equation can be derived.

�wu0
2. dni

2=4/ D �wu2. D2=4/ (8.8)

where u0 is the velocity of water flow at the outlet of the pipe. Accordingly, u is
given by

u D .dni=D/u0 (8.9)

From assumption (3) uB is expressed by

uB D .dni=D/u0 (8.10)
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Combination of (8.8) with (8.10) gives

Ucrs D Œ2gQg=.CDdniu0/�
1=2 (8.11)

The drag coefficient CD is further assumed to be constant, and the cross-flow
velocity Ucrs is rewritten thus:

Ucrs D kŒgQg=.CDdniu0/�
1=2 (8.12)

where k is a constant. The following velocity ratio rv, therefore, is introduced by
putting k D 1:

rv D u0=Ucrs D u0=ŒgQg=.dniu0/�
1=2 (8.13)

In a similar manner to Pratte and Baines [21, 22], this velocity ratio is used to
correlate the upward deflection of water–air two-phase jets as well as the vertical
distributions of the axial and vertical mean velocity components, u and v.

(c) Empirical relation for upward deflection of water–air two-phase jets

Figure 8.11 illustrates the deflection of the centerline of water–air two-phase
jets from the x axis. All the measured values of yc are satisfactorily correlated and
approximated by the solid line, expressed by:

yc=.rvdni/ D 0:020fx=.rvdni/g1:8 (8.14)

This empirical relation is valid for

4 < rv < 24 (8.15)

0:7 < x=.rvdni/ < 5 (8.16)

It should be noted that the upward deflection yc is zero in a single-phase water jet.
Accordingly, a value of zero should be substituted for rv > 24.

(d) Empirical relations for vertical distributions of u and v

The vertical distribution of u can be described if the maximum value um and the
half-value radius bu are known. This section focuses on u and only the maximum
value of v is discussed.

Maximum Values of Velocity Components

� Single-phase water jet .Qg D 0 cm3=s/

The maximum value of the axial mean velocity component, um;sw, for the single-
phase water jet, which occurs at the axis of the jet, is nondimensionalized by the
water velocity at the pipe outlet, u0. The results are plotted against x=dni in Fig. 8.12.
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Fig. 8.12 Correlation of the
maximum value of axial
mean velocity in single-phase
water jet

The distribution of Num;sw follows the widely known inverse proportionality to the
axial distance x [22, 25] and can be expressed as:

u0=um;sw D 0:20x=dni (8.17)

5 < x=dni < 30 (8.18)

On the other hand, the maximum value of the vertical mean velocity component,
vm;sw does not appear on the axis of the jet but at a certain distance from the x axis.
The relationship between vm;sw and um;sw can be approximated by [22]:

vm;sw=um;sw D 0:019 (8.19)

� Water–air two-phase jet

The measured values of um are nondimensionalized by u0 and rv, and plotted against
x=.rvdni/ in Fig. 8.13. The solid line, drawn through the mean of the measured
values, is expressed by:

u0=.umrv/ D 0:22fx=.rvdni/g1:25 (8.20)

The applicable range of (8.20) is given by (8.15) and (8.16). Equation (8.17) should
be used for a velocity ratio rv over 24.

Figure 8.14 illustrates the maximum value of the vertical velocity component for
water–air two-phase jets. The measured values can be correlated in the same manner
as that for um. The solid line indicates the following empirical relation:

u0=.vmrv/ D 2:5fx=.rvdin/g0:80 (8.21)

4 < rv < 24 (8.15)

0:15 < x=.rvdni/ < 5 (8.22)

Equation (8.19) should be used for rv > 24.
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Fig. 8.13 Correlation of the
maximum value of axial
mean velocity in water–air
two-phase jet

Fig. 8.14 Correlation of the
maximum value of vertical
mean velocity in water–air
two-phase jet

Half-Value Radius

The half-value radius of the vertical distribution of the axial mean velocity
component is denoted by bu. The measured values shown in Fig. 8.15 can all
be approximated by the solid line of the form:

bu=.rvdni/ D 0:12fx=.rvdni/g0:92 (8.23)

The applicable range of (8.23) is given by (8.15) and (8.22). When rv is greater than
24, the following empirical relation, which was originally derived for single-phase
jets [22], should be used:

bu D 0:10x (8.24)
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Fig. 8.15 Correlation of the half-value radius of the vertical distribution of axial mean velocity in
water–air two-phase jet

8.1.4 Summary

The velocity measurements for horizontal water–air two-phase jets have been de-
scribed. These results are used to understand the behavior of molten steel jet issuing
out of the SEN subjected to Ar gas injection in a continuous casting mold. The main
findings can be summarized as follows.

� Deflection of water–air two-phase jet

A water–air two-phase jet generated with a horizontally placed pipe was deflected
upward due to the buoyancy force acting on bubbles in the jet. A velocity ratio, rv,
is introduced to correlate the behavior of the two-phase jet by referring to single-
phase jets subjected to cross-flow. An empirical equation, (8.14), is proposed for the
deflection of the centerline of the jet from the horizontal plane.

� Axial and vertical mean velocity components

Empirical relations are derived for the maximum values of the axial and verti-
cal velocity components, um and vm, as well as the half-value radius of the axial
velocity component, bu. The distributions of um; vm, and bu could be predicted by
the empirical relations in (8.20), (8.21), and (8.23) when the velocity ratio rv falls
between 4 and 24. When rv is greater than 24, empirical relations originally derived
for single-phase jets should be used to predict the three quantities in the water–air
two-phase jets.
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� Axial and vertical turbulence components

The effects of the gas flow rate Qg on the axial and vertical turbulence
components are relatively small under the experimental conditions described. The
root-mean-square values of these turbulence components agree approximately with
those for single-phase water jets.

As a first step toward understanding horizontal water–air two-phase jets, only
the water flow characteristics in the jet are considered here. The behavior of small
bubbles, which is responsible for pinhole defects, has not been discussed.

The velocity ratio rv is not a function of the physical properties of liquid and gas,
as can be seen from (8.13). Accordingly, the aforementioned empirical relations de-
scribing the behavior of horizontal water–air two-phase jets appear to be applicable
to molten steel–Ar two-phase jets as long as the argon gas flow rate is much smaller
than the molten steel flow rate.

8.2 Mold Powder Entrapment

8.2.1 Overview

Figure 8.16 shows a schematic of the current continuous casting mold practice. The
entrapment of mold powder into molten steel strongly influences the quality of the
steel product. The mechanism of entrapment has therefore been extensively inves-
tigated [26–33]. Considerable effort has also been devoted to preventing it [34–36].
The following three types of entrapment phenomena have been suggested [28]:

(a) Karman’s vortex streets formed behind the immersion nozzle entrap the mold
powder placed on the meniscus of the mold [27–29, 31, 33].

(b) High shear stress between the reversing molten steel flow reflected from the nar-
row face and mold powder, induces shear flow instability to cause entrapment
of the mold powder [27, 30, 32, 33].

(c) Argon gas injected into the immersion nozzle to prevent clogging of alumina on
to the inner wall of the nozzle disturbs the molten steel/mold powder interface
and causes the mold powder entrapment.

Unfortunately, there is yet no clear explanation of the critical condition for each of
the above entrapment phenomena to occur in real processes. Among these phenom-
ena, the second has been most actively investigated, probably because of the ease of
carrying out model experiments [27,30,32] The description in this section similarly
focuses on this mode of powder entrapment.

A number of researchers have considered steady flow in the mold and conducted
model experiments using water and silicone oil. The flow field in the mold can be
illustrated schematically as in Fig. 8.17a. The silicone oil is pushed away from the
narrow face of the mold by the reversing flow reflected from the face [27]. Silicone
oil droplets are pulled from the silicone oil layer into the water layer in the pres-
ence of high shear stress. Such a situation may not be realistic in the real processes
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Fig. 8.16 Schematic of mold
powder entrapment

Fig. 8.17 Entrapment of
mold powder due to reversing
flow. (a) Steady entrapment,
(b) Unsteady entrapment

because when the mold powder is pushed away from the narrow face, it cannot be
supplied between the solidifying steel and the oscillating mold. Mold powder is
known to be supplied continuously even when mold powder entrapment occurs.

It is therefore more plausible to assume that the mold powder entrapment oc-
curs under unsteady conditions, as shown in Fig. 8.17b. Existing studies on the slab
casting mold have shown that the steel flow in the mold is essentially unsteady
due to uneven flows discharging out of the ports of the immersion nozzle [37–39].
Mold powder entrapment under unsteady flow conditions seems to be closely associ-
ated with the Kelvin–Helmholtz instability, hereinafter abbreviated as KHI [40,41].
Some researchers have suggested that KHI is one of the causes of the onset of mold
powder entrapment and that a critical velocity difference can be predicted by the
original KHI theory or an infinitely extending interface [33, 42]. However, it is not
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clear whether the original KHI theory is applicable to a finite interface between
mold powder and molten steel.

The original KHI theory [40, 41] implies that the critical velocity difference
responsible for the onset of mold powder entrapment is influenced by the interfacial
tension and the densities of molten steel and mold powder. In addition to these pa-
rameters, the kinematic viscosity of mold powder must be taken into consideration.
As a first step, particular attention is paid, in the description here, to the effect of the
kinematic viscosity of the mold powder on the entrapment, and model experiments
carried out using salt water and silicone oils.

In order to determine the critical velocity difference for the initiation of KHI, it
is necessary to measure the velocities of salt water flow and silicone oil flow near
the silicone oil/salt water interface. A particle imaging velocimetry (PIV) technique
is described as it is considered the most adequate for this purpose.

8.2.2 Experimental Apparatus and Procedure

The experimental apparatus is schematically shown in Fig. 8.18. The vessel made of
transparent acrylic resin had an inner length of 1,000 mm, an inner width of 100 mm,
and an inner height of 70 mm. These dimensions were decided with reference to the
current continuous slab casting molds of steel in practice. Specifically, the model
was approximately half the size of real slab casting molds. Only the geometrical
similitude for the inner length and the inner width were taken into consideration in
the model because the effects of the physical properties of upper and lower liquids
and the depths of the two layers on the onset of the KHI could be evaluated from
existing correlations. Salt water and silicone oils with different physical properties

Fig. 8.18 Schematic of apparatus for mold powder entrapment
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Table 8.2 Physical properties of salt water and silicone oil at 298 K

Kinematic viscosity
	1; 	2 .mm2=s; cSt/

Density
�1; �2 .kg=m3/

Interfacial tension
Liquid on �12 .mN=m/

Salt water 1:0 1;013

Silicone oil 2 2:0 873 52:7

Silicone oil 10 10 935 52:7

Silicone oil 50 50 960 52:7

Silicone oil 100 100 965 53:0

Silicone oil 350 350 970 53:0

were used. The temperatures of the two liquids in the vessel were 298 K. The phys-
ical properties of the model liquids at this temperature are listed in Table 8.2. The
actual mold powder layer did not melt completely, and only the lower part was in
the liquid phase. Hence, the upper part was assumed to behave like a solid wall. The
upper end of the silicone oil layer therefore was covered with a flat solid wall in
order to model the nonmelted mold powder. The depth ratio of the salt water layer
to the silicone oil layer was varied from 1:1 to 5:1.

Solid particles having diameters ranging from 75 to 150
m were dispersed in
the salt water layer as tracers for PIV measurements. The density of the parti-
cles was 1;013 kg=m3, and accordingly, the density of the salt water was adjusted
to the same value. Also, particles having the same density as silicone oil 10
were used as tracers for the measurement of flow velocity in the oil. Each sil-
icone oil type was tagged with a number. For example, silicone oil 10 implies
that the kinematic viscosity of the oil is 10mm2=s. Adequate tracer particles are
available for silicone oil 10 and 100, but nothing exists at present for the other
types.

A laser sheet having a width of 10 mm was used for the illumination of the
flow field to make the movements of tracer particles visible. After confirming
the particles dispersed in the still salt water layer and silicone oil layer did not
move, the vessel was declined 10 or 20ı to the horizontal at a rotation veloc-
ity of 0.070 or 0.327 rad/s, using an air cylinder. A CCD camera mounted on
the frame of the vessel was used for recording the movements of the particles
at 30 frames/s. A velocity difference for the onset of shear flow instability was
measured with PIV. The cross-correlation method was used to process the video
images.

The velocity of silicone oil flow near the interface, V1, is not usually measured
as described above, and accordingly, it was calculated from the following equation
of continuity:

V1 D � .H2=H1/ V2 (8.25)

where H1 is the depth of the silicone oil layer, H2 is the depth of the salt water
layer, and V2 is the velocity of salt water flow near the interface, as can be seen in
Fig. 8.19.
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Fig. 8.19 Symbols used in this study

8.2.3 Some Aspects of Kelvin–Helmholtz Instability

8.2.3.1 Critical Velocity Difference for the Onset of Kelvin–Helmholtz
Instability

The original theory on KHI was concerned with a shear flow instability occurring
at an interface between two horizontal liquid layers extending infinitely. A critical
velocity difference for the onset of the KHI is expressed by [40, 41]

.V1cr � V2cr/
4 D 4�12g .�2 � �1/ .�1 C �2/

2 =
�
�1

2�2
2
�

(8.26)

where �1 is the density of the upper liquid, �2 is the density of the lower liquid, �12

is the interfacial tension, and the subscript cr denotes a critical value. This equation
cannot be applied directly to the flow filed considered here because the flow field in
the actual mold is confined by the vertical walls of the mold and nonmelted mold
powder. However, (8.26) provides a milestone for understanding the influential pa-
rameters for the entrapment of mold powder.

According to (8.26), the interfacial tension, �12, and density difference,
��.D �2 � �1/ appear to play an important role on the entrapment of mold
powder. Although the kinematic viscosity of mold powder is not included in the
equation, it varies over a wide range in the actual processes depending on the chem-
ical compositions of molten steel and casting speed. Thus, mold powder having a
higher kinematic viscosity is expected to suppress the KHI. The effect is therefore
considered of kinematic viscosity of mold powder on the onset of mold powder
entrapment in addition to the two parameters, �12 and��.

Existing KHI theories for fluids contained in a vessel of rectangular cross-section
are briefly reviewed (see Fig. 8.20). A critical velocity difference for the onset of
KHI in the flow field illustrated in Fig. 8.20a was given by Milne-Thompson [43] in
the form:

.V1cr � V2cr/
2 D .�2 � �1/ g .H1=�1 CH2=�2/ (8.27)
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Fig. 8.20 Models for Kelvin–Helmholtz instability. (a) Milne-Thompson, (b) Kordyban and
Ranov, (c) John et al.

where g is the acceleration due to gravity, and H1 and H2 are the silicon oil layer
depth and salt water layer depth, respectively. In deriving (8.27), it was assumed that
the effect of surface tension is negligible and that KH1 � 1 and KH2 � 1, where
K.D 2�=�/ is the wave number.

Kordyban and Ranov [44] considered the flow field shown in Fig. 8.20b and
derived the following equation for the critical velocity difference:

.V1cr � V2cr/
2 D �2

�1

� g

K
� 1

coth.KH1 � 0:9/C 0:45 coth2.KH1 � 0:9/
(8.28)

where � is the wavelength. In addition, John et al. [45] considered the flow field
shown in Fig. 8.20c and proposed

.V1cr � V2cr/
2 D �1 C �2

�1�2

�
.�2 � �1/

g

K
C �12K

�
(8.29)

This flow field is somewhat different from that considered here, Fig. 8.17b.

8.2.3.2 Wavelength and Amplitude of Instability Wave

The following equation has been compared with measured values of the wavelength
� [42, 45]:
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� D 2=K (8.30)

K D �
.�2 � �1/ g�

�1
�1=2

(8.31)

where K is the wave number. The amplitude of instability waves, Am, is given
by [46]

Am D 1=K (8.32)

8.2.4 Experimental Results

8.2.4.1 Visualized Flow Field and Velocity Vectors

Figures 8.21 and 8.22 show visualized images taken by a CCD camera from the
side and top of the experimental apparatus. Instability does not appear near the end
walls of the vessel due to end effect. In Fig. 8.21, a silicone oil droplet can be seen
after the rupture of instability waves. It is evident in Fig. 8.22 that the instability
initiates over the entire horizontal cross-section. Figure 8.23 shows velocity vectors
of salt water flow around the silicone oil/salt water interface just after the onset
of KHI. Figure 8.24 shows some examples of the histories of the salt water flow
velocity measured with the PIV. The mean velocity ranges from 0 to 32 cm/s, and
the acceleration ranges from 0 to 20 cm=s2. It can be concluded that PIV is adequate
for the measurement of such an unsteady velocity field.

8.2.4.2 Critical Velocity Difference for the Onset of KHI

Figure 8.25 shows the velocity distribution in the vertical cross-section for silicone
oil 10. Both the distributions of salt water flow and silicone oil flow are approx-
imately uniform at every time of measurement. On the other hand, the velocity
distributions for silicone oil 100 shown in Fig. 8.26 are not uniform because of
its high kinematic viscosity.

Figures 8.27 and 8.28 show the critical velocity differences describing the on-
set of KHI for silicone oil 10 and 100, respectively. The results shown with open
circles were determined by using both the measured values of V1cr and V2cr, while
open triangles were determined by using the measured values of V2cr and calcu-
lated value of V1cr based on (8.25). For every salt water layer depth, the two sets
of results (i.e., the two symbols) agree with each other in Fig. 8.27. As the kine-
matic viscosity of silicone oil was increased from 10 to 100mm2=s, a discrepancy
appears between the two symbols as seen in Fig. 8.28, but it is limited to about
15%. A number of researchers [27, 30, 32] have also observed a critical veloc-
ity difference of approximately 20 cm/s for water–silicone oil systems shown in
Fig. 8.17a.
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Fig. 8.21 Entrapment of silicone oil droplet observed from side of the vessel (silicone oil 2, depth
ratio .H2 W H1/: 2:1, decline angle: 20ı, rotation speed: 4.01 deg./s)

In the following, data on V2cr are presented for comparison with the calcula-
tions. Data on V1cr are not considered as they were obtained only for silicone oils 10
and 100.

8.2.4.3 Comparison of Measured and Calculated Critical Salt
Water Flow Velocity

For the system utilizing silicone oil 2, the critical salt water velocity, V2cr, was es-
sentially independent of the inclination angle and the rotation speed of the vessel,
as shown in Table 8.3. That is, the acceleration of the salt water flow did not affect
the critical salt water velocity. Accordingly, the mean value of the measured critical
salt water flow velocities was calculated and presented in Table 8.4 and Fig. 8.29
for different depth ratios. The following relationship was assumed in calculating
(8.27)–(8.29):

V1cr D �V2cr (8.33)
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Fig. 8.22 Entrapment of silicone oil droplet observed from top of the vessel (silicone oil 2, depth
ratio .H2 W H1/1:1, decline angle: 20ı, rotation speed: 18.7 deg./s)

Fig. 8.23 Velocity vectors
measured with PIV (silicone
oil 2, depth ratio .H2 W H1/:
1:1, decline angle: 20ı,
rotation speed: 18.7 deg./s)
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Fig. 8.24 Histories of salt water velocity near interface (silicone oil 2, depth ratio .H2 W H1/: 1:1)

Fig. 8.25 Change in velocity distribution (silicone oil 10, depth ratio .H2 W H1/: 1:1, decline
angle: 10ı, rotation speed: 4.01 deg./s)

Fig. 8.26 Change in velocity distribution (silicone oil 100, depth ratio .H2 W H1/: 1:1, decline
angle: 10ı, rotation speed: 4.01 deg./s)
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Fig. 8.27 Critical velocity difference as a function of salt water depth (silicone oil 10, decline
angle: 20ı, rotation speed: 18.7 deg./s)

Fig. 8.28 Critical velocity difference as a function of salt water depth (silicone oil 100, decline
angle: 20ı, rotation speed: 18.7 deg./s)

Also, in calculating (8.28) and (8.29),K was evaluated by substituting the measured
values of �. A relationship proposed by Asai [47] is also included in Fig. 8.29. This
relations was originally derived for the droplet formation illustrated in Fig. 8.17a,
and expressed as,

.V1cr � V2cr/
4 D 48�12g.�2 � �1/=�1

2 (8.34)

The mean value of the critical salt water velocity is satisfactorily approximated by
(8.27) for the salt water depth ratio H2=H1 up to around 0.75.

There is a good agreement in Fig. 8.30 between the measured values of critical
salt water velocity and (8.27) for silicone oil 10. Equations (8.26) and (8.28) are not
suitable for correlating the measured data here. Equation (8.27) may therefore be
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Table 8.3 Critical velocities of salt water layer, jV2crj (silicone oil 2) (�10�2m=s)

jV2crj measured with PIV .�10�2 m=s/

Decline angle: 10ı Decline angle: 20ı

H2 W H1 4.01 deg./s 18.7 deg./s 4.01 deg./s 18.7 deg./s

1:1 16 16 16 16

Table 8.4 Critical velocities of salt water layer, jV2crj (silicone oil 2) .�10�2 m=s/

H2 W H1 jV2crj (PIV) Original (8.26) (8.27) (8.28) (8.29) (8.34)

1:1 16 9:5 16 11 9:5 13

2:1 10 6:4 11 7:5 6:3 7:2

3:1 7:1 4:8 7:9 5:2 4:6 4:9

4:1 4:3 3:8 6:3 4:0 3:8 3:8

5:1 3:7 3:2 5:2 3:1 3:2 3:1

Fig. 8.29 Critical velocities of salt water layer: silicone oil 2

considered most appropriate for predicting the critical salt water velocity, although
KH1 and KH2 are on the order of unity, and hence, the conditions KH1 � 1 and
KH2 � 1 are not satisfied.

