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Introduction

At the start of every school year, my algebra students always ask me this
crucial question:

“What does algebra have to do with real life?”

As you begin the journey in Alpha Teach Yourself Algebra 1 in 24 Hours,
you may find yourself asking the same question. This book helps you find
the answer. Along the way, you will discover that when you invest in alge-
bra, you invest in yourself. Learning the hows and whys of algebra will
expand your mind and open up new possibilities for your life.

Teaching yourself algebra is like taking the letters of the alphabet and
putting them together to read a book. Basic arithmetic is algebra’s alpha-
bet. In the next 24 hours, you’ll take what you already know and learn
how to use it to “read” higher-level algebra.

One of the things you’ll see early on is that you are already using algebra
every day. This book simply helps you be more fluent in its language.
Since you already have a good grasp of addition and multiplication from
basic math, you have the foundation to take the next step up.

For example, each time you figure out which is the better deal, a 3-pound
bag of potatoes for $1.99 or a 5-pound bag for $3.99, you’re using alge-
bra. Calculators and computers can do a lot of the math work, but only
you can tell these machines what problem needs to be solved, which
numbers should be used, and what needs to be done with the results.

Everyone works at a different rate. Some of the “hours” may take you less
than 60 minutes, and others may take more. But no matter how much
time elapses, over the course of the 24 chapters, you will see complex
concepts broken down into manageable bits. You will find examples to
follow and problems to try on your own, plus 10 problems at the end of
each hour to reinforce what you’ve just learned.

Calculators are helpful for a few of the problems, but most of the calcula-
tions are done easily in your head or with pencil and paper. Most of the
answers will be whole numbers because the goal is for you to focus on the
algebraic concepts, not the math calculations.
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GO TO»

Go To sidebars
give you cross-
references to
another chapter in
the book.

Hold on tight. You are about to experience the joy of mastering a subject
many people find difficult. It will make no difference if you've been away
from algebra for years or if this is your first attempt. During the next 24
hours, new analytical skills will help you in all areas of your life. Algebra
is not something everyone feels they can do. But you can. That’s got to

feel good.

Last but not least, this book has a lot of miscellaneous cross-references,
tips, and shortcuts in sidebar boxes. Here’s how they stack up:

Fyl FYI sidebars offer advice or show an alternative approach for solving a
problem.

TIME SAVER

Time Saver sidebars give you a faster way to do some of the more complex
problems and often include shortcuts.

STRICTLY DEFINED
E;] Strictly Defined sidebars offer definitions of words you may not know.

PROCEED WITH CAUTION

Proceed with Caution sidebars warn you about potential problems and help
you steer clear of trouble.

JUST A MINUTE

Just a Minute sidebars include important things you learned in prior chapters
that are needed in the current one.
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Algebraic
Expressions

CHAPTER SUMMARY

In this hour you will learn about ...

* Recognizing symbols for multiplica- ¢ Following the rules for order of
tion and division operations
e Understanding grouping symbols e Solving practical problems with

algebraic expressions

Algebra is simply a language that lets you speak efficiently about num-
bers and how they relate. For example, when you first learned that “five
plus two is seven,” it was probably written like this:

5
2
7

And when you first learned that “five times two is ten,” it was probably
written like this:

5
x2
10

A more efficient way to write these statements is: 5 +2 =7 and 5 -2 =
10. This is algebra at its simplest. What was a math problem has now
become an algebraic sentence. It contains the most basic algebraic sym-
bol, the equals sign. This small but mighty symbol has revolutionary
power because it allows you to equate two things that really look quite
different from each other. Writing and solving equations is probably the
most important work you do in algebra.
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GO TO »

You'll learn more
about equations

and how to solve
them in Hour 5.

Recognizing New Symbols for Multiplication and
Division

Learning some basic definitions in the language of algebra will give you
the framework you need. The rerms in the two original questions are 5
and 2, and the operation is adding in the first expression and multiply-
ing in the second. The 5 and 2 are specific numbers. But in algebra, the
terms can be variables, a key word based on “to vary” or “to change.” If
you change 5 + 2 = 7 (which you know is true) to x + 2 = 7, you've created
an equation that may or may not be true, depending on the value of the
variable x.