The agreement between measurement and (8.27) is not satisfactory for depth
ratios of 0.8 and 0.833 in Fig. 8.29. In addition, for silicone oils 50, 100, and 350
the salt water attached to the top wall as the instability grew for the same depth
ratios. That is, when the amplitude of the KHI is larger than H1, the interfacial
instability is disturbed by the top wall.

Figure 8.31 demonstrates that all the measured values of the critical salt water
velocity can be predicted by (8.27) regardless of the kinematic viscosity of silicone
oil. Yamasaki et al. [30] and Komai et al. [42] also observed that the critical velocity
difference is a weak function of the kinematic viscosity of silicone oil.
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Fig. 8.30 Critical velocities of salt water layer: silicone oil 10

Fig. 8.31 Comparison between calculated V2cr from Milne-Thomson equation and measured jV2crj

8.2.4.4 Wavelength and Amplitude of KHI

Figure 8.32 shows that the wavelength decreases with an increase in the salt wa-
ter layer depth. When the kinematic viscosity of silicone oil is low, say 2mm2=s,
the measured values of wavelength � can be approximated by (8.30). As the kine-
matic viscosity of silicone oil increased, the wavelength increased (see Table 8.5),
and (8.30) overestimated the �. Yamasaki et al. [30] observed that the diameter of
a liquid paraffin droplet became large with an increase in the kinematic viscosity,
which is consistent with the above finding on the wavelength behavior.

The amplitude of KHI is a function of the depth ratio H2=H1 and the kinematic
viscosity of silicone oil, as shown in Table 8.6. Figure 8.33 shows that (8.32) cannot
predict the amplitude.
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Fig. 8.32 Wave length �

Table 8.5 Wavelength
.�10�2 m/

Silicone oil

H2 W H1 2 10 50 100 350

1:1 3.7 4.8 4.5 4.8 5.6
2:1 4.1 4.1 5.0 4.2
3:1 3.5 4.0 4.1 4.0
4:1 3.6 3.8
5:1 3.3

Table 8.6 Amplitude
.�10�2 m/

Silicone oil

H2 W H1 2 10 50 100 350

1:1 1.0 1.2 1.1 1.1 1.0
2:1 1.0 0.96 1.1 0.80
3:1 1.0 0.80 0.70 0.60
4:1 1.0 0.79
5:1 0.90

8.2.4.5 KHI-Induced Mold Powder Entrapment in Continuous Casting Mold

A simple scaling analysis can be used to assess the possibility of mold powder
entrapment due to KHI. Assume that the depth of the melted mold pow-
der layer is 0.05 m and that the depth of the molten steel layer is equal
to the thickness of the reversing molten steel flow, say 0.10 m. Substituting
�1 D 3;000 kg=m3; �2 D 7;000 kg=m3; H1 D 0:05m, andH2 D 0:10m into (8.27),
the critical velocity difference .V1cr � V2cr/ becomes approximately 1 m/s. If H1

is changed from 0.05 to 0.02 m and H2 is changed from 0.1 to 0.05 m, V1cr � V2cr

becomes approximately 0.6 m/s. Such a steel flow velocity fluctuation frequently
occurs in the real continuous casting mold [37–39]. Thus it can be concluded that
the possibility of mold powder entrapment due to KHI is considerably high, as long
as the onset of KHI is based on (8.27).
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Fig. 8.33 Amplitude Am

It should, however, be noted that the interfacial tension between mold powder
and molten steel is much higher than that between silicone oil and salt water. Further
investigation is necessary to provide a clear explanation of the onset of KHI in real
continuous casting molds.

8.2.5 Summary

When the thickness of the silicone oil layer is larger than the amplitude of waves
caused by shear flow instability at the silicone oil/salt water interface, the critical salt
water velocity is independent of the kinematic viscosity of the oil, 	1, in the range
of 	1 from 2 to 350mm2=s and satisfactorily predicted by an analytical solution,
(8.27), proposed by Milne-Thompson.

The wavelength � increases with an increase in the kinematic viscosity of sili-
cone oil. The analytical equation for � (8.30) agrees with the measured values of �
for 	1 D 2mm2=s, but overestimates � as 	1 exceeds 10mm2=s. The amplitude of
the interfacial instability is also measured.
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Chapter 9
Modeling Gas–Liquid Flow in Metallurgical
Operations

9.1 Overview

This chapter discusses the mathematical models and solution techniques usually
employed in gas–liquid flow in metallurgical applications. Three approaches are
generally used for modeling gas–liquid flows. The first approach considers the gas–
liquid mixture as a single phase with variable density and solves a single set of
transport equations. The second approach solves separate transport equations for
the liquid and gas phases. The third method quantifies the mixing and flow char-
acteristics by employing an energy balance for the system. These approaches are
reviewed in the following section.

9.2 Review of Modeling Methods

There are numerous physical systems of industrial importance, where a gas bubble
stream agitates a melt or liquid phase contained in a vessel. Gas injection is largely
employed in the steelmaking industry, but it also has important applications in non-
ferrous industry such as copper conversion and lead-making process, in chemical
engineering (bubble column), and in environmental engineering such as reduction
of temperature stratification in a lake. Although in most of these systems the ulti-
mate objective is to effect a chemical change in the liquid phase, knowledge of the
fluid flow phenomena has to be a component of any effort aimed at providing a good
quantitative representation of these systems.

Due to the need for cleaner steels and higher productivity, secondary refining or
ladle metallurgy has grown dramatically in the past two decades. The ladle metallur-
gical process can vary from simple for inclusion removal, to more complex systems
such as desulfurization, dephosphorization, and alloying. In order to enhance refin-
ing processes in the steelmaking industry, gas injection into melts has been widely
employed as a means to generate a turbulent recirculating flow to promote mixing.
Gas stirring technique involves the introduction of gas into the system through one
or a number of nozzles situated at the base of the ladle. The resulting column of

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 9,
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bubbles rises due to the buoyancy and leaves the reactor through the free surface
at the top. The gas rising through the bulk liquid performs mixing, and thus en-
hances reaction rates, homogenizes chemical compositions, removes particulates
and eliminates temperature stratification through generation of a circulating turbu-
lent motion. The momentum interaction between the gas and melt induces a toroidal
recirculation zone, which facilitates metallurgical processes such as degassing and
desulfurization. Through careful choice of the dispersed phase, a chemical reaction
may be promoted with the impurities in the native steel, thereby enhancing their
flotation to the surface to form a slag. The other advantages of ladle refining by
gas stirring are that its capital cost is low and it provides good refining efficiency
through faster approach to equilibrium by enhancing mass transfer rate between the
slag and metal.

Mechanical mixing at high temperature is impractical. On the contrary, elec-
tromagnetic mixing has disadvantages of being more expensive than gas mixing
and does not provide sufficient mixing power. Therefore, gas mixing appears to
be the best compromise for the steelmaking process among the various competing
methods.

A schematic representation of a gas-agitated system is show in Fig. 9.1. The
system consists of a water pool with a top layer of dissimilar fluid of smaller density.
This arrangement simulates a real steelmaking process with a top slag cover. The
system is agitated by gas injected through a nozzle at the bottom.

The size and shape of rising bubbles significantly affect the flow characteristics,
and hence, mixing in a ladle. If the bubbles are spherical in shape and small in
size, they slip through the liquid causing only local movement of the liquid. Such
movement of the liquid does not result in bulk motion of the bath; hence mixing in
the bath depends mainly on molecular diffusion. However, if the bubbles are large
in size and irregular in shape, they entrain the surrounding liquid as they rise in the
vessel. Thus the liquid–gas mixture rises from the nozzle tip to the bath surface.

Fig. 9.1 Schematic sketch
of a gas injection system
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This two-phase mixture termed “plume” rises to the bath surface and subsequently
flows down into the bath along the vessel walls, causing gross circulation of the
liquid known as “recirculatory flow.”

The most critical parameter that characterizes the mixing and plume behavior
when the gas is injected through a submerged nozzle is the gas velocity at the nozzle
tip as a function of gas flow rate and bath height. Sahai and Guthrie [1, 2] investi-
gated the hydrodynamics of a body of fluid contained in a cylindrical vessel stirred
by central gas injection from the bottom of the vessel by employing both water
modeling and mathematical modeling techniques. The plume velocity was found to
increase with the gas flow rate according to a one-third power, increase with the
depth of the fluid according to a one-fourth power, and decrease with the vessel
radius according to a one-third power.

A major problem with the gas-stirring method of fluid mixing and impurity re-
moval is the re-entrainment of the slag into the molten steel. This phenomenon is
generally associated with the mixing and flow characteristics at the slag/metal inter-
face and has attracted the interest of many researchers in recent years [3–8].

A number of model experiments have been conducted to investigate the mass
transfer at the slag/metal interface [3–5], the critical condition and mechanism
for occurrence of two types of emulsification [6, 9–12], and the liquid flow char-
acteristics in molten metal baths [12, 13]. Water is generally employed in model
experiments since its viscosity is of the same order of magnitude as that of molten
steel, and bubble rise behavior in water and metals is quite similar. Iguchi et al.
[11] used water-model experiments to establish an empirical correlation between
the critical conditions and gas flow rate, geometry of vessel, and physical properties
of the slag and metal. Lin and Guthrie [14] investigated the effect of density ratio
between the two layers on the emulsification. It was found that the emulsification
is dominated by the entrainment of lower (denser) layer into upper layer at large
density ratios, while inverse emulsion of top layer droplets occurs in the lower layer
at small density ratios.

Mazumdar et al. [15] carried out extensive water modeling to investigate the
influence of baffle design on the hydrodynamics performance of tundishes. Three
different designs of steelmaking tundishes were considered, including a two-strand
slab caster, a six-strand billet caster, and a five-strand, skewed, delta-shaped tundish.
It was demonstrated that the tundish performance was significantly affected by an
increase in the number of strands, symmetry of tundish design, and flow operating
conditions. The experimental results also indicated that changing the characteristics
of the baffle design could lead to significant performance improvement.

The gas phase distribution and plume shape are important parameters in the quan-
tification of mixing in the system. Tacke et al. [16] performed experiments and
observed that gas distribution in the bath was a function of gas and liquid properties
as well as gas flow rate. Castillejos and Brimacombe [17] reported time-averaged
gas fraction maps for air–water system, demonstrating symmetry about the central
axis and a decrease in gas fraction from the nozzle tip to the bath surface. In a
subsequent study, Castillejos and Brimacombe [18] experimentally measured the
plume shape and consistency in a water pool agitated by an injected air steam.
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Iguchi et al. [10] measured the velocity and turbulence field in a similar system.
Ilegbusi and Szekely [19] successfully predicted the plume shapes using a two-phase
mathematical model, and the results compared favorably with the data of Castillejos
and Brimacombe [17].

The shape of the two-phase plume has been discussed in detail by Murty and
co-workers [20]. Based on extensive photographic studies, it was concluded that the
plume shape was approximately that of a truncated cone. The plume profile and its
dimensions depended significantly on the various operating variables [16, 20, 21].

Szekely et al. [22] assumed this region (gas–liquid) to be a solid core, having
only an upward velocity component, and used the measured velocity as a boundary
condition at the interface between the core and liquid region. DebRoy et al. [23]
considered the region to be liquid with a variable density determined by the gas
volume fraction. The gas volume fraction, being the source of the buoyancy, was
calculated as the ratio of gas flow rate to the overall gas–liquid volume flow rate in
the plume region, with the assumption of no slip between the liquid and gas phases.

Most of the early work on the physical and mathematical modeling of gas-stirred
ladles was concerned with fluid flow and mixing times in the melt [1, 2, 23, 24].
Mixing is generally characterized by �m, which is defined as the time taken by the
melt in a vessel to reach a state of chemical and/or thermal homogeneity. Since
the definition of perfect homogeneity is somewhat subjective, the mixing time is
traditionally defined as the time taken by the tracer concentration at the detection
point to reach about 95% of the fully mixed values. Researchers have attempted to
correlate the mixing time, �m with the rate of energy input per unit volume of the
bath "m in the form of the following general relationship:

�m D c"�n
m (9.1)

where c and n are empirical constants. The issue of the relative contributions of bulk
convection and turbulent diffusion to mixing in gas-stirred systems was addressed
by Mazumdar and Guthrie [25]. Their approach was to first ignore the contribution
of mixing in solving the governing differential equations, followed by a similar
analysis in which the convection terms were retained and eddy diffusion terms were
neglected.

Chung and Lange [26] studied convective diffusion and dispersion in steel melts
and the relative contributions of bulk convection and eddy diffusion to the Peclet
number. It was found that for Peclet numbers less than five the mixing time was
determined by turbulent diffusion, while for increasing Peclet number, the contribu-
tion of the bulk convection to mixing increased due to the decrease in the effective
diffusion distance.

In a gas-stirred ladle, the turbulence caused by a gas/liquid plume rising through
the bath in the upper portion of the vessel and the circulating motion in the bath
facilitate the metallurgical reactions at the interface between two immiscible liq-
uid phases by giving high mass transfer coefficient and interfacial area. The mass
transfer parameter K is the only parameter typically measured in the experiments
on liquid phase mass transfer because of the difficulty in measuring the interfa-
cial area between the slag and metal. Due to slag/metal mixing, the interfacial area
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is generally greater than the planar area between the two phases. Asai et al. [27]
comprehensively reviewed the previous work on the effect of gas flow rate on the
mass transfer rate between two immiscible liquids. The results of such studies were
summarized by the correlation K / Qn, where n is an empirical exponent and Q
is the gas flowrate.

The gas–liquid flow is also important in the continuous casting process, and rel-
atively little work has been reported on two-phase flow in the continuous casting
mold. Argon gas is sometimes employed at several stops in the continuous casting
process (ladle, tundish, and mold) to enhance the mixing, to help prevent nozzle
clogging, and to promote the flotation of solid inclusion particles from the liquid
steel. It usually enters the continuous casting mold after injection into the submerged
entry nozzle (SEN) and eventually escapes from the liquid steel surface through the
mold flux powder layer. Besho et al. [28] compared the calculated flow patterns, gas
volume fraction, and inclusion distribution in a full-scale water model with the ex-
perimental measurements and observations. Bubble dispersion could be controlled
by nozzle submergence depth and nozzle geometry such as nominal part angle. In
a similar study, Andrzejewsky et al. [29] found that carefully controlled argon in-
jection and submergence depth were able to improve flow in a wide mold and even
reduce surface flow velocity and level fluctuations.

Fundamental studies on heat transfer occurring in ladles have been few in con-
trast to the considerable body of work that exists on the fluid flow phenomena. It is
well known that the real system is non-isothermal because the heat losses through
various bounding surfaces of the ladle and the top of the melt result in thermal
stratification.

Szekely and Lee [30] studied the effect of slag thickness on heat losses by con-
duction and radiation through the top surface. In this study, the top part of an initially
molten slag gradually solidifies, while the slag in contact with the hot metal remains
molten. The heat loss was found to decrease as the slag thickness increased from
0.61 to about 5 cm. There was no significant heat loss beyond a thickness of 5 cm
for the operating conditions investigated.

Charaborty and Sahai [31] modeled the transient fluid flow and heat transfer
in melts that have been stirred with inert gas in a ladle. Two different heat loss
conditions were imposed at the free surface of the melt to reflect the insulating
effect of slag of varying thickness. In one case, the top free surface was assumed
to be perfectly insulated, representing the use of a thick slag layer. An appreciable
heat loss through the top was considered in the second case to simulate the effect
of a slag layer of insufficient thickness. It was found that significant temperature
stratification occurred in the melt being held in the ladle with the insulating slag
layer. Use of a thin slag resulted essentially in the reverse situation. The bulk of
the melt in the ladle was well mixed due to the strong buoyancy-driven convection
currents and resulted in temperature homogenization of the melt.

High-temperature ladle metallurgical processes primarily involve three modes
of gas injection, namely, top, side, and bottom injection. The principal aim of all
these injection techniques is ultimately to provide improved mixing conditions
leading to homogenization of temperature and chemical compositions. Effective
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mixing depends on the scale of the convective velocities in the liquid and the
breakup of eddies into smaller and smaller ones due to turbulence. Generally, mix-
ing is considered to be more effective when gas is injected from the bottom of the
vessel.

In recent years, mathematical modeling studies of the process dynamics and
associated efficiency of liquid metal processing operations have been wide spread.
This is expected since the visual opacity of high temperatures and the relatively
large sizes of metal processing units place significant limitations on direct experi-
mental observations. Consequently, mathematical models particularly coupled with
physical (water) models appear to be the most viable means of analyzing the com-
plex transport phenomena such as fluid flow, dispersion, and mixing in typical liquid
metal processing operations. Numerous investigations addressing fundamental and
applied aspects of ladle processing operations have been reported [1, 2, 7, 8, 32–38].
These investigations have led to an improved understanding of gas–liquid interac-
tions in such systems and have provided a better insight into their overall process
dynamics.

Analysis of the motion of the gas bubbles can be conducted either in the Eulerian
or Lagrangian frame of reference. In the Eulerian frame of reference, the problem is
formulated in terms of partial differential equations which describe the balances of
mass and momentum, while in the latter approach, the trajectories of individual bub-
bles are tracked by solving ordinary differential equations in time. The Lagrangian
method has distinct advantages over the Eulerian method in terms of simplicity
of formulation, ability to accommodate complicated exchange process, computer
memory requirements, and computational efforts.

9.3 Mathematical Models

The mathematical models describing fluid motion in gas-stirred ladle systems can
be broadly classified into three groups:

(a) The quasi-single-phase models based on the continuum approach [39] in which
the gas–liquid mixture in the upwelling plume is considered to rise like a
homogenous fluid and a single set of transport equations is solved for the two-
phase mixture.

(b) Two-fluid models [7, 8, 40, 41] in which separate continuity and momentum
conservation equations are considered for each individual phase. In essence,
the two-fluid models are based on the concept of unequal phase velocities.
According to transport equation solved for gas phase, two-phase models can be
classified into two groups, namely, Eulerian–Eulerian and Eulerian–Lagrangian
models. Details of the models will be reviewed in Sect. 9.3.1.

(c) Models based on energy balance.
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9.3.1 Quasi-Single-Fluid (Momentum Balance) Models

In the quasi-single-fluid models, the rising gas–liquid mixture is treated like a
homogenous fluid of reduced density, and one set of continuity and momentum
equations is solved for the two-phase mixture. The quasi-single-phase modeling
technique has been relatively more popular and has been used extensively by
Szekely and co-workers [34,42,43] and Guthrie and co-workers [1, 2, 15, 25, 44–47].
The k�"model is often used to represent turbulence. In most applications, the void
fraction distribution is assumed a priori rather than being solved for, and this limits
the predictive capability of these models.

Although the models based on momentum balance are conceptually sound, the
predictions are not always satisfactory and fail to account for many observed phe-
nomena. This is attributed to the various assumptions made in simplifying the model
and the characterization of a large number of empirical parameters contained in the
model equations. It may be noted further that these models are valid only in the
turbulent region and fail close to the walls of the vessel.

Mazumdar and Guthrie [25] numerically and experimentally investigated gas-
stirred baths using quasi-single models and performed an experiment involving
bubbling air into the bottom of a water bath. The experimental setup was a small-
scale model of a steel-processing ladle. In order to obtain agreement with the
velocity measurements, adjustments were made to the empirical constants in the
standard k � " turbulence model.

The formulation of models based on this approach basically involves setting up
the equations of motion in continuity, together with appropriate boundary condi-
tions. The general forms of these equations used by various investigators [44, 48]
are given below using cylindrical polar coordinates, and assuming axisymmetric
conditions.

Continuity equation:
@
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Radial momentum:

@.�u/

@z
C @.�uv/

@z
C @.�rvv/

r@r
D @

@z

	
�eff

@v

@z



C @

r@r

	
r�eff

@v

@r



� @p

@r

C @

@z

	
�eff

@u

@r



C @

r@r

	
r�eff

@v

@r



� 2�eff

v

r2
: (9.4)



310 9 Modeling Gas–Liquid Flow in Metallurgical Operations

Energy equation:
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In (9.2)–(9.5), u and v represent velocity components in the axial .z/ and radial .r/
directions, respectively. The gas volume fraction ˛G appears in the axial direction
momentum balance equation. For example, �g ˛G is the buoyancy force per unit
volume through which the free convection effect is incorporated. The effective vis-
cosity �eff appears in both the axial and radial direction momentum conservation
equations and accommodates the effect of momentum transfer caused by the turbu-
lence phenomena.

The velocity and temperature profiles are obtained from solution of the model
equations together with the appropriate boundary conditions. By integrating veloc-
ity profiles over the entire region outside the plume, it is possible to calculate the
average recirculatory flow rate.

The transport equations (9.2)–(9.5) do not form a closed set because ˛G, the
gas volume fraction, and �eff, the effective viscosity, embodied in the momentum
equations require prior specification. The model used in the literature to calculate ˛
and �eff are reviewed in Sect. 9.3.1.1.

Using a quasi single model, Mazumdar and Guthrie [44] calculated flow field and
investigated the effects of process parameters on the mixing in gas-stirred ladles,
and also performed an experiment to compare the numerical predictions. Figure 9.2
shows the calculated and measured velocity profile obtained by Mazumdar and
Guthrie [44] in the ladle when gas injection is from the middle of the system. The
calculated flow field is qualitatively in agreement with the experimental data.

9.3.1.1 Two-Phase Zone Modeling

There is a large body of work on the characterization of the two-phase zone (size,
phase distribution, bubble size, and liquid and gas velocities). In earlier studies, the
two-phase region was treated as a solid body moving with a defined velocity which
then induced the fluid motion through friction on the surrounding liquid [22]. In
latter treatments, it was recognized that fluid motion was induced mainly by density
differences between the two-phase plume and surrounding liquid [48, 49]. Subse-
quently, the two-phase region has been treated as a single phase with a variable
density. The gas concentration within the plume has been calculated theoretically
with no-slip models [23] and drift flux models [48]. The gas concentration variation
with radius has been prescribed as a uniform or as an arbitrary function. Sahai and
Guthrie [1,2] considered a simple assumption of uniform gas fraction over the entire
plume. The size of the plume has been defined based on visual observation and its
geometry has been generally considered to be cylindrical or at an imposed angle.

In general, the geometry of the two-phase region is usually determined empiri-
cally [1, 2, 9]. In contrast, gas volume fractions within the central two-phase region
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Fig. 9.2 Comparison of predicted velocity field (b) with experimentally measured velocity field
(a) [44]

are generally derived theoretically through considerations of relevant continuity
principles, and various methods are applied to find this region.

To estimate the gas volume fraction in the two-phase plume region, knowledge
of the average rise velocity of the gas–liquid mixture is required and this can be es-
timated using one of many currently available procedures. From such rise velocities
and known physical dimensions of the two-phase plume, the gas voidage ˛G can be
readily obtained. The value of ˛G calculated in this manner corresponds to zero or
no slippage and can be subsequently incorporated in the buoyancy term �g ˛G, in
the momentum equation [1, 2, 9].

Szekely and co-workers [50] derived an ordinary differential equation for the
average rise velocity in the two-phase region by applying a momentum balance over
a control volume in the two-phase region, expressed as;

dUz

dz
C Uz

z
D �Qqg

2.tan x/2U 2
z z2

; (9.6)

in where, Uz is the mixture rise velocity at any axial station, z. The boundary condi-
tion applicable to this equation is

at z D h0; Uz D U0: (9.7)
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Szekely and co-workers used this equation to determine gas void fraction; thus,

˛G.z/ D Qg � �r2
c ˛G.1� ˛G/Us

2�
R rc

0
Uzr dr

; (9.8)

where Us is the slip velocity typically considered to be equivalent to the rise veloc-
ity of a characteristic single bubble in the quiescent liquid. It is deduced from the
following equation which uses the knowledge of the average bubble diameter in the
system:

Us Š UB D 1 � 0; 8
	
gdB

2


1=2
: (9.9)

Sahai and Guthrie [1, 2] applied an alternative concept to estimate gas volume frac-
tion distribution in the rising plume. Through detailed considerations of relevant
hydrodynamic principles, the authors suggested a simple, yet effective formula for
the estimation of average rise velocity of the upwelling mixture in the two-phase
zone, expressed as;

Up D 4:4
Q

1=3L
1=4

R
1=3

: (9.10)

Using Up, the gas volume fraction within the plume has been derived from the
volume continuity principle as

˛Gav D
Q
L

Up

˛r2
avL

(9.11)

in where rav refers to the radius of the plume. This equation does not consider bubble
slippage and the gas volume fraction is assumed to be spatially uniform over the
entire volume of the two-phase plume.

A conceptually different and a new approach to estimate the gas volume fraction
within the plume has been proposed by Zhang et al. [51]. This model does not
require prior specification of the two-phase domain. Furthermore, the gas volume
fraction within the flow domain is deduced from the following empirical relation:

˛G.r; z/ D ˛m exp

"

� r2

C 2
g .H �Z C h0/2

#

(9.12)

in where ˛G;m represents the void fraction at the axis of symmetry.
Castillejos et al. [52,53] solved the quasi-single-model equations considering that

the ladle is occupied by a single-phase fluid with spatially variable density. Gas void
fraction is prescribed with an empirical model developed from the experimental data
of Castillejos and Brimacombe [18, 52, 53]; thus:

˛G

˛G;max
D exp

"

�0; 7
	

r

rmax=2


2:4
#

; (9.13)
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where ˛G;max is the maximum void fraction given by

˛G;max D 81:5
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Q2
0
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�go


0:13 	 z

d0
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#�0:1

(9.14)

When a parameterN (defined subsequently in 9.18) is less than 1.35, then

˛G;max D 106:9
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(9.15)

When N � 1:35,

�˛max=2
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: (9.16)

The density of mixture fluid or equivalent fluid is calculated from the lever rule; thus,

� D .1 � ˛G/�L C ˛G�g: (9.17)

The parameterN in the above equations is expressed as

N D
	
gd 5

0

Q2
0


0:26 	
�L

�G


0:13 	 z
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0:94

: (9.18)

DebRoy et al. [23] suggested the following relationship assuming no-slip between
the continuous and gas phases

˛G;ave D 1

2�

Q
rcR

0

rUzdz

: (9.19)

An alternative model suggested by Grevet et al. [50] called drift–flux model which
allows partial slip between the phases gives

˛G;ave D 1

2�

Q � �r2
c ˛G.1 � ˛G/U1
rcR

0

rUzdz

(9.20)

Woo et al. [34] compared the performance of drift–flux, no-slip model and ex-
perimentally obtained model for void fraction. One of the representative results is
presented in Fig. 9.3, showing the radial variation of the absolute value of mean
velocity at z=H D 0:3 and 0.98, respectively, with H being the height of the bath.
The predictions from the drift-flux model and the correlation agree satisfactorily
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Fig. 9.3 Comparison between predictions with three different models for the two-phase region
and experimental data [34]

with experiments; however, the no-slip model predicts a relatively higher mean ve-
locity. This result implies that the no-slip model predicts a higher value of void
fraction. In addition, the no-slip model seriously deviates from experiments near
the free surface where the flow is primarily driven by the strong convective outflow
from the two-phase region.

9.3.1.2 Turbulence Modeling

In general, the overall flow field that may be generated by agitating a fluid con-
tained in a cylindrical vessel by an axisymmetrically introduced gas jet or gas bubble
stream may be adequately represented by using a variety of turbulence models [54].
The principal mechanism of momentum transfer in these systems is associated with
convection rather than with the diffusive transport mechanism. Therefore, it follows
therefore that predictions regarding the velocity fields are not expected to be very
sensitive to the particular turbulence model chosen. However, if we were to consider
these systems as reactors, then the knowledge of turbulence characteristics such as
the turbulent energy dissipation and the like is of crucial importance because of its
role in determining the rates of various processes that may occur in these systems.
As an example, the rate of turbulent energy dissipation will have a major effect in
determining the mass transfer coefficient between the fluid and suspended solid par-
ticles [55]. Furthermore, the turbulence levels in the system should have a significant
effect in determining mass transfer rates between the fluid and the walls, and hence
in affecting the erosion rates of the walls in case of high-temperature melts.
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To characterize the effective turbulent viscosity of liquid in the bath, two models,
namely, differential models and algebraic models, have frequently been used. The
differential models also can also be categorized into two. In the first group, the effec-
tive viscosity �eff is determined by solving a differential equation, which expresses
the conservation of turbulent energy coupled with a prescribed length scale. Szekely
and co-workers [22, 42] used this approach in their earlier models. However, it had
been realized that this model is not valid for recirculatory turbulent flow [42, 48].

The second group is called the two-equation k � " model. The model developed
originally by Launder and Spalding [56] basically involves two partial differential
equations representing the conservation of kinetic energy and the dissipation rate of
turbulent energy [1, 2, 7, 8, 40, 52, 53, 57].

Szekely and Asai [58] were among the first to model bubble-driven flows in la-
dles, using a k � " turbulence model and assuming that the bubbles were contained
in a cylindrical region of given diameter. The boundary conditions at the bubble
column–liquid interface were taken from measurements. Their work gave a qual-
itative but not quantitative agreement with the measurements. Sahai and Guthrie
[1, 2] developed a more elaborate model based on the k � " model and treated the
two-phase region with a phenomenologic model.

Sahai and Guthrie [1] used the phenomenological approach to analyze fluid flow
in a ladle and employed the two-equation k � " turbulent flow model with the exist-
ing quasi-single phase calculation procedure [2] and obtained the spatial distribution
of turbulent kinetic energy which is important in identifying the location of (a) max-
imum mixing and (b) introduction of refining agents. Grevet et al. [50] performed
experiments using a laser Doppler anemometer to measure rms velocity components
and Reynolds stress in the liquid region and compared measured data with predic-
tions obtained using the k � " model.

k � " Model

The transport equations for the k � " model proposed by Jones and Launder [59]
for the turbulence kinetic energy and turbulence energy dissipation in transient form
can be expressed as follows:

Turbulence kinetic energy
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Turbulence energy dissipation
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�k and �" are the diffusion coefficients and are expressed as:

�k D �l C �t

�k

; (9.23)

�" D �l C �t

�"

; (9.24)

where �k and �" are the Schmidt numbers for k and ", respectively. Sk and S" are
source terms are given as

Sk D �L˛L.Gk � "/C ˛LGkb; (9.25)

S" D �L˛L
"

k
.CLGk � C2"/C ˛LcLGkb
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k
: (9.26)

Gk is the rate of production of turbulent energy, expressed as

Gk D �t
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The second terms on the right hand side in (9.25) and (9.26) are the turbulence
production due to the motion of bubbles. Lopez de Bertodano [60] proposed the
following equations for Gkb;

Gkb D 0:75
cbcd�L˛L˛G

db
jurj3 : (9.28)

The effective viscosity is then calculated from

�eff D �e C �t D �e C Cd�k
2

"
; (9.29)

where �e is the molecular viscosity. The effective diffusivity is deduced from

�eff D �e

�T
C �t

�T;t
(9.30)

Although the k � " turbulence model has been applied extensively [1, 2, 44, 61]
for modeling fluid flow in gas-stirred ladle systems, some fluid model studies [50]
indicate that the k � " model cannot accurately simulate the distribution of various
turbulence parameters in the gas-stirred system. Despite this, it is demonstrated that
the k � " model has been reasonably successful in predicting the bulk liquid flows
as these are largely dominated by inertial rather than turbulence viscous forces. It is
important to note here that the inadequacy of the k� "model to simulate turbulence
in the gas-stirred reactors has been attributed to the quasi-single-phase modeling
technique [40], since exact two-phase computational procedures have been shown
to produce fairly accurate estimates of turbulence parameters in the system.

Using the k � " turbulence model, Grevet et al. [39, 50] showed that turbulence
was fairly isotropic in the bulky liquid region except in the vicinity of the solid sur-
face. However, in the two-phase plume region, it was observed that the theoretically
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predicted turbulent velocity obtained by the k � " model fell between the axial and
radial turbulent velocities. The k � " modeling results also exhibit a large discrep-
ancy in predicting turbulent characteristics and thus needed to be refined or replaced
by a more sophisticated model for predicting the structure of turbulence. Mazum-
dar and Guthrie [44] compared the mean velocity predictions of the k � " model
and another simpler model (namely, the bulk effective viscosity model) and found
that there is no significant difference between the two models in predicting the ve-
locity field in the continuous phase. The result confirms Grevet’s arguments that
the principal mechanism of transfer phenomena in these systems is associated with
convection transport.

Effective Viscosity Model

In gas-stirred ladle systems, an average effective viscosity model [23, 43, 44] or a
differential model of turbulence (i.e. k�"model) is typically employed to calculate
the distribution of flow variables and turbulence parameters within the systems. It
has often been argued that since such ladle flows are dominated by inertial (rather
than turbulence viscous) forces, the effective viscosity value is likely to play only a
secondary role in affecting the overall generated flow patterns. Thus, despite their
simplicity, algebraic models of effective viscosity have been reasonably successful
for realistic prediction of ladle hydrodynamics.

DebRoy et al. [23] and Szekely et al. [43] were among the first to propose com-
putational schemes for ladle flows based on a bulk effective viscosity model. The
Pun–Spalding formula [54, 56] was adopted wherein the effective viscosity was ex-
pressed as

�e D KD
2=3L

�1=3�
2=3
L

�
mU 2

0

�1=3 : (9.31)

Sahai and Guthrie [1, 2] identified the difficulties with (9.31) based on the data ob-
tained from the k � " model and suggested the following correlation:

�e D C�LL.Q.1 � ˛G/9=D/
1=3; (9.32)

where C is the proportionality constant, starting from the following general defini-
tion of turbulent viscosity,

�t D C��k
2=": (9.33)

Mazumdar [62] developed an effective viscosity ignoring the laminar contribution.
Assuming that energy-containing eddies are isotropic, the following expression for
turbulence kinetic energy was proposed,

k D 3

2
u02; (9.34)
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where u0 is the fluctuating velocity component. Taking the average u0, to be
proportional to the mean speed of liquid recirculation, u0 D c1u, turbulence ki-
netic energy becomes

k D 3

2
c2

1u2: (9.35)

The turbulence energy dissipation rate " can also be deduced once the specific rate
of energy input to the gas-stirred system is known. Considering an efficiency factor
� governing the generation and dissipation of turbulence kinetic energy, " can be
readily estimated from the following relationship:

" D � P"m; (9.36)

where P"m is the specific rate of energy input to the system, which is equal to
�'=�R2.D �Lg˛GL=�L �R

2L/. By substituting these terms into the effective vis-
cosity expression, the following relation can be obtained:
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The performance of different algebraic and differential turbulence models on the
calculated flow field has been compared [48]. The effective viscosities predicted
close to the symmetry axis and the top surface are considerably larger with differ-
ential models than algebraic models. Such results lead to a comparatively higher
entrainment of the liquid in the plume and consequently, to higher velocities in the
low-velocity region of the ladle (outer bottom region). Algebraic models are sim-
pler and entail lower computational costs: however, due to the recirculatory nature of
the flow, transport of the turbulence properties occurs so that the use of differential
model is desirable.

Reynolds Stress Model

The Reynolds stress model involves solving the transport equations for the individ-

ual stresses
�

u0
i u

0
j

�
. These transport equations can be derived from the momentum

equations. They contain a triple-order velocity correlation and a pressure velocity
correlation that must be modeled to obtain closure. The transport equations for the
Reynolds stresses can be expressed in the general form
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where the terms on the right-hand side represent diffusive transport, production,
pressure–strain, and dissipation terms, respectively. Due to complexity of the above
(9.38), Park and Yang [38] used the following simplified form:
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where Pij represents the stress production rate, �ij is a source/sink term due to the
pressure strain, "ij is the viscous dissipation, and Rij is the rotational term.

The stress production rate can be expressed as
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The pressure strain is calculated from
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A comparison of flow field and turbulence characteristics obtained with the
Reynolds stress model and the k � " model is presented in a subsequent section
“Momentum Interaction Between the Phases”.

9.3.2 Two-Fluid Model

In the two-fluid models, separate continuity and momentum equations are derived
for the liquid and gas phases with an appropriate interface mass and momentum
transfer relations. The two-fluid method is potentially capable of producing more
accurate solutions, since extra relations (specifying Interphase slip, for example)
are included in the model. This method has been widely used in nuclear reactor
thermal hydraulics following the pioneering work by Harlow and Amsden. Most
of these applications have ignored turbulence or simulated it by means of constant
effective viscosity.

The two-phase flow formulation can also be categorized into two groups, namely,
the Eulerian–Eulerian models and Eulerian–Lagrangian model. In the Eulerian–
Eulerian model, a set of transport equations is solved for the gas phase while in
the Eulerian–Lagrangian model, the gas phase is treated as particles, which interact
with the continuous phase.

9.3.2.1 Eulerian–Eulerian Model

In the Eulerian–Eulerian models, separate transport equations are solved for each
phase. Ilegbusi et al. [7] used such flow model to calculate the flow characteristics
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of an argon-stirred ladle. The predicted mean flow and turbulence parameters
compared quite well with the experimental data of Iguchi et al. [63].

Figure 9.1 illustrates a typical gas-stirred ladle [7]. The two phases are separated
by sharp (but flexible) boundaries and are immiscible. There are thus two averaged
densities and velocities. The phases are assumed to share space in proportion to
their existence probabilities or volume fraction so as to satisfy the total continuity
relation:

˛L C ˛G D 1; (9.42)

where ˛L and ˛G represent the volume fractions of the liquid and gas, respectively.
Turbulence is assumed to be a property of the liquid phase, and dispersion of bubbles
is accounted for through phase mass diffusion.

Within this framework, the governing equations can be expressed as follows.
Mass conservation
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where the subscript represents the phase with i D L for the liquid phase and i D G

for the gaseous phase. The parameter D associated with this term is assumed to
represent an effective diffusion coefficient similar to turbulent eddy viscosity and
is here assumed to be D D �eff, with �eff being the effective viscosity, which
represents a sum of the molecular and turbulent components as presented below.
Axial momentum conservation (x-direction)

@

@x

�
�i˛i u

2
i

�C 1

r

@

@r
.r�i˛i ui vi / D �˛i

@P

@x
C Fi .uj � ui /C 1

r

@

@r

	
r˛i�eff

@ui

@r




C1

r

@

@r

	
rDui

@˛i

@r



: (9.44)

Radial momentum conservation (r-direction)
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Energy equation
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where P is the pressure which is assumed to be shared by the phases, Fi is the
interface friction term and represents the momentum exchange between phases, and
Qi in the energy equation is the interface heat transfer term.

Drag force between the phases

The momentum transfer between the phases occurs on the basis of the drag func-
tion. Ilegbusi et al. [8] employed the following formulation for momentum exchange
between the two phases:

F D 0:75
cd�1˛L˛G

db
jurj ; (9.47)

where ur is the slip velocity vector between the two phases and cd is the drag co-
efficient. There are extensive works on the drag coefficient in the literature. For
example, the “Dirty water” model of Kuo and Wallis [64] expresses the drag coeffi-
cient as

cd D
8
<

:

6:3=Re0:385
b Reb>100; We � 8

2:67 Reb>100; We > 8

We=3:0 Reb>2065:1=We
2:6

9
=

;
;

where Reb is the Reynolds number based on the gas bubble diameter,

Reb D �1 jurj db

�1

; (9.48)

and We is the Weber number defined as

We D �1 jurj2 db



; (9.49)

where ” is the interfacial tension between the phases.
The parameterQi is the interphase heat transfer term expressed as

Qi D CpChFi (9.50)

where Cp is the mean specific heat and Ch is an empirical constant.
Using Eulerian–Eulerian two-phase model Ilegbusi et al. [8] investigated flow

characteristics in a gas-agitated water bath. The water bath comprises a water pool
and a light fluid above it. The system represents molten steel and a slag layer.
Figures 9.4 and 9.5 present representative predictions of Ilegbusi et al. [8] compared
with the experimental data of Iguchi et al. [13].

Figure 9.4 shows the predicted mean axial velocity along the axis of bath when
silicon oil is used as the top layer. The results show that the velocity decays over a
relatively short distance above the nozzle. Figure 9.4 as well as others from Ilegbusi
et al. [8] not presented here for brevity shows that the decay length is independent
of gas flow rate, indicating that the mixing in the system may be dominated by the
turbulence modulation resulting from the migration of bubbles through the liquid.
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Fig. 9.4 Predicted and
measured axial mean velocity
for water/silicon system:
(a) Q D 10Ncm3=s and
(b) 40Ncm3=s [8]

9.3.2.2 Eulerian–Lagrangian model

The Lagrangian–Eulerian approach was first introduced by Johansen and Boysan
[33]. In this method, the trajectories of a steady stream of bubbles are computed
in a Lagrangian field, while the phenomena in liquid motion are determined by
means of an Eulerian scheme. This method is different from quasi-single phase
calculation in the sense that the dispersion of bubbles is coupled to the mean and
turbulent flow fields. This coupling implies that the movement and spread of the
plume are not known a priori. This approach is very promising for asymmetrical as
well as symmetrical gas injection problems. The Lagrangian–Eulerian approach was
employed by Mazumdar and Guthrie [47] and Neifer et al. [65] in model analyses.
Mazumdar and Guthrie investigated two-phase regions taking into account the effect
of a free surface on the flow field, while Neifer et al. simulated the distribution of
concentrations of alloy elements and temperature fields.

Park and Yang [38] analyzed mixing in two types of gas-stirred ladle systems
namely, a conventional cylindrical vessel and a through-flow configuration, by em-
ploying a Eulerian–Lagrangian two-phase model. The performance of two turbulent
models, the k � " model and the Reynolds stress models, were compared.
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Fig. 9.5 Comparison of results predicted by the k � " and Reynolds stress models: (a) velocity
vector; (b) turbulent eddy dissipation; and (c) effective viscosity [38]
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The transport equation for the continuous phase or Eulerian section of the
transport equations is very similar to those in the quasi-single method presented
previously and, therefore, will not be repeated here.