Many fundamental rules, definitions, and visual representations are the
same in arithmetic and algebra, and others are unique to algebra. The +
and — signs that show adding and subtracting in basic arithmetic are the
same signs you use for adding and subtracting algebraic terms.

But be aware that multiplying terms in algebra can be indicated in a few
different ways. To avoid any confusion by writing “7 times x” as 7 X x
(with the multiplication symbol looking a lot like the variable x), you’ll
usually see 7x, 7 - x, or (7)(x) in algebraic expressions. The division sym-
bol, as in # + 12, is the same in algebra and arithmetic, but division will
sometimes appear as #/12 or, most often, as 4

12
A lot of the work in algebra involves simplifying long expressions that
have many terms. Sometimes special symbols will guide you, and in
other problems you’ll need to know some rules. Fortunately, these sym-
bols and rules are easy to recognize and use.

STRICTLY DEFINED

QQ Simplifying expressions means using the grouping symbols to combine the
terms using the operations of +, —, x, and + in the problem. The grouping
symbols most commonly used are parentheses, (), or brackets, [].

Understanding Grouping Symbols

Let’s begin with expressions that have only numbers and no variables. In
6 + (18 = 2), you are trying to combine the numbers. The parentheses act
like grouping symbols and tell you to first divide 18 by 2 and then add 6

to the result, which gives you a result of 15. In (6 + 18) + 2, doing what’s
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in the parentheses first gives a result of 24, and dividing that by 2 gives
you 12. This shows the importance of obeying the grouping symbols,
because 15 and 24 are very different answers!

STRICTLY DEFINED

E-;] Combining terms means using the grouping symbols to simplify the
problem. The grouping symbols most commonly used are parentheses, (),
or brackets, [].

Now try these and check your answers on page 8:
1. Simplify: 8 + (6 - 3)
2. Simplify: 8 +6) - 3
3. Simplity: 2(6 -2) + 4(7 - 5)

Following the Rules for Order of Operations

Combining the numbers in problem 3 from the previous section will
lead you to an expression without parentheses. Look at it again:

26-2)+4(7-5)=2-4+4.2

This situation requires knowing what to do when there is more than one
operation and no parentheses. The correct order for what operation to
do first is:

If there are no parentheses:

1. Multiply and divide first.
2. Then add and subtract.

For example, there are no parentheses in the following problem, so here
is how to simplify it.

Simplify:

12+16+2-1-3=
12+8-3=
20-3 =
17
In this example, if you had just worked from left to right, doing the

operations as they appear, you would get 39, which is not correct. Using
the rules for order of operations, you must do the multiplying and dividing
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before any adding or subtracting. So the 16 is divided by 2, and the 1 is
multiplied by 3. The 12 and 8 are added, and the 3 is subtracted. If the
problem includes many operations and also parentheses, do what’s in the
parentheses first.

Now try these problems and check your answers on page 8:

4. Simplify:20+12+2-4.3
5. Simplify: 15+ (10-7)-1-4
6. Simplify: @ +3)-8-5)+16+2-2-3

You have been using division of single numbers in many of the examples.
Division in algebra problems is usually shown as a fraction and can often
include more than one term in the numerator or denominator. When it is
in this form and you are simplifying, first work on the numerator, then
work on the denominator, and then divide the results.

STRICTLY DEFINED

E;} Remember that the upper part of a fraction is called the numerator and the
lower part is called the denominator.

For example:

8+4 12
Simplify: ===4
TPy TS
Now try these problems and check your answers on page 8:
. 9-5
2x2
3. 10 -3
10 +5

Now that you have practiced simplifying expressions that include differ-
ent operations and grouping symbols, it’s time to put those skills to work
in problems that have variables.

Solving Practical Problems with Algebraic
Expressions

An expression that includes variables can be evaluated, if you know the
values for the variables. Follow the same rules for order of operations
that you have already learned.
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JUST A MINUTE

If there are parentheses, do what is inside them first. Then do the multiplying
and dividing, as they appear from left to right. Then do the adding and sub-
tracting, as they appear from left to right.

If there are no parentheses, multiply and divide first, from left to right, and
then add and subtract, from left to right.