Gas-Phase Equations

The trajectory of a dispersed-phase bubble can be predicted by integrating the force
balance written in the Lagrangian reference frame [33, 38]. This force balance
equates the bubble inertia with the forces acting on the bubble and can be written as
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where Re D �LDb

jul�ubj
�e

is the Reynolds number, cd is empirical drag coefficient,
and gx is the gravitational acceleration. The term on the right-hand side represents
the drag, gravitational acceleration, added mass, and pressure effects, respectively.
The above equation is supplemented by the simple kinematics relationship which
defines the trajectories of bubbles

dx

dt
D ub: (9.52)

The drag coefficient cd is a function of the relative Reynolds number and can be
expressed in the general form

cd D a1 C a2

Re
C a3

Re2
: (9.53)

Turbulent Effect on Bubble Trajectories

A stochastic bubble-tracking method incorporates the instantaneous gas flow veloc-
ity, for example, Ou D u C u0, in the x direction. The magnitudes of u0; v0, and w0
during the lifetime of a fluid eddy through which a bubble traverses are sampled
assuming that they obey a Gaussian probability distribution. In the x direction,

u0 D �
p

u02; (9.54)

where � is a normally distributed random number and
p

u02 is the local rms value
of the velocity fluctuations. Since the kinetic energy of turbulence is known for
turbulent flow calculations, the magnitudes of the rms fluctuating component can be
obtained (assuming isotropy) as

p
u02 D

p
v02 D

p
w02 D

r

2
k

"
: (9.55)
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The value of the random number � is applied for the characteristic lifetime of the
eddy, defined as

� D C
3=4
�p
2

k

"
: (9.56)

Momentum Interaction Between the Phases

It is impossible to track trajectories of all the bubbles in the solution field. Therefore,
statistically adequate number of bubbles is chosen. Void fraction distribution can be
obtained using the residence time distribution, which is the sum of the residence
times of all bubbles visiting a particular control volume, expressed as

˛g D Q

N�V

nX

mD1

tR;m (9.57)

where Q is the volumetric flowrate of the gas, n is the number of bubbles that visit
that control volume, and tR is the residence time, and N is the number of nozzles.

The momentum interaction term Fi in the momentum equation can be calculated
using the fact that the drag force experienced by the bubbles acts with equal magni-
tude but in the opposite direction of the liquid:

Fi D Q

N�V

nX

mD1

tR;mZ

0

3

4

�l

d 2
b

CDRe.Vi � Ui/dt: (9.58)

The numerical results of Park and Yang [38] obtained using the Eulerian–
Lagrangian two-phase model are presented in Figs. 9.5 and 9.6 in which the
performance of k � " and Reynolds stress turbulence models is compared.
Figure 9.5 compares the velocity field, turbulent eddy dissipation, dispersed-phase
mass concentration, and effective viscosity using both models. The results from
both models considered are generally similar. The velocity field exhibits a jet-like
character in the vicinity of the symmetrical axis. Recirculation zones form near the
top left and right corners that are almost stagnant, implying poorly mixed regions.

Assuming isotropy (inherent in the k � " model) for the anisotropic turbulence
in the system could result in an overestimation of the turbulent kinetic energy due
to the fact that the radial turbulent velocity is less than the axial turbulent velocity.
Thus, the k � " model can be expected to overpredict the results of the Reynolds
stress model.

Figure 9.6 compares the predictions of Park and Yang and the experimental
results of Johansen et al. [33, 66]. Both models agree well with the measured data
except for the axial velocity at relatively low height. This discrepancy may be at-
tributed to the fact that the models neglected of bubble break up and coalescence in
the region near the air injection nozzle, due to a lack of accurate information.
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Fig. 9.6 Comparison of axial velocity with experimental data at locations (a) Z� D 0:9;
(b) Z� D 0:5; and (c) Z� D 0:1 [38]
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9.3.3 Mathematical Models Based on Energy Balance

Mathematical models based on the energy balance approach involve equating the
steady-state energy input rate to the bath .Ei/ to the rate of energy losses due to
dissipation .ED/. The manner in which E1

i and E1
D have been characterized and

quantified by various investigators has resulted in different models. For example,
Sahai and Guthrie [1, 2] assumed that the net force on the liquid was the product of
the total number of bubbles rising within the ascending plume and the drag force
exerted by each bubble. The energy dissipation losses due to bath turbulence were
estimated using the k � " model.

One of the main drawbacks of almost all models in this category is that the gas
kinetic energy contribution to input energy rate is assumed to be negligible. This
assumption is perhaps based on experimental investigations of Lehrer [67] who es-
timated that only 6 pct of the total gas kinetic energy is contributed toward the total
energy input. However, this estimate does not seem to be universally correct. In a
later study, employing a water bath and an orifice, Haida and Brimacombe [68] es-
timated this contribution to be around 15 pct. In a recent investigation, Murthy et al.
[20] examined this aspect in detail and demonstrated that the contribution of kinetic
energy to the mixing process in fact depends on operating conditions, and under cer-
tain situations specifically pertaining to small nozzle diameters, large bath heights,
and large gas flow rates, almost the whole of the gas kinetic energy contributes to
the mixing process.

Energy balance

The rate of energy input to the bath . PEi D VL P"/, which is actually contributes to the
mixing process, is the sum of the rate of energy input due to buoyancy effect of rising
bubble . PEb D VL P"b/ and a fraction of the rate of total kinetic energy associated with
the gas at the nozzle exit . PEk D VL P"k/. Thus,

" D "b C "k; (9.59)

where VL is the bath volume, and "b; P", and PP"k correspond to the rate of energy input
per unit bath volume.

Buoyancy contribution of energy input "b can be expressed as

P"b D
PEb

VL
D 4 PQPatmTL

298 2�D2H
ln

	
1C �LgH

Patm



(9.60)

and

P" D
PEi

VL
D 8�g PQ3

�2dn4VL
; (9.61)
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where TL is the bath temperature. The input energy to the bath is usually assumed
to be dissipated or lost in the following ways:

(a) Energy loss due to liquid circulation . PEc/, which occurs during downward flow,
presumably into the turbulent eddies, and ultimately by viscous dissipation;

(b) Energy loss due to bubble slip, which is otherwise known as energy dissipation
in the wakes behind the bubbles . PEs/

(c) Energy loss due to net bubble break up; and
(d) Energy loss due to viscous drag at the walls.

Adopting the approach used by Bhavaraju et al. [69] in modeling bubble columns,
Sano and Mori [70] and Murty et al. [71] assumed the rate of energy dissipation to be
equal to the sum of the rate of energy dissipation associated with liquid circulation
and that due to bubble slip.

The net energy dissipation due to bubble break up and from bubble coalescence
is generally assumed to be negligible [72]. The amount of viscous drag at the walls
depends on liquid viscosity. For low viscosity liquids such as molten metals and
water, the energy dissipation due to viscous drag at the walls can be neglected. Thus
at steady state;

P
Ei D PEc C P sE : (9.62)

The rate of energy loss due to liquid circulation in the bath . PEc/ is calculated as
the rate of energy associated with rising liquid in the plume . PELIP/ minus the rate
of kinetic energy associated with liquid flowing downward outside of the plume
. PELOP/. The rate of energy associated with the rising liquid in the plume can be
expressed as

P
ELIP D 1

2
Œ�LAp.1 � �/ULP�ULP

2; (9.63)

where Ap is average cross-sectional area of the plume which is given as

Ap D �

4
dc

2: (9.64)

The parameter � in (9.63) is the average gas holdup in the plume and is defined as

� D
PQM.h=ULP/

Aph
D

PQM

ApULP
: (9.65)

This implies that � D total volume of gas in the plume volume/volume of the plume.
Finally,

PEc D 1

2
�2Ap.1 � �/U 3

LP

"

1 � A2
p

A2
op
.1 � �/2

#

: (9.66)
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Energy loss due to bubble slip

Energy dissipation due to the bubble slip is generally expressed as

PEs D Us

Us C ULP

PEi; (9.67)

where Us is the bubble slip velocity, calculated using empirical correlations [58].
This approach, however, is not very satisfactory since it fails to satisfy the necessary
condition of Us=ULP being negligible for the entrainment processes to be effective.
Murty et al. [71] used the following formulation for energy loss considering the rate
of energy required to lift the plume as a rigid mass to height h.Emp/ and the rate
of energy required to lift both the liquid and the gas as separate entities inside the
plume height h.ELGP/; thus;

PEs D .1 � �/.�L � �G/. PQ �Ap�Ulp/gh: (9.68)

Therefore, PEi becomes;

PEi D 1

2
�L.1 � �/ApU

3
LP

"

1 � A2
p

A2
op
.1 � �/

#

C .1 � �/.�L � �G/gh. PQ �Ap�ULP/

(9.69)
with the supplementary relation;

PQM � ApULP� D 0: (9.70)

Equations (9.69) and (9.70) mathematically describe the mixing under considera-
tion. The two unknowns � and ULP are determined based on the process parameters.

9.4 Boundary Conditions

Since the ladles are usually cylindrical, the governing equations are generally solved
for half of the system due to the symmetry at the axis. Initially fluid in the bath is
assumed to be at rest and has a uniform temperature, which can be mathematically
expressed as

u D v D 0; T D Tin (9.71)

Bernard et al. [73] assigned small initial values for k and " to set the initial eddy
viscosity roughly equal to the molecular viscosity of water .10�6 m2=s/.

There is no flux across the symmetry plane such that

@u

@r
D 0;

@v

@r
D 0;

@k

@r
D 0;

@"

@r
D 0; V D 0;

@T

@r
D 0;

@˛L

@r
D 0;

@˛G

@r
D 0: (9.72)
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At the free surface, generally zero stresses are assumed; therefore, the axial gradient
of tangential velocity, temperature and turbulence kinetic energy and dissipation rate
are zero. Thus,

at z D H W @V
@z

D 0;
@T

@z
D 0;

@k

@z
D 0;

@"

@z
D 0: (9.73)

The top surface is usually assumed to be flat; therefore, axial velocity of liquid is set
to zero [8, 19, 40, 52];

u D 0: (9.74)

Gas is allowed to leave the bath at the rate at which it arrives at the top slab of cells.
To prevent accumulation of gas at the top slab of cells, Schawarz and Turner [40]
and Ilegbusi et al. [19] used the following boundary condition:

@˛g

@z
D 0: (9.75)

The walls are assumed to be solid and impermeable so that flow velocities are zero.
No slip conditions are employed at the boundary walls. These wall boundary condi-
tions are implemented using the near-wall approach of Launder and Spalding [54]
for the momentum and scalar transport equations. The method assumes that near
the wall, Couette flow prevails and the velocity profile obeys the universal loga-
rithmic law. Therefore, the log-law is generally employed to calculate the velocity
component parallel to the wall; thus

u1

u�

D
	
1

�



ln yC C 5:4; (9.76)

where �.D 0:435/ is the von-Karman constant, u� is the shear velocity, and yC is
the dimensionless distance of the node from the wall, expressed as

yC D yu�

�1

; (9.77)

u� D
	
�w

�1


0:5

; (9.78)

where �w is the wall sheer stress.
The turbulence parameters k and " near the wall are calculated from the following

relations:

k D 4:2u2
� ; (9.79)

" D u3
�

�y
: (9.80)
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Quasi-single models typically set the axial velocity at the inlet to the gas punch
velocity; thus,

at z D 0 W u D Uo; 0 < r < rn (9.81)

Two-phase models typically assume that only the gas enters the bath at the nozzle
such that,

fl D 0; fg D 1; ug D Uo; (9.82)

where fl and fg represent the liquid and gas fractions, respectively.
Assuming a 10-pct turbulence intensity generated by the incoming gas bubbles,

Schwarz and Turner [40] and Ilegbusi et al. [8] used the following boundary condi-
tion for the k and " at the nozzle:

k D 0:01U 2
0 : (9.83)

" D 47k1:5

rn
: (9.84)

9.5 Numerical Solution

Integration of the governing partial differential equations presented in Sect. 9.3 over
a control volume leads to an algebraic equation of the form;

AP�P D AN�N C AS�S C AE�E C AEqE CAW�W C SC; (9.85)

where � is a generic variable and the As are the convection and diffusion coeffi-
cients, representing the combined influences of convection and diffusion processes.
To obtain these coefficients (from convection and diffusion fluxes), several meth-
ods can be employed such as upwind, exponential, and finite difference hybrid
[1, 2, 52, 56, 57]. Although these schemes incorporate various assumptions (for
example, the upwind method ignores diffusion effects), Balaji and Mazumdar [57]
found that the differentiation schemes have a practically negligible influence on
the overall accuracy of the predicted results in gas–liquid flow in ladle operations.
Sometimes diffusive and convective terms are discretized using separate methods.
For example, Bernard et al. [73] used straightforward central differencing scheme
for the diffusive terms, and the skew-upwind differencing scheme for the convective
fluxes.

In single-fluid methods, the system of discretized equations is usually solved with
the SIMPLE algorithm of Patankar and Spalding (quasi). This method is available
in most commercial codes such as PHOENICS and FLUENT. Sahai and Guthrie
[1, 2] used a modified version of the SIMPLE method which uses GALA (gas and
liquid analyzer) algorithm. In this method, the physical properties of the fluid mix-
ture in a cell in the two-phase region (plume) are averaged on a volumetric basis.
This requires replacing the more conventional mass continuity equation with a vol-
ume continuity equation. In this way, the volume rather than mass of fluids entering
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a fluid volume element is taken to equal the volume of fluids flowing out. This ap-
proach is necessary because in two-phase flow problems, there often is a significant
discrepancy between the total in- and out-flow of mass to a cell.

In multi-fluid models, there is a separate solution field for each phase. Trans-
ported quantities interact via interphase terms. The pressure in both phases is
assumed to be the same within a computational cell. Field equations for each
phase are weighted with the volume fraction of that phase. The model is solved
using the inter-phase slip algorithm (IPSA) embodied in the PHOENICS computa-
tional code with modifications for the interfacial parameters and other source terms.
This approach and its derivatives have been adopted in other commercial computa-
tional codes.

In the Eulerian–Lagrangian methods, Eulerian parts of the equations are gen-
erally solved with methods described previously for the quasi-single-fluid models.
The bubble trajectory equations are solved by direct integration [33, 74] of (9.51)
and (9.52). The solution procedure employed by Johansen and Boysan to solve the
Eulerian–Lagrangian model [33] can be summarized as follows:

(a) In the first step, calculate the trajectories of bubbles assuming velocities
are zero.

(b) Calculate the distribution of force exerted by liquid on the bubbles, the void
fraction and turbulence production due to the bubbles.

(c) Solve continuous phase momentum and continuity equations and obtain correct
velocities and pressure.

(d) Solve for turbulence kinetic energy and dissipation rate, and obtain turbulence
viscosities.

(e) Return to step (a) for the next iteration and continue this procedure until con-
verged results are obtained [75].
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Chapter 10
Numerical Modeling of Multiphase Flows
in Materials Processing

10.1 Overview

This chapter discusses the numerical approaches to solving multiphase flow in
materials processing. Chapter 9 already provided basic introduction to the mod-
eling of gas–liquid phenomena. The focus in this chapter is liquid–solid systems
which is prevalent in continuous casting operations. The general approach to nu-
merical modeling is presented with reference to alloy solidification in order to
provide additional examples of modeling complex multiphase systems. Such a sys-
tem is complicated by the existence of an intermediate “mushy” zone due to phase
transformation. Three approaches are generally used for modeling such multiphase
systems namely, the continuum mixture models, two-phase models, and multi-
region models. Control volume methods are usually employed for discretization
of the transport equations in continuum mixture models and two-phase models,
while the finite element methods (FEMs) are preferred in continuum mixture mod-
els. Multi-domain models usually involve the reduction of the partial differential
equations to ordinary differential equations which are solved either analytically or
numerically.

In general, solving multiphase problems such as alloy solidification involves
calculating the heat transfer, fluid flow, and mass diffusion in the solid, liquid, and
mushy regions. Because of the complexity of alloy solidification very few analytical
solutions have been reported [1,2]. Thus, in the past two decades or so, a great deal
of research has been done to develop numerical methods and algorithms and more
recently, specialist codes to model the key thermal and flow components during so-
lidification and melting processes.

In modeling phase-change problems, it is always important to recognize the mul-
tiphase nature of the system. Typically the system will consist of a fully solid phase,
a solid/liquid mushy phase, and a fully liquid phase. The two-phase mushy re-
gion could contain free-floating equiaxed grains. Suitable heat transfer equations
that account for the two-phase nature could be based on the two-fluid models. The
numerical techniques employed could thus be classified into the two-region and
single-region methods.

In two-region methods, two independent sets of conservation equations are
derived for the liquid and solid regions and appropriate boundary conditions are

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 10,
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employed at the liquid–solid interface to couple the equations. Such a numerical
formulation produces smooth isotherms and streamlines in the vicinity of the
liquid–solid interface. However, this interface is often irregular with time in most
practical phase -change problems. Under this situation, both the liquid and solid
phases may have irregular domains with Dirichlet boundary conditions at the in-
terface. Hence an algebraic coordinate transformation [3–5] or boundary-fitted
curvilinear coordinate [6] is needed for each of the liquid and solid regions. This
complicates the use of the two-region methods. Therefore, some simplification in-
volving geometric regularity of the interface is generally needed [7]. In addition,
the governing equations based on a two-region method will become singular when
either the liquid or solid phase does not exist. To solve the associated numerical
difficulties, a number of single-region methods have been developed.

The fixed domain method does not deal with the particularized forms of energy
and mass conservation principle for each region. Rather, the method considers the
entire domain including all regions together. Thus, since the total domain does not
change with time, the method is termed “single-region method.”

Although a number of models have been proposed based on the variable domain
method, the single-region method remains the most popular. This is because of its
ease of implementation and, unlike the variable domain method it can be readily
extended to multidimensional problems. In addition, alloy solidification models can
be conveniently developed using the single-region method.

Studies on solidification modeling have been largely directed towards macro-
scopic phenomena. A variety of numerical techniques have been used for such
modeling studies. Among these are the finite difference method (FDM) with or
without the alternate direction implicit (ADI) time-stepping scheme, the FEM, the
boundary element method (BEM), the direct finite difference method (DFDM), and
the control volume element (VFM) method.

However, two major routes are generally followed to develop practical algorithms
and codes to model casting processes: finite element (FE) and control/finite volume
(C/FV) methods. FE methods were originally developed to solve deformation pro-
cesses; the ability to address heat transfer, phase change, and fluid-flow processes
emerged sometime later. Conversely, C/FV methods were initially used for conduc-
tion heat transfer, then convection driven flow and finally, free surface flows as in
mold filling. Both approaches have now been developed to the point where they
are able to represent the important macroscopic solidification behavior involved in
casting. These numerical methods are described below.

10.2 Control Volume-Based Finite Difference Method

10.2.1 Continuum Mixture Model

Bennon and Incropera [8–10] and Voller and coworkers [11–14] developed a
continuum mixture model for the prediction of macroscopic transport behavior for a
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class of binary phase-change systems. The model is based on the integration of semi
empirical laws and microscopic/atomic descriptions of transport behavior coupled
with the principles of classical mixture theory. The continuum mixture model is
similar to the standard single-phase flow equations and hence easier to compute
than the complete two-phase flow equations. In this model, the evolution of the la-
tent heat during the solidification process is embedded in the local enthalpy change
rate @H=@t . Voller and coworkers separated the latent heat from the sensible heat
such that the sensible heat becomes a continuous function across the liquid–solid
interface. This treatment allowed the well-known SIMPLE algorithm [15] to be
implemented in the enthalpy formulation. Based on the enthalpy method developed
by Voller and coworkers, Brent et al. [16] proposed the enthalpy-porosity technique
by treating the mushy zone as a porous medium.

It is important to recognize that each of the continuum equations remains valid
in all regions (solid, liquid, and mushy) of the phase-change domain. Thus the con-
tinuum formulation eliminates the need to prescribe complex internal interfacial
boundary conditions. Considerations need to be given only to boundary conditions
on the external domain surface. In addition, because explicit tracking of internal
boundaries between the solid, liquid, and mushy regions is unnecessary, the need
for coordinate mapping, a quasi-steady approximation or numerical remeshing is
eliminated. Hence, the complex binary phase change problem assumes many of the
features of a strongly coupled single-phase problem.

Bennon and Incropera [8] employed an implicit control volume-based finite
difference SIMPLER [15] scheme. The salient features of this methodology are:
(1) the governing equations are discretized using a control volume approach with
upwind differencing for the convective terms, (2) a staggered grid arrangement is
employed so that the velocities are computed at the faces of the control volumes,
(3) the velocity pressure coupling is handled by a SIMPLE type algorithm, (4) the
solution marches in time using a fully implicit formulation and (5) at each matching
time step, iterations are performed to account for the coupling between the various
equations. The detailed derivation of this method is given by Patankar [15]. Here we
consider only its application to binary phase change problems.

Figure 10.1 illustrates a typical solidified control volume in two-dimensional
Cartesian coordinate system. To integrate the conservation equations, a staggered
grid is employed in which the velocity component (Ue; Vw; Vn, and Vs) are defined
at the control–volume interfaces (e, w, n, and s) while other dependent variables are
defined at the center of the control volumes. The resulting discretized equations are
solved with the SIMPLE algorithm. The equation governing the transport of mass,
momentum, and heat can be written in the generalized form:

d .��/

dt
C ru� D r .�r�/C S�; (10.1)

where, � is a generic flow variable such as velocity component, enthalpy, and
species mass fraction.
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Fig. 10.1 A partially solidified control volume and velocity storage locations

Integrating the generalized governing equation over this control volume and
applying an upwind-differencing scheme, the discretized form of (10.1) becomes;

ap

˛
�m;p D aE�m;E C aW�m;W C aN�m;N C aS�m;S C b C .1� ˛/ap

˛
��

m;p; (10.2)

where

aE D DE C .�Fm;e; O/; (10.3)

aW D DW C .�Fm;W; O/; (10.4)

aN D DN C .�Fm;N; O/; (10.5)

aS D DS C .�Fm;S; O/; (10.6)

a0
P D �0

P�x�y

�t
; (10.7)

b D SC�x�y C a0
P�

0
m;P ; (10.8)

aP D aE C aW C aN C aS C a0
P C SP�x�y: (10.9)

In (10.3)–(10.6) D and F represent, respectively, the diffusion and convection
coefficients defined typically thus,

De D �eAe

.ıx/e
; (10.10)

Fm;e D .�fmUmA/e: (10.11)

The other diffusion and convection coefficients are similarly defined.
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The parameters SC in (10.8) represents the constant part of the linearized source
term S� and SP in (10.8) is the coefficient of �p. Under-relaxation and iteration
within a time step is implied by (10.2).

The main problem with the continuum model is the handling of the source terms
in the species conservation equation. Bennon and Incropera [8] expressed the ad-
vective source term in the general form;

S D �rŒ�.V � Vs/.�1 � �/�; (10.12)

where, � specifically represents the solute composition, C . If the source term is
linearized and integrated over the control volume, it may be expressed as:

NS D
eZ

w

nZ

s

S�dxdy D .Sc C SP�P /�x�y; (10.13)

where, SC is the constant part of the source term that is independent of �.
Prior to integration, Bennon and Incropera [8] noted that the advection source

term could be expressed as:

S D r.�V�/ � r.�sgsVs�s/ � r.�1g1V1�1/; (10.14)

where, g is mass fraction, and subscript s and l represent solid and liquid phases,
respectively.

Integration of the terms in (10.12) yields

S D Sm � �
S s C S l

�
; (10.15)

where,

Sm D Fe�
�
e � Fw�

�
w C Fn�

�
n � Fs�

�
s ; (10.16)

Sk D Fk;e�
�
k;e � Fk;w�

�
k;w C Fk;n�

�
k;n � Fk;s�

�
k;s; k D s; 1; (10.17)

and �� is the value of � at the previous iteration. The coefficients in (10.14) repre-
sent the total mass flow rates across each control volume interface (e, w, n, and s)
and are defined as:

Fe D .�uA/e; Fw D .�uA/w; Fn D .�uA/n; Fs D .�uA/s; (10.18)

while the coefficients in (10.15) represent the mass flow rates of phase k across the
control volume interface and are defined as:

Fk;e D .�kgkukAk/e ; Fk;w D .�kgkukAk/w ; (10.19)

Fk;n D .�kgkukAk/n ; Fk;s D .�kgkukAk/s : (10.20)
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Mass conservation requires that,

fi D fs;i C fl;i .i D e; w; n; or s/: (10.21)

Employing the upwinding scheme such that the interfacial values of � are specified
as the upwind nodal values yields the following discretized forms of Sm and Sk:

Sm D Œ.Fe/C .Fw/C .Fn/C .�Fs/C .�Fs/� ˆ
�
P � .�Fe/ˆ

�
E

� .Fw/ˆ
�
W � .Fn/ˆ

�
N � .Fs/ˆ

�
S ; (10.22)

Sk D ��
Fk;e

�C �
Fk;w

�C �
Fk;n

�C ��Fk;s
��
ˆ�

k;P � ��Fk;e
�
ˆ�

k;E

� �Fk;w
�
ˆ�

k;W � �
Fk;n

�
ˆ�

k;N � �
Fk;s

�
ˆ�

k;S; (10.23)

.k D s; 1/:

Amberg [17] and Shahani et al. [18] used a similar approach, but calculated temper-
ature from the phase diagram equation using the relation,

@f

@t
D 1

"
.T � TL.cp//; (10.24)

instead of
T D TL.c1/ D To � �cp; (10.25)

used by Bennon and Incropera [10], and Prakash and Voller [19].
Amberg [17] and Shahani et al. [18] used second-order accurate discretization

of spatial derivatives. The velocity field was solved from the momentum equation
using the well-known pressure-correction method. The nonlinear convective terms
were discretized in a special manner to allow a reasonably large time step and to
suppress non-physical oscillations in the solution. The diffusive term was treated
implicitly also to avoid a severe limitation of the time-step size.

The difference between Amberg’s method and that used by Bennon and Incr-
opera [8], and Beckermann and Viscanta [20] is mainly that (10.24) is used instead
of (10.25) which allows the system to be advanced to a new time level explicitly.
Bennon and Incropera, and Beckermann and Viscanta used a completely implicit
method where temperature and melt fraction etc. at the new time level were obtained
simultaneously as solutions to a nonlinear system of equations. Their treatment al-
lows larger time steps than the explicit method, but each successive step is more
costly. It is not clear which of the two methods is most economical.

Since Amberg and coworkers used a rather explicit scheme, the overall stability
was governed by a Courant number Co DVmaxdt=dy; Vmax being the maximum
velocity in the spatial stepwise domain.

The continuum mixture model and the control volume-based FDM are the pre-
dominant approaches employed by most researchers with only slight modifications.
Those include the works of Christenson et al. [21], Voller et al. [13], Prescott
and Incropera [22], Yoo and Viskanta [23], Shahani et al. [18], Chiang and Tsai
[24], Chen and Tsai [25], Prescott et al. [26], Diao and Tsai [27], Schneider and



10.2 Control Volume-Based Finite Difference Method 343

Fig. 10.2 Convection conditions after 175 s of cooling (a) velocity vectors, (b) streamlines,
(c) isotherms, and (d) liquid isocomps [35]

Beckermann [28], Ilegbusi and Mat [29, 30], Rady and Nada [31], Vreeman et al.
[32], Mat and Ilegbusi [33]. For example, Prescott and Incropera [22] used a power
law-differencing scheme. Raw and Lee [34] considered the solid phase as a liquid
with an infinite viscosity and applied a weighting function to handle the viscosity
change in the mushy region. Chen and Tsai [25] used an implicit control volume-
based finite difference procedure with the SIMPLEC algorithm. The domain change
due to solidification shrinkage was handled by a front tracking method.

Prescott and Incropera [26, 35] applied continuum mixture model to solidifica-
tion of Pb–% 19 Sn alloy in an axisymmetric cylindrical mold made of stainless
steel, cooled from its outer vertical wall. A typical result of Prescott and Incropera
is given in Fig. 10.2. The figure shows the velocity vectors, streamlines, isotherms,
and liquid isocomposition lines respectively after 175 s of solidification. Due to the
phase equilibrium requirements, Sn is rejected from the mushy region during the
solidification. Since rejected solute (Sn) is lighter than the solvent (Pb), an opposing
solutal buoyancy flow is generated in the mold to the flow generated from tempera-
ture gradients between the mold surface and the center (Fig. 10.2a). Fluid exchange
occurs between the mushy and melt regions, and the three small recirculation cells
formed at the interface causes the formation of preferred flow path for interdendritic
fluid. These channels lead to the formation of segregates which are solute deficient
zones in the solidified parts.
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In a subsequent study, Prescott et al. [26] conducted an experiment to study the
solidification in a system considered in the numerical study of Prescott and Incr-
opera [35]. Estimated cooling curves and macrosegregation patterns are compared
with the experimental data. The numerical study generally agreed with the experi-
ment. However, some of the phenomena observed in the experiments such as under
cooling, recalescence and solid particle transport were not captured in the numeri-
cal study, due to the inherent assumptions in the mathematical model. It was also
observed that the macrosegregation was three-dimensional indicating that three-
dimensional convection patterns existed during the solidification.

Krane and Incropera [36], and Vreeman et al. [32] applied a single-domain mix-
ture model of DC casting that simultaneously accounts for solute redistribution
due to the fluid convection in the melt and mushy zone, as well as the transport
of free-floating solid phase dendrites. These dendrites occupy a slurry region be-
tween the liquid slurry regions. Vreeman et al. [32] allowed for the relative phase
motion with a solid–liquid velocity region, derived for spherical particles, thereby
accounting for the settling of the heavier, free-floating dendrites. The mixture model
vas used to simulate the development of macrosegregation in Al–4.5 wt% Cu and
Al–6.0 wt%Mg billets, and successfully predicted the distribution of the alloying
elements.

Since the mixture enthalpy and composition are defined explicitly at the nodes,
Vreeman et al. [32] used the solid volume fraction, fs, at each mode to determine
whether the solid phase in a particular control volume forms a rigid dendrite struc-
ture .fshfs;p/. With the morphology of the solid phase defined by the solid volume
fraction at each node and the velocity components defined at the control volume
interfaces, the momentum equations for a rigid mushy zone are applied to the inter-
faces of control volumes whose solid volume fraction is greater than or equal to the
packing fraction, while the slurry momentum equations are applied at the remaining
control volume interfaces. In the liquid and slurry regions for which the solid volume
fraction is less than the designated packing fraction fs:p at which free-floating den-
drites are assumed to coalesce to form a rigid dendrite structure, a modified version
of Ni and Incropera’s slurry momentum equation is employed. In the remaining re-
gions, the momentum equations originally developed by Bennon and Incropera [8],
and modified by Prescott and Incropera [35] are employed to account for interden-
dritic fluid flow in a solid dendritic structure translating at the casting speed.

The solidification problems involve simultaneously solving advection–diffusion
equations, namely, those associated with the solid and liquid phases. Hence, the
adoption of any advection–diffusion scheme should be based on the Péclet number
defined for the phases thus:

Pek D �ukıx

�x

; (10.26)

in which subscript k represents the phases, ıx is the length of control volume in x
direction, and � is the appropriate diffusion coefficient.

The influence that upwinding has on the numerical predictions therefore
depends not only on the selected numerical mesh, but also on the phase
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thermophysical properties and velocities. In general, for solidCliquid system,
the Péclet numbers associated with phase momentum and species transport are suf-
ficiently large to justify the use of upwinding. However, although always providing
physically realistic results, upwinding can overpredict diffusion energy transport,
particularly for systems of high-conductivity phases such as metals.

Another issue related to the numerical solution of the continuum equations is that
of false diffusion. False diffusion exists when flows are oblique to the orthogonal
mesh and is most severe for large Péclet numbers. It is not a consequence of upwind-
ing, but rather the treatment of variables as locally one-dimensional. The influence
of false diffusion can be minimized by adopting fine computation meshes. For bi-
nary solid–liquid systems, false diffusion is generally most severe in the species
conservation equation since local mass transfer Péclet numbers are large and real
Fickian diffusion is small.

Most of the existing single-region methods produce zigzag isotherms and stream-
line in the vicinity of a liquid–solid interface [17]. This numerical error has been
proven to arise from improper handling of the evolution (or absorption) of the latent
heat. This may also be responsible for the poor solution convergence rate encoun-
tered in the use of the existing single-region methods.

10.2.2 Two-Fluid Models

Typically, a phase-change system is treated as a single continuum i.e. there is no
explicit differentiation between the solid and liquid phases. Numerical algorithms
based on such single-domain approaches are by now well established and have pro-
duced useful and insightful models of solidification system. Some authors, however,
have recognized that continuum approaches often lack a comprehensive treatment
of the general nature of the systems. Recently full multiple-phase models have been
proposed by Beckermann and coworkers [37–45].

A general solidification involves a spatial region over which both solid and liquid
coexist in a so-called mushy region. Often the scale required for the resolution of
the solid–liquid interface is several orders smaller than the typical cell size used
in a discrete numerical solution of the governing macroscopic transport equations.
A powerful modeling concept in this solution is the representative volume element
(REV) introduced to the solidification modeling community by Ni and Beckermann
[37]. Typically, REV is selected to include a representative and uniform sampling
of the mushy region such that local scale solidification processes can be described
by variables averaged over the REV.

The essential part of a solidification model is the definition of a set of consistent
variables that can describe the state of the solidification systems. Four classes of
variables can be identified as described below.

1. Microscopic. These variables vary at each point in the REV: In many solidifi-
cation systems heat transfer and mass transport in the liquid phase are relatively
rapid and it is often reasonable to assume the solid concentration of the variables.
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The development of macroscopic equations that involve solid concentrations use
the intrinsic volume average over the solid phase in REV, defined as,

hC k
s i D 1

g

gZ

0

C k
s d�; (10.27)

where, g is the solid volume fraction in the REV and the superscript k is a marker
for the kth component of an m component system.

2. Macroscopic-mixture. These variables describe the state of the REV. They are
the main variables in the mixture macroscopic transport equations. Appropriate
definitions are, Mixture enthalpy:

j�Hj D �gshs C .1 � g/ �lhl: (10.28)

Mixture concentration (for a given solute component k D 1, 2)

Œ�C �k D g�shC k
s is C .1 � g/ �lc

k
l : (10.29)

3. Mesoscopic. These variables are uniform in the REV if heat and liquid mass
transport are relatively rapid. The mesoscopic variables are: temperature T ,
liquid solute concentrations C k

l , and solid phase enthalpy,

hs D CsT; (10.30)

where, Cs is a specific heat term which in general can be a function of tempera-
ture and concentration, and liquid phase enthalpy

hl D ClT C�H: (10.31)

4. Flow. If the solid and liquid flows are uniform over the REV then the equations
of motion for the solid and liquid phases can be developed in terms of a solid
velocity Us and liquid velocity Ul. With these variables, a mixture velocity u is
defined thus:

�u D g�sus C .1 � g/ �lul: (10.32)

In many models, however, it is convenient to work with the volume flow rate of the
liquid phase U.u; v/. The interdendritic volume flow

U D .1 � g/ ul (10.33)

is thus the velocity variable.
A numerical solution of the conservation equations will result in the current val-

ues for the mixture enthalpy Œ�H � and mixture solute concentration Œ�C � at each
node of the domain.
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Coupling models are used to determine the model fields of the solid-fraction, g;
average solute concentration in the solid,

˝
C k

s

˛s
; liquid solute concentration,C k

l ;and
temperature T .

The model equations presented in Sect. 10.2.1 for multiphase system with solid-
ification may be expressed in the following general form:

@ .fk�k k/

@t
C r .fk�kvk k/ D r .fk�kr k/C Sk; (10.34)

where �k stands for the diffusion coefficient of a general transfer field  k and Sk

represents all the source terms for the transport of  k , including the interfacial in-
teraction terms among the phases.

Beckermann and coworkers [42, 43] discretized (10.29) using a control volume-
based FDM, in which the transient term is treated by a fully implicit scheme. The
resulting algebraic equation in cartesian coordinates can be expressed as:

	
f 0g0�x�y

�t
C aE C aW C aS C aN C SP



 P

D f 0g0�x�y

�t
 0

P C aE E C aW W C aS S C aN N C SC; (10.35)

where, the superscript 0 denotes the old values of f , g, and �P from the previous
time step at the central point P . The a’s are the diffusional convection coefficients
and subscript E, W, S, and N denote the nodes neighboring the center node P ,
respectively. The upwind scheme is used for the advection terms.

The flow fields of the various phases in a multiphase system interact with each
other in numerous ways e.g. through the constraint that the phases have to share
the same volume at a time and through common pressure terms. These difficulties
have been adequately resolved by the so-called IPSA (Interphase Slip Algorithm)
algorithm, developed by Spalding [46]. IPSA is a basic feature of the PHOENICS
commercial code [47]. Therefore, Beckermann and coworkers modified the existing
multiphase model in PHOENICS to handle the solidification and then solved the
discretization equations iteratively in the following order:

1. Guess the phase-change rate �s from the previous time step.
2. Compute the flow fields vs and vf from the continuity and momentum equations.
3. Compute the volume averaged concentration fields Cs and Cf from the species

conservation equations.
4. Compute the temperature field T from mixture energy equation.
5. Calculate the liquid temperature from Cf

6. Determine the nucleation rate according to the nucleation model and calculate
the nuclei number.

7. Calculate the phase change rate �s from the interface species balance.
8. Feed the newly obtained �s back to step 2.
9. Repeat steps (a)–(i) until convergence of all fields is achieved before advancing

to the next time step.
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In the multiphase model for dendritic solidification the phase-change rate
represents a critical parameter reflecting the coupling between the microscopic
submodel for grain nucleation and growth, and the macroscopic model for trans-
port phenomena. The temperature, concentration, and flow fields predicted from
the macroscopic model are used to calculate the nucleation rate, grain growth rate
and hence, the phase-change rate during the solidification. The phase-change rate
so estimated in turn exerts a significant influence on momentum transfer through
changing the phase volume fractions, energy transfer through releasing the latent
heat as well as on species transport through rejection or incorporation of species at
the solid/liquid interface. Furthermore, in solidification problems, due to the pres-
ence of multiple length scales, the time scales at which various physical phenomena
evolve are significantly disparate. For example, the grain fraction is dictated by the
dendrite tip growth, which is a much faster physical process than the macroscopic
transport phenomena. Accurate modeling of microstructure hence requires a very
fine time step. However, a large time step is desirable for the macroscopic conser-
vation equations. Thévoz et al. [48] proposed a multiple time-step coupling scheme
to resolve this problem.

The advantages of the multiple time-step scheme described above are: (1) it
enables accurate modeling of both macro and micro behaviors, which is crucially
important for multiscale modeling of dendritic alloys solidification; (2) it is com-
putationally efficient, because the microscopic phenomena that must be resolved by
very fine time steps are treated locally, while the macroscopic phenomena involving
the dimension effect are simulated using a fairly large time step; (3) it is a stable
and fast convergent solution algorithm because the source terms in the macroscopic
conservation equations are obtained by carrying out integration of several micro-
scopic phenomena, in which any single ill-behaved step would be smeared out in
the integration.

Wang and Beckermann [42], and Beckermann and Ni [45] used a fixed arm spac-
ing overlooks coarsening phenomena. In reality, it would be expected that over the
solidification, the morphology of the REV, characterized by the secondary arm spac-
ing, � will increase in size. This phenomenon will dilute, and one way of accounting
for the coarsening, which has a theoretical basis is to enhance the diffusion coeffi-
cient. Voller and Beckermann [49] suggest that a suitable additive enhancement is
DC D 0:1�2

4tf
where tf is solidification time.

Using two-phase model Beckermann and Ni [45] modeled globolutic solidifica-
tion of Al–4% Cu alloy in a rectangular cavity. One of the vertical boundary walls
is cooled with a constant heat flux and the other walls are assumed to be adiabatic.
Beckermann and Ni considered three alternative situations. The first simulation con-
sidered the solid phase as stationary. The second and third alternatives consider both
solid and liquid motion, but with different nucleation rates. Selected representative
results of Beckermann and Ni [45] are presented in Figs. 10.3 and 10.4.

Figure 10.3 shows the velocity field and the extent of the mushy region calculated
in the second case at t D 10, 30, 50, and 70 s, respectively. In this case, nucleation
rate was taken as Pn D 1011 1=m3s. In this figure (Fig. 10.3a), solid contours concen-
trate at the lower parts of the cavity indicating that much of the solid particle moves
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Fig. 10.3 Liquid velocity vectors and solid volume fraction contours at four instances for
simulation 2 (moving solid, n D 1011 1=m3s/ [45]. Note that solid fraction contours are plotted on
the velocity vectors in each case

Fig. 10.4 Comparison of final macrosegregation patterns for three alloy concentrations [45]

downwards due to gravity and counter clockwise circulation. Since after fs D 0:67,
the solid particles are assumed to form a solid structure, the velocity at the bottom
left of the cavity is very small, while smaller particles are advected to the right side
by the counter clockwise circulation. Since solid particles move downwards, the last
solidified part in the cavity is the upper right region (Fig. 10.3d).
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The effect of solid motion and nucleation rate on macrosegregation is given
in Fig. 10.4 in which the results of case 1, case 2, and case 3 are presented in
Fig. 10.4a–c, respectively. The final macrosegregation pattern is significantly af-
fected from the motion and nucleation rate. In the first case, downward motion of
solute-rich melt causes the bottom part of the cavity to be positively segregated,
while in the second and third cases, the sedimentation of solute-poor grain results
in a negative segregation at the bottom part of the cavity.

10.3 The Finite Element Method

The FEM has been an attractive method for analyzing heat and mass transport,
in solidification processing of materials. This is because of its ability to handle
problems with complex geometries and inherent nonlinear properties arising out
of dependence of these properties on the field variables as well as the presence of
nonlinear boundary conditions. The FEM is popular for two main reasons. First, it is
able to reproduce using fewer nodes than does FDM, the shape of complex domains.
Second, large commercial or public domain codes have already been developed. The
FEM has been successfully applied to solidification problems [50–59].

Early attempts at applying finite element analysis to solidification problems fo-
cused only on heat conduction. The most important phenomena taken into account
are the release of latent heat due to phase change. If this is incorporated in the gov-
erning equations as a variation in the specific heat of material, it is evident that
there occurs a jump at the phase-change temperature in the specific heat curve. This
is analogous to the peak of a Dirac delta function. In order that this peak is not
missed in the analysis, an alternate averaging procedure on the smoother enthalpy–
temperature curve was suggested [60].