Evaluate: 6x — 7y + 2, givenx =4,y =3

Answer: Substitute the numbers for the variables.

6-4-7-3+2=24-21+2=5

Evaluate: 2x - 5, given x = 7

Answer:2-7-5=14-5=9

Evaluate: 2(x — 5), given « = 7

Answer: 2(7-5)=22) =4

Now try these problems and check your answers on page 8:

9. Evaluate: 22 + 4 - 5b, given z = 6 and b = 2
10.  Evaluate: 12 — 6x — 2y + 5, givenx =1 and y = 3

Several English phrases indicate addition, including increased by, more
than, and added to. The following table lists these phrases, their opera-
tions, and their algebraic expressions.

English Word or Phrase Operation Algebraic Expression
sum of # and 3 Addition a+3

b more than 5 Addition 5+b

¢ increased by 2 Addition c+2

6 decreased by x Subtraction 6—-x

3 less than 8 Subtraction 8-3

y minus 1 Subtraction y-1

difference between x and y Subtraction x-y

6 times Multiplication 6a

product of 8 and x Multiplication 8x

9 divided by y Division 9 +yor9/yor 3

quotient of x and 4 Division x + 4 or x/4 or 2
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Referring to the previous table, write each of the following phrases as
algebraic expressions. Use x as the variable. Check your answers below.

11.
12.
13.
14.
15.
16.

Five times a number

The sum of 2 and a number

Three times a number, decreased by eight
Twelve decreased by seven times a number
Eight times the sum of a number and 3

9 plus the quotient of a number and 6

Answers to Sample Problems in Hour 1

L.

o=

11.
12.
13.
14.
15.
16.

84+(6-3)=8+18=26

8+6)-3=4
26-2)+4(7-5)=2-4+4-2=8+8=16 (If you had trouble
with the third step in this solution, don’t worry. It is explained
in the section “Order of Operations”) on page 5
20+412+2-4-3=20+6-12=26-12=14
15+(10-7)-1-4=15+3-4=5-4=1
4+3)-(8-5+16+2-2-3=7-3+8-6=4+8-6=
12-6=6

9-5 4
2x2 4
103 30
10+5 15

20+4-5h, givena=6andb=2;2-6-5-2=12+4-10=6
12-6x-2y+5,givenxc=1landy=3;12-6-1-2-3+5=
12-6-6+5=5

5x, 5 -, or (5)(x)

2 +x

3x -8

12 - 7x

8(x +3)

9+x+60r9+m%0r9+%
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Hour’s Up!

Based on what you’ve learned in Hour 1, do the following problems
about algebraic expressions. Check your answers with the solution key in
Appendix B.

1.

Simplify: 10 -2 +5) + (8 - 2)
a. 7
b. §
c. 9
d. 3

Simplify: (10 - 2) + (5 + 8) - 2
a. 12
b. 19
c. 20
d. 21

Simplify: 2 +7)-(6-1)+9-2+8+4
a. 32
b. 30
c. 15
d. 24

Simplify: 12-4

a. 4 2( -6
b. 2
c.3
d. 1

T Ve
Simplify: ———
a. 3 5(3-2
b. 5
c.7

d. 9

Evaluate: 22 — 6b + 12 — ¢, givena =3,b =1, and ¢ = 10
a. 8

b. 5
c.2
d. 1

9
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7. Evaluate: 9+ (x-3)-(12-y) -5, givenx=5andy =7
a. 1

b. 8
c. 4
d. 2
Write the following phrases as algebraic expressions:

8. 6 increased by the product of x and 3
a.6+3+x
b. 6 + 3x
c.6+3-x
d. 6 -3x

9. 5 subtracted from the sum of # and y
a.5—(a-y)
b.5—(z+y)
c.(@+y) -5
d. -y -5

10. ¢ decreased by the sum of 4 and d
a.c-@4-4
b.c—(@+4d)
c.(d-d)-c
d. @4 +d)—c



The Real
Number Line

CHAPTER SUMMARY
In this hour you will learn about ...

e Plotting positive and negative num- e Working with real numbers

bers and zero e Finding absolute values

* Ordering rational and irrational num-
bers

In Hour 1, you built on your knowledge of basic arithmetic and learned
how to evaluate expressions that include variables. In this hour, you
move beyond the numbers you’re so familiar with, widening your circle
of algebraic knowledge.