In order to include the effect of free convection in the liquid and mushy regions,
the whole set of coupled momentum, energy, and mass balance equations have to
be solved simultaneously. However, poor computational efficiency of the simultane-
ous solution approach commonly used in the early FEM analysis of incompressible
fluids is a major impediment in the widespread use of FEM in computational fluid
dynamics. Therefore, special sophisticated acceleration techniques and algorithms
have been developed to speed up FEM calculations. Most of these techniques
originate from finite difference calculations. To decouple the continuity and mo-
mentum equations for incompressible fluids, Chorin [61] developed the fractional
step method. The momentum is first solved disregarding the pressure gradient
term. Then, the provisional velocity field obtained is corrected by taking into ac-
count the pressure contribution through the enforcement of the incompressibility
requirement.

Applying the splitting techniques to discretize the diffusion and convec-
tion terms, the momentum and energy equations are split according to physical
processes, and contribution from each of these processes is calculated separately in
the time integration procedure. Ramaswamy and Jue [62] reported successful use
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of one such technique where the convective terms of the momentum and energy
equations are integrated in time using the second-order Adams Bashforth scheme
whereas the diffusive terms are calculated using the backward Euler scheme.

The formulation for FEM is more complicated, but it is not significantly differ-
ent from the FDM. Although the specific heat (or mass) matrix is nondiagonal in the
standard formulation, it can be lumped when using explicit schemes. This lumping
technique which introduces a numerical diffusion similar to the numerical viscos-
ity encountered in upwinding schemes of convection calculations, is only slightly
less accurate than the exact integration method. Furthermore, it can remove some
inconsistencies in the calculated temperature field for example, when two media of
different temperature are suddenly brought into thermal contact. Although no ADI
algorithm exists in FEM, the super time step technique can partly remove the sta-
bility criterion of explicit schemes. The DFDM technique of Ohnaka [63] combines
the formulation simplicity of FDM with the enmeshment facility of FEM. The local
heat balance is written in a way that is similar to that in FDM. It has been compared
with the FEM and ADI–FDM techniques by Thomas et al. [64].

In the finite element solution procedure, the nodal values of quantities are inter-
polated to approximate the velocity, temperature and pressure in the domain thus:

Ui .x; t / D �T .x/ U i .t/ ; (10.36)

Pi .x; t / D  T .x/ P i .t/ ; (10.37)

Ti .x; t / D �T .x/ T i .t/ ; (10.38)

Ci .x; t / D �T .x/ C i .t/ ; (10.39)

where, U i ; P i ; T i ; C i are the column vectors, of the element nodal point veloci-
ties, pressure, temperature, and concentration, respectively.

To discretize the equations, the Galerkin’s method is usually employed. In the
Galerkin’s procedure, the second-order diffusion terms in the momentum and en-
ergy equations and the pressure term are reduced to first-order terms and a surface
integral, by the application of temperature dependent properties (enthalpy or spe-
cific heat). It is readily applied to coarse grids with large time step. The temperature
is held constant until all the latent heat associated with the nodal volume is com-
pletely released. This ensures that no latent heat is lost, but this approach has been
found to be unstable in some problems [65].

Felicelli et al. [51] applied continuum mixture equations similar to Beckermann
and coworkers to solve the governing equations by the FEM, using a generality
function, the Petrov–Galerkin formulation. Using the Galerkin’s procedure and the
above approximations, the following matrix form of the governing equations ensues.

fC g fU g D Œ0� ; (10.40)

ŒN �
du

dt
C ŒA .U /� fU g C ŒK .T; U /� fU g � ŒC � fP g C ŒG .T /� fT g D fF .T; Tref/g ;

(10.41)
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where the various matrices are derived from the element shape functions and their
derivatives.

The main thrust in the finite element formulation of the problems is to avoid
the separated characterization of the phase-change interface and instead to include
it through the variations in the material properties [65–67]. The progress of the
interface can then be viewed using the appropriate isothermals in the solution
domain.

The other class of formulations of the FEM is based on the definition of an ef-
fective specific heat. This results in the inclusion of the latent heat effect in the
capacitance matrix. There are a number of ways in which this can be provided for.
Each of these methods makes use of an enthalpy temperature curve, for example.

The effective specific heat at every integration point is computed according to
the following relationship,

CP D
rrHrH

rTrT ; (10.42)

or in terms of the finite element formulation as follows:

CP D
s

fH .T / ŒB� fH .T /gg
fT g ŒB� fT g ; (10.43)

where, fT g and fH.T /g are the vectors of the nodal temperatures and enthalpies and
ŒB� is the matrix formed from the derivatives of the element shape function. This
method incorporates the variation of enthalpy in each element. It performs better
than the shape method even on coarse meshes [68].

The finite element formulations described above result in a set of nonlinear time
dependent matrix equations. In general, various iterative solution procedures can be
used [69]. But the choice of a solution procedure is highly problem-dependent and
involves frequent trade-offs between computational efficiency and available high-
speed storage. Among the most popular and computationally efficient methods is
the Newton–Raphson method in which the entire set of global unknown is solved
together.

For the solution of the transient problem, it is necessary to have a robust time-
stepping algorithm. The matrix equations result in a first-order equation in time. For
the solution of this problem a three-level unconditionally stable scheme has been
proposed [70]. One describes the three-level scheme class of time-step algorithm in
the two-level scheme, which can vary between explicit, and implicit solution strate-
gies [67]. The explicit scheme requires no matrix inversion, but the time step is
limited by stability consideration. On the other hand, the implicit method is uncon-
ditionally stable but involves matrix inversion.

The numerical algorithms used in FE formulation for phase change problems can
be categorized into fixed and moving grid methods. A typical fixed grid method is
the enthalpy method where an enthalpy function is introduced and the discontinuity
at the solid/liquid interface is rounded off in an averaging process. The solid/liquid



10.3 The Finite Element Method 353

interface boundary is obtained from the calculated temperature field. This round-off
process may decrease the accuracy of the final results as discussed by Pardo and
Weckman [71].

Felicelli et al. [54] used a fixed finite element algorithm to calculate macroseg-
regation and the formation of channels and freckles in Pb–Sn alloys. They assumed
that the mushy zone is a porous medium with an isotropic permeability and con-
sidered superficial velocity components for the fluid velocities in the mushy region.
The superficial velocities are

u D �up; w D �wpa; (10.44)

where, up and wp is the components of the pore velocity and � is the liquid fraction.
Following Marshall et al. [72], Heinrich and Marshall [73], Heinrich and Yu [74],

Ganesan and Poirier [75], Nandapurkar et al. [52], and Felicelli et al. [54] employed
a computational algorithm, which uses a standard penalty function formulation. The
advantage of penalty function procedure is that the pressure is eliminated in the mo-
mentum equation. The elimination is done using the following pseudo-constitutive
relation;

P D Ps � �
	
@U

@x
C @W

@z



; (10.45)

where, Ps is the hydrostatic pressure and � is a large penalty parameter. As a result,
the pressure is not calculated but if needed can be recovered a posteriori by solving
a Poisson equation.

Felicelli et al. [54] used a bilinear Lagrangian isoparametric element to discretize
the transport equations. The convective terms are dealt with using a Petrov–Galerkin
formulation in which the weighting function is perturbed in the convective term. The
perturbed weighting function is expressed as:

W k
i D Ni C ˛kPi k D 1; 2; 3; (10.46)

where Ni is the shape function corresponding to node i , and k D 1; 2 corresponds
to u-momentum equation and v-momentum equation, respectively.

Using the above terms the weak form of the momentum equations are obtained.
Then the convective terms are treated explicitly and diffusive terms are evaluated
implicitly. All variables are interpolated using the bilinear isoparametric shape func-
tions for a generic function f .x; z/ as;

f .x; z/ D
X

i

Ni .x; z/fi : (10.47)

Felicelli et al. [57] extended the model to three-dimensional problems and applied it
to solidification of a Pb–Sn alloy in a parallelepiped and in a cylinder. The transport
equations were discretized and integrated in time using a FEM based on the bi-
linear Lagrangian isoparametric element. A Petrov–Galerkin technique was used to
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treat the convective terms of the transport equations. The momentum equations were
solved with Galerkin’s/least-square method, using equal-order bilinear interpolation
for both velocity and pressure. A conjugate gradient algorithm with diagonal pre-
conditioning and sparse format storage was employed in the solution of the algebraic
equations. The finite element mesh system used by Felicelli et al. [57] is shown in
Fig. 10.5. This system employs 12,360 hexahedral elements and 13,733 nodes.

A representative result of Felicelli et al. [57] is shown in Fig. 10.6. Figure 10.6a
shows the calculated fluid fraction contours up to z D 0:005m, and the velocity
vector. Four preformed flow channels developed in the system due to remelting.
Consider a differential volume element within the mushy zone that has a fraction liq-
uid �1. Its temperature and liquid concentration are given by the point .T1; Ce1/ in
the liquidus line. Remelting occurs in this element when @�

@t
> 0without necessarily

achieving a fraction liquid of 1. In order for this to happen either the temperature or
the concentration of the element must increase (assuming k < 1). Solute-rich liquid
flows upward within the channel into the all-liquid region, gradually losing solute
along its path, impinges on the top surface and comes down to feed back depleted
solute into the channels. The solute-depleted liquid entering the neighborhood of
the channel mouth produces a volcano in this region.

The estimated mixture concentration contours are presented in Fig. 10.6b. The
solute-rich regions are formed along the channel paths. The plumes that emerge
from the channels are evident which are richer in solute than the surrounding liquid.

Felicelli et al. [57] also performed a two-dimensional simulation on a verti-
cal cross section of the three-dimensional casting. The velocities obtained in the
3D calculation were higher than those in the 2D calculation, indicating more intense
convection in 3D than 2D. The higher velocities resulted in more segregation in the
casting. However, the channel sizes were found to be the same in both calculations.

Nigro et al. [59] introduced a special integration method based on temperature
model in order to avoid some of the difficulties introduced by the discontinuities pre-
sented in most of the fixed grid phase-change formulation. In this way it is possible
to get exact Jacobian matrix of the Newton scheme retaining the quadratic conver-
gence rate. This idea was originally presented as a discontinuous integration scheme
by Steven [76] to solve Poisson equation with discontinuous coefficients and by
Crivelli and Idelsohn [50]. Fachinotti et al. [77] adopted this technique to solve the
conductive and/or convective heat equation with isothermal or mushy phase change
oriented to continuous casting process.

The application of the phasewise discontinuous integration method for the solu-
tion of thermal phase change problems consists of dividing the element integration
domain into several element sub-domains according to the distribution of phases
within the element. The nodal solid fraction of each element is computed for each
iteration. Before computing the contribution of each element, a special routine iden-
tifies the corresponding case according to the nodal solid fraction. To do this it is
necessary to compute the intersection coordinates at each triangle edge with the
solidus and liquidus line coming from the thermodynamic equilibrium diagram.

Another variation is the moving or deforming FEM method. In the deforming
FEM method, finite element nodes are moving with respect to time, to adapt to the
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Fig. 10.5 Finite element mesh used for calculations [57]
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Fig. 10.6 Solidification
of Pb–10 wt%Sn in a cylinder
at 10 min. (a) Isosurfaces
of volume fraction of liquid
and streamtraces emerging
from a channel,
(b) isosurfaces of mixture
concentration of Sn [57]

motion of the solid/liquid interface. Because the interface is continuously tracked,
the accuracy of the final results is much improved. One example of the moving grid
method is that proposed by Miller and Miller [78], where Burger’s equation is solved
with more finite element nodes moving and concentrating in a sharp transition layer.
Generally, fixed grid methods offer simplicity and moving grid methods provide
accuracy.

The moving or deforming FEM method has been demonstrated successfully for
modeling the solidification of pure materials by Lynch and O’Neill [79],and Zabaras
and Ruan [80, 81]. In this method, time dependent finite element interpolation
functions are introduced and finite element nodes move with time to adapt to the
motion of the solid/liquid interface. Because the interface is continuously traced,
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the thermal and mechanical conditions at the interface can be applied accurately
[82]. Assuming the solute is completely mixed, the solid fraction in the mushy re-
gion can be expressed explicitly as a function of temperature. However, there is no
consideration of fluid flow and mass diffusion during the solidification.

Tszeng et al. [83] and Chen et al. [84] introduced a temperature recovery method
for phase-change problems. Chen et al. [56] extended the conduction model, which
uses temperature recovery method to solidification of binary alloy problems em-
ploying a moving grid methodology. A set of transport equations was used similar
to that of Bennon and Incropera [9]. However, there were source terms in the energy
and species balance equations. An energy boundary condition was used instead for
the solid/liquid interface thus,

ks
@Ts

@n
� kl

@Tl

@n
D �L

@x

@t
on ".t/; (10.48)

and species boundary conditions,

.rf ˛/:n D 0 on �e.t/; (10.49)

f ˛ D f ˛
e on ".t/; (10.50)

in which n represents the outward normal vector. �s.t/ and �l.t/ denote the fixed
boundary of the solid and non-solid respectively, and ".t/ denotes solidus line.

It was found that the temperature recovery method was useful in reducing the
computational effort without sacrificing the computational accuracy and time. Thus
Chen et al. [56], determined the interface location using the temperature recovery
method at each time step. After determining the solid zone, the momentum, en-
ergy and species transport equations were solved for the non-solid region. Since
the governing equations are nonlinear, the results of the previous time step were
used for the velocity terms V� in the momentum, energy and species balance equa-
tions for linearization. In addition, the previous step solutions for the temperature
and species distribution were used for decoupling coupled terms in the momentum
balance equations.

The numerical solution procedure of Chen et al. [56] can be summarized as
follows:

1. At the beginning of each time step, temperature fields were obtained by solving
the energy equation, omitting the convective terms. The phase interface zone was
determined from the given temperature distributions.

2. A new mesh for the non-solid domain was created since a new interfacial position
was obtained from the result of step (1) above.

3. The discretized and linearized momentum, temperature and species balance
equations were solved for the non-solid domain in a staggered manner. At the
first iteration, the velocity distributions were obtained with the values of tem-
perature and species composition from the previous step. Using these velocity
distributions, the energy and species balance equations were solved.
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Li [85] studied the transient evolution of the fluid flow, heat transfer and
solidification phenomena during continuous casting of aluminum alloys using a
computational methodology based on the deformable finite-element concept. In
this approach the moving front was modeled by deforming appropriate elements
and the accompanying fluid and thermal fields were calculated using a mixed
Eulerian–Lagrangian formulation. The effect of solidification on the fluid behavior
was modeled by the temperature dependent viscosity and the latent heat release
by the Scheils equation. Two types of casting processes were numerically simu-
lated namely, round ingot casting and spreading casting. In the case of round ingot
casting, it was found that the temperature distribution changed rapidly at the initial
stage but the change slowed down later in the process. Findings for spreading cast-
ing showed that fluid flow had a strong effect on the thermal field and was mainly
responsible for redistributing thermal energy in the system.

10.4 Multi-domain (Two-Region) Methods

In the two-region methods, the total solidification domain is divided into two regions
and the interface region, and each region is treated separately [86–88]. Since the
volume of each region changes with time, the method is often referred to as the
variable domain method. It can also be divided into the following five groups:

� Fixed grid method
� Variable space grid method
� Variable time-step method
� Boundary immobilization method
� Isotherm migration method

In the fixed grid method, a special differencing scheme is applied near the inter-
face, considering the latter is a boundary. Either the grid size or number of grids
is adjusted in the variable space grid method such that the interface lies on a grid
point. The time step is selected such that the interface moves one grid per time step
in a variable time-step method. In the boundary immobilization method, the inter-
face remains fixed by the transformation of coordinates. The isothermal migration
method consists of exchanging one of the spatial variables and temperature, making
the former a dependent variable.

The prediction of only the temperature distribution during continuous casting of
a metal does not usually require detailed modeling of the flow and species transport
processes in the melt. For certain purposes, energy-equation based models can be
useful to understand and optimize the process. However, such models cannot be used
to predict inhomogeneities in the chemical composition of a solidified material (i.e.
macrosegregation) caused by uncontrolled species transport due to melt convection.

There are generally two main approaches for handling the mushy region in multi-
domain methods. The first approach considers the planar interface between the
solid and liquid regions and solves only transport equations for the liquid and solid
phases. The interface is tracked explicitly with appropriate boundary conditions
[87, 89–92].
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In this kind of problems involving solidification from below, the transport
equations for solid and liquid phases are;

@T

@t
D ˛s

@2T

@z2
.z < h.t//; (10.51)

@T

@t
C u

@T

@z
D ˛l

@2T

@z2
.z > h.t//; (10.52)

@C

@t
C u

@C

@z
D DCzz; (10.53)

where ˛s and ˛l are the thermal diffusivities of the solid and liquid phases respec-
tively, z is the axial (vertical) coordinate and h.t/ is the evolving height of the
solid–liquid interface. The boundary conditions for these equations are (for solidifi-
cation from below):

T D TB.z D 0/; (10.54)

T D Th; C D Ch.z D h.t//; (10.55)

and

T ! T1; C ! Co.z ! 1 or t ! 0/: (10.56)

Two flux conditions are typically applied at the unknown position of the interface
h.t/. Conservation of heat requires that the latent heat of solidification must be
diffused away from the interface thus;

L
@h

@t
D KsTz jzDh� � klTz : (10.57)

Conservation of solute at the interface,

r.1 � k/Ch

@h

@t
D �DCz jzDhC; (10.58)

where r.D �s=�l/ is the ratio of densities of the solid and liquid phases.
Assuming thermodynamic equilibrium, the temperature and concentration at the

interface are related as:

T .h; t/D �mC.hC; t/; (10.59)

wherem is the liquidus slope.
The above system of equations admits a similarity solution in terms of erf func-

tion. The growth rate and the position of the interface are usually calculated from
the equation obtained from the solution of the transport equations coupled with the
boundary conditions. The resulting relation is generally a complex transcendental
equation whose eigen values � are related to the interface location as h.t/ D
2�

p
Dt.
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Coriell et al. [92] solved the transient one-dimensional heat and solute diffu-
sion equation without considering convective effect. The situation considered was
similar to a diffusion-controlled problem of Coates and Kirkaldy [93] and Maugis
et al. [90], which has multiple similarity solutions. Assuming local equilibrium at
the solid/metal interface Coriell et al. [92] obtained the equation for the parabolic
growth rate which was solved numerically. Using a lead–tin alloy as an example
to examine phase stability, it was found that the diffusion path begins at the com-
position and temperature of one phase, crosses the two-phase region between the
liquidus and solidus lines, and terminates at the composition and temperature of the
other phase.

The second approach treats the mushy region as a third region and solves a
separate set of transport equations for this region. Hills et al. [94] systematically
developed a full set of thermodynamic equations for the mushy region, while solv-
ing a much-reduced one-dimensional set to approximately analyze the growth of
a binary alloy. In their analysis, the growth of the mush was assumed to advance
with a prescribed constant velocity. To improve this growth-constraining assump-
tion, Huppert and Worster [89] formulated a simpler mathematical model on the
basis of global conservation relations. The models assume that the solid fraction is
constant through the mush, which eliminates the possible interaction between con-
vection and solidification.

Worster [2] improved this model by considering the solid fraction as a func-
tion of space and time, leading to a qualitative description of the morphology of
the mush. Including a marginal-equilibrium condition at the melt/mush interface
closes the model. Unlike the above mathematical models in which no buoyancy-
induced convection is considered, Fowler [95], based on the thermodynamic relation
developed by Hills et al. [94], employed the Darcy’s law to be the momentum con-
servation in the mush, to successfully analyze the convection stability in the mush.
Using Fowler’s model in the mush as well as the common model in the bulk melt,
several investigations [86, 96, 97] have successfully analyzed the stability charac-
teristics of the convective flow in the directional solidification system in which a
dendritic mushy layer underlying a semi-infinite bulk fluid layer is considered. The
above models treat the mushy and the bulk fluid regions separately, which usually
require explicit tracking of the melt/mush interface of regular shape as well as in-
corporating empirical relations between the solid fraction and the permeability of
the mush.

A typical set of transport equations for the mushy region employed by Chiareli
et al. [87] and partly developed by Hills et al. [94], Roberts and Loper [98], Fowler
[95] and Worster [99] are:

Cm

@T

@t
C CeUrT D r.KmrT /C J�s

@�

@t
; (10.60)

.1 � �/
@C

@t
C UrC D r.DmrC/C rC.1 � k/�; (10.61)
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where, Cm; Km, and Dm are the average thermal properties which are obtained
using solid fraction �: for example Cm is expressed thus:

Cm D �Cs C .1 � �/Cl; (10.62)

where, Cs and Cl are the specific heat of solid and liquid, respectively.
The velocity is calculated from the following equation:

rU D .1 � r/�t ; (10.63)

which implies that there is only shrinkage-induced flow.
Generally two approaches are used for the boundary condition at the mush–melt

interface. The first one is zero solid fraction at the edge of the mush or marginal
phase equilibrium at the edge of the liquid phase. For a significant range of param-
eter values, these two alternatives are essentially equivalent.

An alternative for the extra-mush–melt boundary condition proposed by Hills
et al. [94] is that the mass fraction of solid, �, at the edge of the mush is zero.
Fowler [95] followed the lead of Hills et al. [94] in the choice of extra condition,
but Langer [100] suggested that the advancing dendrite tips are marginally stable
to constitutional super cooling. Worster [2] proposed an alternative extra condition,
that of marginal equilibrium at the edge of the melt. Kerr et al. [101], Chen et al.
[97], Chiareli et al. [87] followed Worster in applying the marginal equilibrium con-
dition. Subsequently Anderson and Worster [102], and Schultze and Worster [103]
reverted to the condition that � D 0.