Plotting Positives, Negatives, and Zero

The numbers you use for many computation problems are 0, 1, 2, 3, and
so on. In algebra, these are defined as whole numbers, and they continue
without an end. There is always at least one more whole number after
the one you are thinking of at the time. Picture a simple ruler or mea-
suring tape that has only whole numbers. It might look like this one,
showing the whole numbers up to 6:

But in real life, you need negative numbers, too, such as when your
checking account is overdrawn, for example, or when it is 10 degrees
below zero outside. Picture a number line that doesn’t begin at zero but
has the equal intervals also going to the left of zero. It would look like
this, with the numbers increasing to the right and decreasing to the left.
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Hour 2

The algebraic term for the negative and positive whole numbers and
zero, as shown on the number line, is integers. Another way to describe
integers is all the whole numbers along with their opposites, and zero.
The set of integers is infinite, which means it has no beginning or end,
since there is always at least one integer smaller than the smallest one or
at least one larger than the largest one you are considering.

STRICTLY DEFINED
DQ The opposite of a number is the number with a different sign. The opposite

of 2 is 2. The opposite of -6 is 6.

In algebra books, the positive integers are often listed as {1, 2, 3, ...} and
the negative integers as {-1, =2, -3, ...}, with the three dots showing that
the numbers continue without an end. Notice that the positive integers
don’t always have the + sign. If no sign is shown, assume that the number
is positive.

Now consider plorting (this is another way of saying graphing) an integer.
Find the number’s place on the number line and mark it (plot it). For
example, let’s plot the following integers on the number line: -2, +4,

and 3.

Consecutive integers are numbers that are next to each other on the num-
ber line. Given any integer, the consecutive integer is found by moving
one interval to the right on the number line. For example, 3 and 4 are
consecutive integers, as are —2 and —1.

So far, the focus has been on integers. In real life, though, you also need
fractions and decimals. You could think of fractions and decimals as
numbers that are between the integers on the number line. This means
that they can also be plotted. In fact, every integer (let’s use 5 as an

example) can also be written as a fraction (as n ) or as a decimal (as 5.0).

Look at the number line that follows to see where 2.5, -3.2, +1.5, and %
are plotted.
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-4 -3 -2 -1 011152253 4
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N

Any number between —4 and +4—whether it’s an integer, fraction, or
decimal—has a unique place on this number line. This fact is one of the
fundamental properties of algebra. In algebra, all the numbers you’ve
learned about in this hour— the whole numbers, integers, fractions, and
decimals—are called rational numbers because they all can be written as
the 7atio of two integers, as a fraction.

STRICTLY DEFINED

E;] If a number can be written as the “ratio” of two integers, it’s defined as a
rational number. Every integer, fraction, and decimal can be written as a
ratio of two integers, so they are all called rational numbers.

Now try this problem and check your answers on page 18.

1. Plot the following numbers on the number line: 4, -2, 5.5, 1 R

and —4.2

A

Numbers that cannot be written as a ratio of two integers include square
roots, such as V2 . These are called irrational numbers, and you’ll learn
about them in Hour 21, including how to plot them on a number line
and how to use them algebraically. Irrational numbers are mentioned
here because, when thought of together, the rational and irrational num-
bers are called the real numbers; therefore, they can all be plotted on the
real number line.

Ordering Rational and Irrational Numbers

A number line helps you visualize where a number is in relation to
another number. Because the number line has smaller numbers on the
left side and larger numbers on the right, you can compare plotted
numbers to see which is greater than the other. Numbers can be ordered
(compared to each other) with inequality symbols, such as greater than
(>) or less than (<). Of course, if the numbers are equal, you use the =
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symbol. Just as equal to is shown with the = symbol, greater than and less
than have their own symbols.

Symbols for Ordering Numbers

Phrase Symbol
“is greater than” >
“is less than” <
“is equal to” =
“is greater than or equal to” >
<

“is less than or equal to”

eyl [f you have trouble remembering which symbol represents “greater than”
and which represents “less than,” it may help to picture the “less than” sym-
bol < as an L, and “less than” starts with an L.

The combined statement “4 is greater than or equal to 3” (written 4 > 3)
allows for either 4 > 3 o7 4 = 3, which is true because 4 is clearly greater
than 3. The combined statement “2 is less than or equal to 2” (written 2
<2)is also true, since 2 does equal 2.

You need to be able to use these four symbols (<, >, <, and 2) to compare
numbers now and also in Hour 19. Let’s use them in a few examples:

Say: “2 is less than 5.” Write: 2 < 5

Say: “4 is greater than 0.” Write: 4 > 0

Say: “5 is greater than —1.” Write: 5 > -1

Say: “=3 is less than or equal to 3.” Write: -3 <3

Say: “1.5 is greater than or equal to 1.5.” Write: 1.5 > 1.5
Say: “~1.5 is less than or equal to 2.” Write: 1.5 <2

"o 0 TR

Now try these problems and check your answers on page 18.
Write the following expressions in algebraic form:

2. -8 is greater than or equal to -9
3. 0isless than or equal to 5

4. 5 is greater than 0

5. 10 is greater than -10
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Write the following algebraic expressions in words:

6. 12<14
7. —-6>-10
8. -5=>-8
9. 3<3

Ordering numbers means you use the inequality symbols you just learned
(< and >) to correctly write algebraic sentences. Is 4 less than, greater
than, or equal to 1? Because 4 is less than 1, 4 < 1 makes a true state-
ment. Fill in the blanks on these inequalities with < or >

g S5_9

Answer: (=5 is less than 9, so use <)
h. -8__0

Answer: (-8 is less than 0, so use <)
i =2___ -6

Answer: (-2 is greater than -6, so use >).

Now that you can compare two given numbers and write a sentence with
the appropriate inequality symbol, think of several numbers and how
they can be ordered from least to greatest. It may help you to plot them
on a real number line.

STRICTLY DEFINED

E;] Ordering numbers can involve comparing two numbers and using the cor-
rect inequality symbol between them, as in —1 < 1, or it can involve listing
a group of numbers in ascending order, as in -3, -1, 0, 2.5, 5. Plotting the
numbers on a real number line will help you see the correct order, increas-
ing from left to right.

Consider the following list of integers:

9,6,-4,2,0,-5
Because -5 is the least of these (it’s farthest to the left on the number
line), it will be first in the list, followed by —4. The remaining positive

integers and zero just need to be put in ascending order. So the correct
sequence from least to greatest is:

25,-4,0,2,6,9

15
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Working with Real Numbers

Including fractions and decimals in this sequencing or ordering process
involves comparing them to their nearest integer values.

Consider this list of numbers:

3,225, 2.8,-3,0
4

Begin with the negative numbers, —2.5 and -3, because they are clearly
the smallest numbers. —2.5 is between —2 and =3 on the number line,
with =2 to the right of -3. Because —2.5 is also to the 7ight of -3, you
could write —2.5 > —3. From this process, you can see that the first num-
ber in the order is -3, followed by —2.5. The remaining numbers are eas-
ily put in ascending order, so the correct sequence is:

3,225,0, 2,3,8
4

Now try these problems and check your answers on page 18.

Fill in the blanks of the following inequalities with < or >:

10. -6__8
11. 6__ -8
12. -6___ -8
13, 7___ -7
4. 5__ 1
15. L _ 2
4
16. —17—2
4

Write the following numbers in order from least to greatest:

17. 4,-5,.3,7,-5,0,3

18. 6,0,-3,-3.1,8, —%

Finding Absolute Values

To prepare for Hour 3, which includes adding, subtracting, multiplying,
and dividing positive and negative numbers, look again at the number
line.
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| «<—3 units +3 units—j
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< @ 1 1 1 T 1 ) g
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Y

+3 is three units to the right of 0. =3 is also three units away from 0, but
to the left. You already know that +3 > -3 and that -3 < +3. But because
they both are the same distance from 0, they have the same absolute value.
A number’s absolute value is defined to be its distance from 0. Distance
is not considered to be positive or negative, so a number’s absolute value
has no + or —sign in front. The absolute value symbol is | |, with the
number inside the vertical lines.