The boundary conditions at the mushy–melt interfaces are:

LVnŒ�� D ŒKmnrT �; (10.64)

r.1 � k/CeVnŒ�� D ŒDmnrC �; (10.65)

.r � 1/VnŒ�� D ŒnU �; (10.66)

where parenthesis [] denotes the jump in the enclosed quantity across an interface
with normal n moving with normal velocity Vm.

The boundary conditions at the bottom of the mushy layer at the cooled surface
z D 0 are:

T D TB; n:U D 0 .at Z D 0/: (10.67)

Chiareli et al. [87] solved the transport equations coupled with the boundary condi-
tions by introducing a similarity variable

� D Z

2
p
Ket

; (10.68)

and the position of interface is,

h.t/ D 2�
p
Ket : (10.69)
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The resulting ordinary differential equations are solved numerically by shooting on
the fixed computational domain 0 � � � 1 in which � D �=�.

The model is used to predict the flow within the interstices of the mushy layer
on the overall growth rate and on the distribution of solid within it. Further, the
redistribution of solute is calculated indicating the level of macrosegregation to be
expected in a fully solidified system.

Obtaining the boundary conditions using continuity of variables and fluxes at
the interfaces leaves the problem underdetermined and an auxiliary condition often
must arbitrarily be specified at this interface. Loper [104] showed that the un-
derdeterminacy may be resolved by application of an inequality assuring that the
melt is not supercooled together with the condition that the mass fraction of solid
has physically realistic values. The lack of super cooling is a natural corollary of
the assumption of thermodynamics phase equilibrium in the mushy region. For a
wide range of parameter values, this corollary leads directly to the “extra” bound-
ary conditions that have been previously proposed, which are the marginal phase
equilibrium and zero solid fractions. Therefore no auxiliary condition needs to be
applied.

Worster [99] and Chen et al. [97] employed Darcy’s law as the momentum equa-
tion in the mushy layer and the Navier–Stokes equations as the momentum equation
in the fluid layer. A non-slip boundary condition is prescribed at the mushy/melt
interface. Specifically the formulation of this multi-domain approach (model 1) in-
volves mathematically the coupling of the two momentum equations through an
appropriate set of matching conditions at the melt/mushy interface. The two momen-
tum equations are of different order of differentiation, necessitating the use of some
form of empirical conditions. Worster [99] employed the non-slip condition based
on the assumption that the characteristic length scale of the flow on the melt/mushy
interface is much larger than the dendrite arm spacing. This in general sense, how-
ever, may not be the case since boundary-layer mode (BLM) of convection prevails
in the system for most of the cases observed in the experiments. An alternative ap-
proach (Model 2) was proposed by Beavers and Joseph [105] who systematically
developed with a series of experiments, an empirical condition between the hori-
zontal velocities of the fluid and the porous layers (or a homogenous and isotropic
mushy layer). This condition primarily allows a slip between the velocities above
and below the melt/mushy interface. The validity of this condition was confirmed by
Taylor [106] and Saffman [107]. Another alternative (Model 3) is to use the momen-
tum equation in the mushy region, the Brinkman-extended Darcy equation, which
is associated with the continuity of the velocities and the first derivative of veloci-
ties across the melt/mushy interface. This model is mathematically equivalent to the
model developed with the single-domain approach.

Lu and Chen [108] linearized the equations of the three models by introducing
small disturbances to the basic state quantities and substituting their combination
into the original equations. After obtaining the linearized equations by neglecting
higher-order terms of disturbance quantities and applying the normal mode pro-
portional to exp.wt C i˛x/, equations were obtained for small disturbances. The
resulting equations and the associated boundary conditions of each model consist of
a complex eigenvalue problem,
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F.Rm; ˛;w; �x; A
�; C �;H�; "; �/ D 0; (10.70)

in which a set of ordinary differential equations of thirteen-order of models 1 and 2,
and 15-order of model 3, subject to relevant boundary conditions, are to be solved
numerically.

In (10.70),Rm D gˇ�C˘0H
	˛

is the Rayleigh number for mushy region,˘0 is the
reference permeability,˛ represents the horizontal wave number, w the normal mode
of frequency " D ˛

D
is the Lewis number, Pr is the Prandtl number, C � D Cs�C1


C

is the concentration ratio, F D L=c�T is the Stefan number, and L is the latent
heat of fusion.

These eigenvalue problems have been solved with a shooting technique, in which
the integration is implemented in a truncated domain [109] and the far-field bound-
ary conditions are imposed at a sufficiently large distance so that the integrations are
independent of the value of the truncated distance. Noting that in the mushy layer the
basic state is known only implicitly, a change of independent variable proposed by
Worster [2] is used to avoid the need to invert the transcendental equations. The fi-
nal equations are those developed by Keller [110], who imposed orthonormalization
to improve accuracy, and also linearization developed by Powell [111] to promote
convergence of the eigenvalues Rm andW .

From the solution of the above equations, Lu and Chen [108] showed that a liquid
plume which carries a cooler and less concentrated fluid is released from the mushy
region and penetrates into the fluid layer, forming plume convection. It was shown
that two types of convection patterns form in the system. The first is a convection
pattern circulating between the mushy layer and the fluid layer with a length scale
of about the height of the mushy layer. This pattern is called the mushy layer mode
(MLM). The second pattern forms above the melt/mush interface and is called BLM.

Figure 10.7 shows the critical flow patterns obtained with the three models. It is
shown that BLM is a convection cell sitting above the mush/melt interface and MLM
consists of two separated cells, one in the mushy layer and one in the fluid layer.
The critical flow patterns for the three models are similar except that the critical
wavelength differs from one another.

10.5 Boundary Conditions

The solution of the heat transfer equations is largely controlled by the boundary
conditions used to specify the problem. In solidification problems, these boundary
conditions depend on the nature of the contact between the freezing material and
its container as well as the heat transferred by the container to the external cooling
media. The latter problem has been well documented in the heat transfer literature
over the years where correlations for convective heat transfer to flowing streams of
coolant, natural convection and so on abound. The boundary conditions between the
freezing material and mold however, are less well documented.
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Fig. 10.7 The critical flow patterns resulted from the three models. (a) Model 1, MLM, ˛c D
3:42; Rm D 18:896, (b) model 1, BLM, ˛c D 17:6; Rm D 9:14; (c) model 2, MLM, ˛c D
3:00; Rm D 18:530 (d) model 2, BLM, ˛c D 15:5; Rm D 5:653, (e) model 3, MLM, ˛c D 3:50;

Rm D 18:855 (f) model 3, BLM, ˛c D 17:3; Rm D 8:047. The shadow accounts for the mushy
layer [108]

It is frequently the case that the rates of heat transfer between the material and
mold changes during the solidification process. When the material is still liquid,
but once solidification begins, thermal contractions of the material reduces the heat
transfer rate through the formation of an air gap. At the same time, the mold heats
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and expands contributing further to the formation of the gap. The relative importance
of the gap depends on its size and on the thermal conductivities of the material and
mold materials.

In solidification modeling, initially, alloy in the mold is generally assumed to be
at rest, to be isothermal and of uniform composition, which can be mathematically
expressed as:

u D 0; T D Ti; Cl D Ci; fl D 1; at t D 0; (10.71)

where, u is the velocity vector, and Ti and Ci are the initial temperature and compo-
sition respectively.

The boundary conditions are essentially the same for all the methods reviewed
above. However, the multiphase and multi-domain methods need extra boundary
conditions due to the additional equations solved. Therefore the general boundary
conditions employed in control volume methods and FEMs are discussed together
and additional boundary conditions required for other methods are given in subse-
quent sections.

Boundary conditions for energy equation are usually difficult to assess. This is
a result both of the complex heat transfer phenomena with the surroundings and of
the possible air gap formation between two different media. The external boundary
conditions for energy equation, which can apply to a part �a of the domain surface
˝v can be of the following types;

T .ri ; t/ D T .ri ; t/ for ri ; "; �� .DirichletCondition/; (10.72)

�k @T
@n
.ri ; t/ D Qext.ri ; t/ for ri ; "; �� .Newmann Conduction/; (10.73)

�k @T
@n
.ri ; t/ D h.ri ; t/ŒT .ri ; t/ � Ta� for ri ; "; ��.Cauchy Conduction/:

(10.74)

A prescribed temperature can sometimes decrease at a certain rate along the bound-
ary thus,

T D Ti � rt; (10.75)

where, Ti is the initial temperature and r is a prescribed cooling rate. Any com-
bination of the above-cited conditions can be imposed along the boundaries of the
domain.

The boundary conditions associated with the momentum equations are no-slip at
the solid boundaries, expressed as,

u D v D w D 0; (10.76)

at the solid boundaries that include completely solidified regions in the domain.
If there is a free surface in the system the shear and surface tension forces balance

each other there such that;
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�
@u

@y

ˇ̌
ˇ
ˇ
yDH

D �T
@T

@x

ˇ̌
ˇ
ˇ
yDH

C �S
@fl

@x

ˇ̌
ˇ
ˇ
yDH

; (10.77)

where, �T and �S are the thermal and solutal surface tension gradients.
If the effect of surface tension can be neglected, then the free surface at the top

of the domain is free of normal and tangential stresses. The boundary conditions at
the top .y D H/ becomes,

p D 0;
@u

@y
D 0;

@T

@y
D 0;

@Cl

@y
D 0; (10.78)

where, p is the gage pressure.
No transfer of solute mass is allowed at solid boundaries or at an undeformable

free surface (if it is assumed at the top of the container) thus,

�
@cl

@n
D 0; (10.79)

along those boundaries. If the assumption of very long container is made, we must
require a balance of diffusive and convective transport along that boundary so that

D
@cl

@x
C w .cl � c1/ D 0; (10.80)

at the top boundary.

10.5.1 Boundary Conditions in Multiphase Models

The velocity boundary conditions employed in the multiphase models are the no-
slip condition for the liquid velocity and zero normal components for solid velocity.
However, partial slip may occur for the solid at the wall if the diameter of the solid
particles is larger than the length scale of the surface roughness [42]. The tangential
velocity of the solid is proportional to its normal gradient at the wall thus:

.Vs/t Iw D ��p
@.Vs/t

@n
Iw; (10.81)

where �p is the mean distance between particles given by

�p D de

"
1=3
g

; (10.82)

with de and "g being the grain diameter and grain fraction, respectively. Note that for
small de, the slip coefficient �p approaches zero so that no-slip condition is imposed
for the grains.
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10.5.2 Boundary Conditions for Multi-region Method

Studies employing the multi-domain method usually consider solidification
problems cooled from the bottom. There are primarily three approaches for treat-
ing boundary conditions between the mush–melt and solid–mush interfaces in the
multi-domain approach,. The first model to be considered is that used by Worster
[2] and Chen et al. [97] in which the Darcy’s equation is employed as the momen-
tum equation in the mushy layer and the Navier–Stokes equation as the momentum
equation in the fluid layer and no-slip boundary condition is prescribed at the
melt–mushy interface.

Consider a mushy layer that lies above a static solid region and below a semi-
infinite fluid region in a binary solution of concentration C1, and temperature T1,
and unidirectional solidification from below. Both the melt/mushy and mushy/solid
interfaces move upwards with a constant velocity V . The mushy layer extends form
z D 0 to z D h.x; y; t/. The boundary conditions at the Z ! 1 are,

� ! �x; (10.83)

C � ! 0; (10.84)

U ! 0; (10.85)

in which

� D T � TL.C1/
�T

; C � D C � C1
�C

;

where

�T D ��C D TL.C1/ � TE; TL.C1/
is the liquidus temperature corresponding to C1:

The boundary conditions at the melt/mushy interfaceZ D h are

� D C �; (10.86)

nr� D nrC �; (10.87)

ŒnU � D 0; (10.88)

ŒC �� D 0; (10.89)

ŒnrC �� D 0; (10.90)

� D 1; (10.91)

ŒP � D 0; (10.92)

U � .nU /n D 0; (10.93)
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where, the square brackets denote the jump of the enclosed quantity across the
interface and n is a unit vector normal to the interface. Equation (10.86) is the
liquidus relation expressing the marginal equilibrium condition. Equation (10.87)
expresses the continuities of temperature and heat flux while (10.88) is an enforced
condition assuming the solid at the interface vanishes. Equation (10.92) expresses
the continuity of normal stress and (10.93) is the no-slip boundary condition em-
ployed by Worster.

At the mushy/solid interface z D 0,

� D �1; (10.94)

w D 0: (10.95)

Since the temperature here is assumed to be the eutectic temperature TE and due to
viscosity the non-penetration condition at the solid boundary is satisfied.

Worster [99] employed the non-slip condition based on the assumption that the
characteristic length scale of the flow on the melt/mushy interface is much larger
than the space between the arms of the dendrite. This in general sense may not be the
case since the BLM convection prevails in the system for most of the cases consid-
ered in the experiments. An alternative (the second model) was proposed by Beavers
and Joseph [105] who systematically developed an empirical relation between the
horizontal velocities of the fluid and the porous layer (or a homogenous and isotropic
mushy layer) based on a series of experiments. This condition primarily allows a slip
between the velocities above and below the melt/mushy interface. This condition
can be expressed as

@U2

@z
IhC D ƒ

s �
H

….1/
.U2IhC � U2Ih�/; (10.96)

where U2 accounts for the horizontal velocity vector .u; v/; ˘.1/ the permeability
at the melt/mushy interface, � an empirical constant determined experimentally,�
H D H 2

…0
is the inverse of the Darcy number, and H is the characteristic length.

This equation means that at the melt/mushy interface a slip between the velocities
in the fluid and mushy layer is proportional to the shear rate.

The third model is that the momentum equation in the mushy is the Brinkman-
extended Darcy Equation, associated with continuity across the melt/mushy inter-
face. This model is mathematically equivalent to the model developed with the
single-domain approach.
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Chapter 11
Review of Nanoscale and Microscale Phenomena
in Materials Processing

11.1 Introduction

Due to recent rapid developments in a variety of nanoscale and microscale devices
[1, 2], information on the basic characteristics of multiphase transport phenomena
in nanochannels and microchannels has become increasingly important. A char-
acteristic feature of such systems is that a surface force or an interfacial force
predominates over the body force. The wettability of solid walls of channels and
surface tension of liquid, therefore, play an essential role in analyzing the transport
phenomena.

The wettability is quantitatively evaluated in terms of the contact angle, � , usu-
ally defined using the sessile drop method [3], as shown in Fig. 11.1. This method
involves placing a droplet on a solid plate for a sufficiently long time. The plate is
wetted by the liquid in the droplet for 90ı>� � 0ı, while it is poorly wetted for
180ı � � � 90ı. A bubble cannot stay on a wetted solid body, while a bubble can
attach to a poorly wetted solid body until the volume of the bubble reaches a certain
critical value. This critical value depends on the contact angle, � , and the surface
tension of the liquid, � . Consequently, the behavior of dispersed gas phase (bubble
and slug) changes drastically depending on the wettability of the channel. The ef-
fect of the wettability on the characteristics of gas–liquid two-phase flows becomes
more significant as the size of the channel decreases.

This chapter is divided into fundamentals and applications of nanoscale and mi-
croscale transport phenomena as follows:

11.1.1 Fundamentals

� Generation methods of nanobubbles and microbubbles
� Removal of nanobubbles and microbubbles from a gas–liquid mixture
� Flow patterns of gas–liquid two-phase flows in microchannels
� Flow characteristics in microchannels
� Heat transfer in microchannels

M. Iguchi and O.J. Ilegbusi, Modeling Multiphase Materials Processes:
Gas-Liquid Systems, DOI 10.1007/978-1-4419-7479-2 11,
c� Springer Science+Business Media, LLC 2011
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Fig. 11.1 Water droplet and bubble on rod of different wettability (� contact angle, upper figures:
water droplet, lower figures: air bubble)

� Numerical simulation of nanoscale and microscale transport phenomena
� Mixing in microchannels and microreactors
� Measurement methods

11.1.2 Applications

� Enhancement of gas dissolution rate
� Microfluidic devices
� Fuel cell

11.2 Definitions and Generation Method of Nanoscale
and Microscale

11.2.1 Bubbles

11.2.1.1 Nanobubble and Microbubble

Microbubbles and nanobubbles are not clearly defined. For example, the following
classification is commonly used with reference to the bubble diameter [4].

� Microbubble: dB D 10
m to (50–60) 
m
� Micro-nanobubble: dB D .500–600/ nm to 10
m
� Nanobubble: dB < .500–600/ nm



11.2 Definitions and Generation Method of Nanoscale and Microscale 377

11.2.2 Generation Method

Various methods have been proposed for generating nanobubbles and microbub-
bles to study their basic characteristics. Some commercial generation methods of
microbubbles are briefly reviewed in Serizawa et al. [5].

1. Single-hole nozzle
Sano et al. [6] found that when a single-hole nozzle is wetted by a liquid, a bubble
growing at the end of the nozzle spreads toward the outer edge. Accordingly, the
volume of the nozzle is governed by the outer diameter of the nozzle. On the
other hand, the volume of a bubble generated from a wetted nozzle is governed
by the inner diameter of the nozzle. Consequently, a wetted nozzle is best suited
for generating nanobubbles and microbubbles.

The diameter of a bubble, dB, generated successively from a wetted nozzle of
around 1 mm in inner diameter is given by the relation [7]:

dB D Œ6Qg=.1:06�/�
1=3Œ�=.�Lg

3/�1=12.�L=�g/
1=15

h
dni=

�
Qg

2=g
�1=5

i5=30

(11.1)

whereQg is the gas flow rate, � is the surface tension, �L is the density of liquid,
g is the acceleration due to gravity, �g is the density of gas, and dni is the inner
diameter of the nozzle. The diameter of a bubble becomes small as the inner
diameter of the nozzle decreases. However, it is generally difficult to generate
nanobubbles using a single-hole nozzle.

2. Porous nozzle
Nanobubbles and microbubbles can be generated from a porous nozzle as long
as the nozzle is wetted by the liquid and the gas flow rate is low. A bubble grow-
ing at the exit of one of the pores of a poorly wetted porous nozzle coalesces
with bubbles growing at the exits of pores located around it. As a result, only
large bubbles equivalent to the diameter of the porous nozzle are successively
generated from the poorly wetted porous nozzle.

Kikuzaki et al. [8] generated monodispersed bubbles with a mean diameter
of less than 1
m from a hydrophilic porous glass membrane with uniform size-
controlled pores. The size of the bubbles was controlled by varying the size of
the membrane. For example, nanobubbles with a mean diameter of 0:72 
m were
generated for a mean pore diameter of 0:084
m.

3. Turbulent breakup
Daughter bubbles can be generated by introducing a mother bubble into a highly
turbulent liquid flow. Martinez-Bazan et al. [9] found that the bubble size proba-
bility density function of the daughter bubbles depends not only on the size of the
mother bubble, but also on the value of the dissipation rate of turbulent kinetic
energy.

Sadatomi et al. developed a microbubble generator inserting a spherical body
in a flowing water channel [10]. Fujikawa et al. generated microbubbles using a
rotational porous plate [11].
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Breakup of bubbles in a water jet is usually used for generating microbubbles
[12, 13]. This is a relatively simple and convenient method.

4. Ultrasonication
Kim et al. [14] generated many nanobubbles by ultrasonication using a palladium
electrode. This method uses cavitation of liquid caused by ultrasonic wave. The
average size of the bubbles was in the range of 300–500 nm.

5. Depressurization
Microbubbles can be generated from high-pressure liquid with high gas solubility
by depressurization. Inaba et al. [15] reported that the growth of an air bubble
from its nucleus is influenced by water viscosity, water velocity at the nozzle,
and air solubility in pressurized water.

6. Packed bed
Microbubbles can be generated by flowing a liquid–gas mixture through a Rashig
ring packed bed, as demonstrated by Miyahara [16].

7. Cavitation nozzle
A cavitation nozzle is suitable for generating many microbubbles [17]. A venturi
meter is also very useful for this purpose.

8. Gas–liquid two-phase swirl flow
Ohnari et al. developed a simple and convenient microbubble generator [4]. This
generator is regarded as a type of depressurization method.

11.3 Removal of Gas from Gas–Liquid Mixture

There exist many metallurgical reactions generating bubbles in a reactor. When the
size of a bubble in the reactor is large enough, the buoyancy force being one of
body forces is dominant. The bubble is therefore carried up to the bath surface
of the reactor and escapes into the atmosphere. This situation cannot be expected
when the size of the reactor is very small because the buoyancy force loses its
validity. Many kinds of bubble removal methods have been proposed, as listed
below.