STRICTLY DEFINED
E;] A number’s absolute value tells how far it is from zero on the number line.
To simplify an absolute value expression, just remove the number’s sign,
because distance in algebra is not positive or negative; it’s neutral. The
absolute value of -1 is 1, and this can be written as |-1| = 1.

When you see [-5| =5, you say, “The absolute value of negative five
equals five.” Here are some examples:

oo -1l =1
k. 1+41 =4
. -4 =4
1 1
m. |l-=1==
2 2

You will appreciate the need for finding a number’s absolute value in
Hour 3, but for now, add it to your algebra toolbox.

Now try these problems and check your answers on page 18-19.
(Problems 19 through 25 include absolute value terms along with a
review of the order of operations rules you learned in Hour 1. They are
very important in Hour 3!)

19. 121 =___
20, 1+81=___
21, 1=51=_
22, 1+51=__

23, 12:2-3.24+(1-41 +6)-5 =
24, G- 1-1)+10-2-4=
25. 14-3.3-2+ 148 =
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Before you work on the problems in the “Hour’s Up!” section, let’s
review the types of numbers you've learned about so far.

Whole numbers = {0, 1, 2, 3, ...}
Integers={...,-2,-1,0,1,2,3, ..}

Rational numbers can be written as the ratio of two integers.
Irrational numbers cannot be written as the ratio of two integers
(more about them in Hour 21).

Real numbers are any number that is rational or irrational (basi-
cally, any number).

A number’s absolute value is its distance from 0.

Answers to Sample Problems in Hour 2

— e et
W N = O

—
hd

16.
17.
18.

19.
20.
21.

0 XNk W

10 > -10

12 is less than or equal to 14
-6 is greater than —10
=5 is greater than or equal to —8
3 is less than or equal to 3
-6<8
6>-8
-6 >-8
7>-7
S<1
l< 2
4
—l> -2

4
5,-5,0,3,3,4,7
30,-3,-1,0,6,8

2

2
8
.5



The Real Number Line 19

22,5

23, 12+2-3-2+(1-41 +6)-5 =
12:2-3.2+0@+6)-5=
12:2-3-2+10)-5=

6-6+10-5=
0+10-5=
10-5=5

24, B-1-1)+10-2-4=
B-1+10-2 4=

2)+10-2-4=
2+10-8=
12-8=4

25, 14-3-3-2+ 1481 =
14-9-2+8=
5-2+8=
3+8=11

Hour’s Up!

Based on what you’ve learned in Hours 1 and 2, do the following prob-
lems about algebraic expressions. Check your answers with the solution

key in Appendix B.
1. Plot 4, -2, 1.5, and —1.5 on the real number line.
A1
%5 -4 -3 -2 -1 0 1 2 3 4 5
b. «4—F—F—4¢—¢+—F+4++—F+—¢+—F>+—>
%5 4 -3 -2 -1 0 1 2 3 4 5
C ¢ —— 1 ——¢——>1—
5 4 -3 -2 -1 0 1 2 3 4 5
2. Write “7 is greater than —8” in algebraic form.
a.-7>8
b. -7<8
c.7>-8
d. 7<8
3.  Write “-3 is less than or equal to —2.5” in algebraic form.
a.-3<25
b. -3 <-2.5
c.3<25

d.-3>25
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10.

Write 12 < 15 in statement form.
a. 12 is less than 15

b. —12 is less than 15

c. 12 is greater than or equal to 15
d. 12 is less than or equal to 15

Write —4 > -15 in statement form.
a. —4 is greater than or equal to 15
b. —4 is greater than or equal to -15
c. —4is less than 15

d. —4 is greater than -15

Use < or > to fill in the inequality -4 ___ -7.
a. <
b. >

Use < or > to fill in the inequality 0 ___ 3.
a. <
b. >

Order 8, -4, 4, -2, 0 from least to greatest.
a. 84,0, -2, -4

b. 8,4,-2,-4,0
c.0,-2,-4,4,8
d.-4,-2,0,4,8
-6l =

a. -6

b. 6

Simplify 7 + (5 - 2) - (I-121 - 4) + 8- 6)
a. 6

b. 0
c.3
d. 4



Real Numbers:
Four Operations

CHAPTER SUMMARY
In this hour you will learn about ...

e Adding, subtracting, multiplying, and
dividing real numbers

In Hours 1 and 2, your math world expanded beyond the whole num-
bers to include positive and negative integers, real numbers, inequalities,
and absolute value. Now, to use this knowledge, you learn the rules for
adding, subtracting, multiplying, and dividing real numbers. These four
operations with real numbers form an important foundation that allows
you to set up and solve equations and advance to higher algebra skills.