� Centrifugal force method [18, 19]
� Ultrasonic method [20, 21]
� Surface tension difference method [22–24],
� Electrostatic force method [25]
� Electromagnetic force method [26–28]
� Y-junction of different branch angle [29–32]
� Y-junction of different wettability [3, 33, 34]

The last method [3,33,34] is expected to be promising in nanoscale and microscale
reactors since surface forces predominate in such situations. This method relies on
the fact that gas is likely to attach to a poorly wetted solid body [35–39]. An example
will be briefly reviewed below.
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Fig. 11.2 Y-junction

Figure 11.2 shows a Y-junction made of transparent acrylic resin. One branch was
coated with repellent to change its wettability. The original acrylic resin is wetted by
water. Figure 11.3 shows a schematic of the experimental apparatus. The Y-junction
was placed on a horizontal plane and a gas–liquid two-phase flow was introduced
into the main pipe of the Y-junction. Figure 11.4 shows that bubbles move preferably
in the poorly wetted branch. Under a certain condition, all the bubbles penetrated
into the poorly wetted side. As the size of the Y-junction becomes smaller, the sur-
face force becomes more dominant. Accordingly, more efficient bubble removal can
be realized.

11.4 Flow Pattern of Gas–Liquid Two-Phase
Flow in Microchannels

Information on flow patterns of gas–liquid two-phase flows in nanochannels is cur-
rently not available. Therefore, this section focuses on microchannels.

Serizawa et al. [40] observed two-phase flow patterns in horizontal microchan-
nels of 20, 25, and 100
m in inner diameter using horizontal air–water flows. The
test pipe was made of transparent silica, and the test section was approximately
10 mm. Since the surface tension force predominates over the gravitational force,
the flow patterns are quite different from those in macropipes. A flow pattern map
is discussed here.

The flow patterns of gas–liquid two-phase flows in microchannels are reviewed in
Kraus et al. [41] and Akbar et al. [42]. The entire flow regime map in microchannels
can be divided into four regions defined by the Weber numbers WeLS and WeGS as
follows [42]:

1. Surface tension-dominated region, including bubbles, plug, and slug (where flow
pattern is dominated by large and elongated bubbles); 3:0�WeLS; 0:11WeLS

0:315

� WeGS and WeLS > 3; 1:0� WeGS
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Fig. 11.3 Schematic of experimental apparatus

2. Inertia-dominated zone 1, including annular and wavy-annular regimes; 3:0 �
WeLS; WeGS � 11:0WeLS

0:14

3. Inertia-dominated zone 2, including the dispersed flow regimes; WeLS>3:0;

WeGS > 1:0

4. Transition zone.
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Fig. 11.4 Bubbles moving near Y-junction (white part: bubble)

In the above expressions, WeLS and WeGS are defined as

WeLS D ULS
2DH¡L=� (11.2)

WeGS D UGS
2DH¡G=� (11.3)

ULS D QL=A (11.4)

UGS D QG=A (11.5)

DH D 4A=S (11.6)
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where ULS and UGS are the liquid and gas superficial velocities, respectively, �L

and �G are the densities of liquid and gas, respectively, DH is the hydrodynamic
channel diameter, � is the surface tension, andQL areQG are the liquid and gas flow
rates, respectively,A is the cross-sectional area, and S is the peripheral length of the
pipe.

The two-phase flow patterns in parallel microchannels are investigated by
Hetsroni et al. [43] The effects of wettability and channel diameter on gas–liquid
two-phase flows in microchannels have also been extensively investigated
[44–46].

11.5 Flow Characteristics in Microchannels

A variety of microparticle image velocimetry (micro PIV) have been developed for
measuring flows in microchannels [47–49]. Westerweel et al. [47] proposed a micro
PIV which is particularly suitable for quasi-stationary and periodic flows and carried
out velocity measurement in a straight microchannel with a near-rectangular trape-
zoidal cross-section of about 50 � 20
m2 and a hydraulic diameter of 26
m. The
total length of the channel was 35 mm. A reasonable result was obtained even very
close to the wall although a single-phase flow was considered. Park et al. [49] also
developed a micro PIV and measured the mean velocity in microchannels of 99 and
516
m diameter. The accuracy of the method was confirmed by the good agreement
between the measured velocity profiles and the theoretical parabolic profiles.

Transition from laminar to turbulent flow was observed by Bau and Pfahler [50].
Investigation of turbulent flow in microchannels is limited.

11.6 Heat Transfer in Microchannels

Peng et al. [51] conducted experiments to measure the bubble nucleation tem-
peratures for four working fluids boiled on a platinum wire confined in capillary
tubes. The bubble nucleation temperature markedly depended on the size of the
microchannel.

Kroeker et al. [52] investigated the pressure drop and thermal characteristics of
heat sinks with circular microchannels using the continuum model consisting of the
conventional Navier–Stokes equations and the energy conservation equation.

Steinke et al. carried out experimental investigation to study the control of dis-
solved gases and their effects on heat transfer and pressure drop during the flow of
water in a microchannel [53].

As a fundamental investigation on heat pipes, Tchikanda et al. [54] derived ana-
lytical expressions for the mean velocity of a liquid flowing in an open rectangular
microchannel. The flow is driven by pressure gradients and shear stress on the liq-
uid/vapor interface. Koizumi et al. [55] developed a microheat pipe with asymmetric
cross-section and observed boiling two-phase flow.



11.10 Enhancement of Gas Dissolution Rate 383

The effects of microchannel size, mass flow rate, and heat flux on boiling
incipience or bubble cavitation in a microchannel were investigated by Li and Cheng
[56]. The effects were also estimated of contact angle, dissolved gas, and the exis-
tence of microcavities and corners in the microchannel on bubble nucleation and
cavitation temperature.

11.7 Numerical Simulation of Transport Phenomena

Nagayama et al. [57] carried out nonequilibrium molecular dynamic simulations to
study the effect of interface wettability on the pressure driven flow of a Lennard–
Jones fluid in a nanochannel. The velocity profile changed significantly depending
on the wettability of the wall. The no-slip boundary condition breaks down for a
hydrophobic wall. Siegel et al. [58] developed a two-dimensional computational
model for fuel cells.

11.8 Mixing in Microchannels and Microreactors

Mixing in microchannels is one of the most important technologies responsible
for the efficiency of microreactors [59, 60]. Suzuki et al. developed parti-
cle tracking velocimetry (PTV) for the measurement of chaotic mixing in a
microreactor [61].

11.9 Measurement Method

A promising device for measuring nanoscale and microscale channel flows is micro
PIV, as mentioned in the previous Sect. “Flow Characteristics in Microchannels.”
Santiego et al. [62] developed a micro PIV for measuring the instantaneous and
mean liquid velocities around a circular cylinder of a diameter of 30
m placed
in a microchannel. The diameter of the tracer particles ranged from 100 to 300 nm.
Visualization of flow field in microchannels [63,64] and Brownian motion of a tracer
particle [65] can also provide useful insight. Micro PIV is also used for observing
the motion of blood cell in a capillary [66, 67]. Micro hot-wire anemometer [68]
and Doppler velocimetry [69] have also been recently developed for such studies in
which bulk carbon nanotube were used as a wire.

11.10 Enhancement of Gas Dissolution Rate

The dissolution rate of gas into liquid is highly enhanced by introducing microbub-
bles [70]. Ohnari et al. used micro-/nanobubbles for enhancing the growth rate of
bivalves, such as scallops and oysters [71] and for waste water treatment [72–74].
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11.11 Microfluidic Devices

Microfluidic devices in liquid handling systems have been investigated [75–78].
Microreactors, microvalves, and micropumps should be referred to review papers
by Reyes et al. [1] and Auroux et al. [2].

11.12 Fuel Cell

A novel fuel cell concept was proposed by Choban et al. [79] Many studies have
discussed useful methods for enhancing the efficiency of the conventional fuel cells
[80–87].

11.13 Closing Remarks

An understanding of transport phenomena in nanochannels and microchannels is
essential for the development of microdevices and microreactors. Precise measure-
ment devices for the transport phenomena are desirable. The flow field in nanoscale
and microscale channels is largely driven by the surface tension force. Since the
same situation is encountered in microgravity, the information available in this
chapter could also be relevant to materials processing in space.
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Transport Properties of Ethanol

Thermodynamic properties of saturated ethanol .C2H5OH/
Density Surface tension Dynamic viscosity Kinematic viscosity

Temp. T .k/ � .kg=m3/ � .mN=m/ � .
Pa s/ 	 .mm2=s/

160 34.35
170 33.51 57,980
180 32.66 33,230
190 31.81 20,430
200 30.95 13,580
210 30.09 9,556
220 29.23 6,985
230 28.36 5,242
240 27.49 4,004
250 26.62 3,103
260 25.74 2,436
270 24.86 1,937
273.15 806.2 24.58 1,807 2.241
280 800.5 23.97 1,558 1.946
290 792.1 23.08 1,269 1.602
300 783.5 22.19 1,045 1.334
310 774.8 21.28 869.8 1.123
320 766.1 20.38 731.2 0.9544
330 757.7 19.47 620.4 0.8188
340 748.8 18.55 530.7 0.7087
350 739.3 17.62 457.1 0.6183
360 729.3 16.69 395.8 0.5427
370 718.6 15.75 344.4 0.4793
380 707.3 14.8 300.7 0.4251
390 695.3 13.85 263.3 0.3787
400 682.5 12.88 230.9 0.3383
410 668.8 11.9 202.7 0.3031
420 654.2 10.92 178.1 0.2722
430 638.6 9.92 156.3 0.2448
440 621.9 8.9 137.1 0.2205
450 603.9 7.87 120.2 0.199
460 583 6.82 105.1 0.1803
470 565.5 5.74 91.7 0.1622
480 543.5 4.64 79.9 0.147
490 511.3 3.5 69.4 0.1357
500 458.2 2.3 60.2 0.1314
510 372 1
516.3 276 0
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Transport Properties of Mercury

Thermodynamic properties of saturated mercury .Hg/

Temp. Density Surface tensiton Temp. Dynamic viscosity Kinematic viscosity
T (K) �0.kg=m3/ � .mN=m/ T .K/ � .
Pa s/ 	.mm2= s/

234.28 13,691.52 640 62.03 13.5
253.15 13,644.51 660 64.22 10.3
273.15 13,595.03 680 66.43 7.97
293.15 13,545.83 486.5 700 68.65 6.28
313.15 13,496.89 482.4 720 70.87 5.02
333.15 13,448.19 478.3 740 73.09 4.07
353.15 13,399.71 474.2 760 75.32 3.34
373.15 13,351.42 470.1 780 77.55 2.77
393.15 13,303.30 466 800 79.78 2.32
413.15 13,255.31 461.9 850 85.35 1.56
433.15 13,207.45 457.8 900 90.9 1.1
453.15 13,159.68 453.7 950 96.42 0.804
473.15 13,111.97 449.6 1,000 101.9 0.608
493.15 13,064.31 1,050 107.35 0.472
513.15 13,016.65 1,073.15 109.86 0.423
533.15 12,968.98
553.15 12,921.27
573.15 12,873.50
593.15 12,825.60
613.15 12,777.60
633.15 12,729.40
653.15 12,681.10
673.15 12,632.60
693.15 12,583.80
713.15 12,534.80
733.15 12,485.40
753.15 12,435.80
773.15 12,386
793.15 12,336
813.15 12,285
833.15 12,234
853.15 12,182
873.15 12,130
893.15 12,078
913.15 12,025
933.15 11,972
953.15 11,918
973.15 11,863
993.15 11,809

1,013.15 11,753
1,033.15 11,697
1,053.15 11,641
1,073.15 11,584
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Transport Properties of Methanol

Thermodynamic properties of saturated methanol (CH3OH)

Density Surface tension Dinamic viscosity Kinematic viscosity
Temp. T .K/ � .kg=m3/ � (mN/m) � (
Pa s) 	 .mm2=s/

180 30.67 10,400
190 30.9 6,490
200 30.12 4,390
210 29.33 3,180
220 28.54 2,411
230 27.75 1,889
240 26.95 1,514
250 26.14 1,234
260 822.3 25.33 1,019 1.239
270 813 24.52 852.8 1.049
273.15 810 24.26 808.1 0.9977
280 803.6 23.69 721.2 0.8975
290 794.3 22.86 617 0.7768
300 784.9 22.03 533 0.6791
310 775.6 21.18 464.8 0.5993
320 766.2 20.33 408.8 0.5335
330 756.9 19.47 362.1 0.4784
340 748 18.6 323 0.4318
350 738 17.72 289.6 0.3924
360 727.6 16.83 260.7 0.3583
370 716.8 15.93 235.5 0.3285
380 705.4 15.01 213.2 0.3022
390 693.4 14.09 193.2 0.2786
400 680.6 13.15 175.2 0.2574
410 667 12.19 159 0.2384
420 652.2 11.22 144 0.2208
430 636 10.22 130 0.2044
440 618.2 9.21 117 0.1893
450 598.1 8.16 106 0.1772
460 575 7.09 94.9 0.165
470 548 5.97 84.9 0.1549
480 516 4.8 75.8 0.1469
490 475 3.57 67.4 0.1419
500 423 2.22 59.7 0.1411
510 350 0.61
512.58 272 0
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410 Appendix 2

Transport Properties of Water

H2O

Density Dynamic viscosity Kinematic viscosity Surface tension
Temp. (K) (kg=m3) (
Pa s) (mm2=s) (mN/m)

273.15 999.78 1,791.40 1.792 75.65
280 999.93 1,435.40 1.435 74.68
290 998.87 1,085.30 1.087 73.21
300 996.62 854.4 0.8573 71.69
310 993.42 693.7 0.6983 70.11
320 989.43 577.2 0.5834 68.47
330 984.75 489.9 0.4974 66.79
340 979.44 422.5 0.4314 65.04
350 973.59 369.4 0.3794 63.25
360 967.21 326.7 0.3378 61.41
370 960.37 291.8 0.3039 59.52
380 953.08 263 0.2759 57.59
390 945.36 238.8 0.2527 55.61
400 937.22 218.5 0.2331 53.58
410 928.67 201.1 0.2165 51.52
420 919.7 186.2 0.2024 49.42
430 910.32 173.3 0.1903 47.28
440 900.51 162 0.1799 45.11
450 890.26 152.2 0.171 42.9
460 879.55 143.5 0.1632 40.66
470 868.36 135.9 0.1564 38.4
480 856.66 129 0.1506 36.11
490 844.41 122.8 0.1454 33.81
500 831.57 117.2 0.1409 31.48
520 803.9 107.3 0.1335 26.79
540 773.06 98.7 0.1276 22.09
560 738.18 90.8 0.1230 17.41
580 697.79 83.3 0.1193 12.81
600 649.3 75.6 0.1165 8.39
620 586.47 67.2 0.1145 4.28
640 481.96 55 0.1142 0.82



Index

A
Attachment length, 45, 48–51, 59
Axial mean velocity, 29–30, 34, 48, 62–65, 67,

69, 76, 85–89, 150–152, 235, 262, 263,
267, 277, 280, 282–285, 321–322

B
Body force, 375, 378
Bottom gas injection, 19, 41, 95, 181, 193,

204–208, 210, 217, 257
Bubble characteristics, 5, 20–21, 23–28, 40,

47–59, 77–85, 107–123
Bubble dispersion, 4, 41, 48, 53–56, 59, 71,

120–121, 148, 149, 227–229, 248, 307
Bubble frequency, 5, 19, 20, 23, 26–27, 40,

47, 49, 51, 52, 54, 56–59, 65, 79, 82,
110–112, 115, 117, 122–124

Bubbling jet, 34–36, 39, 41, 46–50, 69–91,
107–132, 148–152, 181–220

C
CAS model, 259, 261–263, 265, 267, 269–270
Cavitation nozzle, 378
Coanda effect, 45–91, 182, 193
Conditional sampling, 33–39, 41
Contact angle, 10, 95, 96, 105, 106, 111, 122,

136–137, 152–153, 158–160, 375, 376,
383

Continuous casting, 12, 15, 95, 132–133, 146,
271–273, 286, 299–300, 207, 358

Continuum mixture model, 338–345
Control volume, 280, 311, 325, 331, 337–350,

365

D
Desulphurization process, 223, 303–304
Dimensional analysis, 244, 272–274
Dimensionless parameter, 2, 3, 6, 13–15, 29,

190, 246, 272, 274
Disk model, 259, 262–265, 267
Distribution function, 226–227, 229
Drag coefficient, 99, 281–282, 321, 324
Droplet birth rate and death rate, 240, 242,

244, 247–250, 254
Droplet life time, 240, 243, 250

E
Electromagnetic braking, 271
Electroresistivity probe, 5–6, 19–21, 34, 40,

60, 78, 110, 124, 223, 224
Energy balance method, 327–329
Energy equation, 99, 238, 310, 320–321, 365

F
Finite difference method (FDM), 338–351
Finite element method (FEM), 179, 337, 338,

350–358, 365
Flatness factor, 8, 19, 22, 124, 130–131, 134
Flow pattern, 1, 158–160, 164, 261, 307, 317,

363, 364, 379–382
Foaming, 95, 146
Four-quadrant classification, 33, 35–39
Froude number, 14, 29, 73, 75, 188, 191, 273
Fuel cell, 376, 383, 384

G
Gas holdup, 5, 19, 20, 23–26, 34, 40, 51–52,

55, 58, 59, 65, 71, 78, 80, 82–83, 85,
110–115, 117, 122–125, 225,
280, 328

411



412 Index

Gas-liquid two-phase flow, 4–13, 379–382
Gas-stirred ladles, 306, 308, 310, 316, 317,

322

H
Half-value radius, 30, 31, 40, 56, 63, 71,

76–77, 87, 234, 237, 277, 282, 284–285

I
In-bath smelting reduction, 95, 223
Interphase momentum exchange, 321

K
Kelvin–Helmholtz instability, 287,

290–292

L
Laplace method, 96, 98–99, 102, 105–106
Laser Doppler velocimeter (LDV), 7–8, 60, 69,

85, 124, 148, 258, 271, 274
Liquid flow characteristics, 7–9, 12, 13, 19–20,

22–23, 29–33, 41–42, 60–69, 85–90,
123–132

M
Magnet probe, 20, 22, 40
Mathematical modeling, 3, 305, 306
Mean bubble chord length, 5, 19, 20, 23, 25,

27, 28, 40, 47, 51–52, 54, 56, 80–82,
84–85, 110, 116–118, 120, 124

Mean bubble rising velocity, 5, 19, 20, 23–25,
27–28, 40, 49, 51, 53, 55, 59, 80, 81,
83–86, 110, 114–116, 118, 122–125,
151

Mean velocity component, 7–8, 64, 85,
261–265, 275, 279–285

Merging distance, 70, 73–76, 79, 85
Metal droplet, 225–229, 237–254
Microchannel, 375–376, 379–384
Mixing time, 9, 90–91, 193, 202–210, 217,

218, 260–261
Modeling two-phase flow, 3, 310–314
Modified Froude number, 14, 29, 73–75, 188
Mold powder, 271, 286–300
Mold powder entrapment, 286–300
Molten metal holdup, 225–232, 253
Multi-domain method, 337, 358–363,

367
Mushy zone, 337, 339, 344, 353, 354

N
Nanobubble, 375–378, 383
Nanochannel, 375, 379, 383, 384
Nonmetallic inclusion, 16, 301
Numerical modeling, 337–368
Numerical solution method, 331–332, 346,

357–358

P
Particle image velocimetry (PIV), 288, 289,

292, 294, 297, 382, 383
Phase transformation, 337
Physical modeling, 2, 3
Pinhole defect, 146, 271, 286
PIV. See Particle image velocimetry
Potential method, 96, 98–100, 102–105, 154,

157, 319

Q
Quasi-single-phase model, 308–319, 331

R
Recirculation, 31, 32, 41, 192, 257, 261, 264,

265, 269, 304, 318, 325, 343
Reduced surface pressure, 193–202
Refining process, 9, 10, 41, 77, 95, 109, 123,

132–133, 146, 193–194, 203, 223, 257,
303

Relative velocity, 129, 130, 152, 249–250
Reynolds shear stress, 8, 19, 22, 23, 32–33, 36,

39, 41, 60, 62, 85, 257, 260, 265–268,
278–279

Rotary sloshing, 177–185, 193, 197, 203, 259

S
SEN. See Submerged entrance nozzle
Similarity law, 57, 112–114, 128–129
Skewness factor, 8, 130, 133
Slag droplet, 223, 238, 239–240
Slag-metal interface, 225–227, 240–243, 248,

250, 251, 254, 305
Submerged entrance nozzle (SEN), 146, 271,

273, 285, 307
Superficial gas velocity, 11–12, 164–168, 206,

382
Surface force, 375, 378–379
Swirling flow, 177–220
Swirl motion, 25–26, 181–220, 259–261,

265–270



Index 413

T
Top slag, 210–217
Turbulence, 8, 29–41, 41, 60–61, 64–68,

86–90, 129–132, 150–152, 259,
265–269, 275–278, 286, 314–319, 324,
330–331

Turbulence component, 8, 19–20, 29, 30–33,
37, 41, 60–62, 64–65, 69, 86–90, 120,
124, 129–132, 150–151, 257, 259,
265–268, 275–279, 286

Turbulence intensity, 8, 29, 40–41,129, 150,
276, 331

Turbulence modeling, 314–319
Two-fluid model, 308, 319–326, 345–350
Two-phase jet, 33, 274–275, 277, 279–286

U
Ultrasonication, 378

V
Variable density model, 312

W
Weber number, 6, 14, 34, 141, 162–163, 185,

199, 273, 321, 379
Wettability, 1,10–13, 108–109, 112–114,

121–123, 129, 132, 137–138, 140, 146,
152–153, 158–162, 164, 171–172, 375,
376, 378, 379, 382, 383

X
X-ray fluoroscope, 6, 134
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