Adding Real Numbers

Adding two whole numbers is probably one of the first math prob-
lems you learned to solve, right after you learned to count from 1 to
20. Because algebraic expressions include all the real numbers, not just
whole numbers, you also need to be able to add real numbers.

Even though your understanding of numbers has grown quite a bit in
the past two hours of study, the basics remain the same. It’s still true
that 2 + 3 = 5 and that 10 + 6 = 16. As long as an algebra problem has
only whole numbers, you will be fine using your basic math facts. Many
algebra problems do include negative numbers, and fortunately, some
basic rules will guide you. But before we get to the rules, it might be
helpful to know when you will use them.
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You'll see negative signs on some of the terms in the next examples. As
you reach the end of this section, you will be able to simplify each of
these problems:

-1+-10=
9+-7=

2+-8+-11=
3+-9+14=

ese examples are addition problems involving some negative and some
Thi 1 ddit bl | t d
positive numbers.

Look closely at the first example: -1 + -10 = .

The signs can be confusing, but in words, you would say “negative 1 plus
negative 10.” This helps you realize that you are trying to add a negative
number to another negative number.

A real-life example of this situation is when you owe someone $1 and
then borrow another $10. Now you owe this person a total of $11. But
because it’s a debt, it’s really —11. You can see clearly that adding —1 and
-10 will give a sum of —11.

Let’s get back to the algebra. The rule is that, when adding negative
numbers, you remove their negative signs, add them, and put the nega-
tive sign on the final answer. Mathematically, adding two or more nega-
tive numbers gives a negative number.

FYl In algebra problems, parentheses surrounding more than one term affect
the order of operations (as described in Hour 1), but when used around a
single term, they exist only to separate or emphasize the terms and are not
used as grouping symbols. =1 + =10 is the same as (-1) + (- 10).

The next four problems show the different ways you will see parentheses
in algebra problems.

a. —4+-2=(-6)
b. -4+(F2)=-6
c. (H+(=2)=-6
d 49+-2=-6
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You probably noticed that each of these problems is a different version
of the same problem, which, at its simplest, is =4 plus —2. The parenthe-
ses do not show multiplication, which, you will recall from Hour 1, can
sometimes be the case. They are also not grouping symbols. They are
simply a form of emphasis and may or may not appear in a given
problem.

Being aware that the parentheses have no power when they surround a
single term frees you to focus on the operation itself, which, in this case,
is just adding two negative numbers. Because you will see parentheses
in some problems and not in others, be prepared to determine whether
they are showing multiplication, as they did in Hour 1, or are just sepa-
rating the terms, as in these examples. You will see some examples of

parentheses used for multiplying real numbers later this hour, on page 29.

Remember that if the numbers being added are positive, the sign of the
answer will be positive. If the signs of all the numbers being added are
negative, the answer will be negative.

Now try these six problems and check your answers on page 30.

1. —-6+-7=
2. (5)+-2=
3. D)+ (9 =

The problems that follow have more than two negative numbers, but the
same rule applies: remove their negative signs, add them, and put the
negative sign on the final answer.

4. 9+-1+-3=
5. () +-2+(-1)=
6. =5+ (-4 +(-10) =
Now consider the following problem:

9+-7=

This is an addition problem; in words, you would say “9 plus negative
7.7 The rule you just learned will work perfectly if all the numbers are
positive or all are negative. But one of these numbers is positive and the
other is negative, so the rule doesn’t apply here.

23
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The problem is actually 9 plus the opposite of 7. In effect, then, this is
a subtraction problem. The key concept here is that adding a negative
number is the same as adding the opposite of a positive number.

The formal rule for adding two numbers with different signs is to sub-
tract their absolute values and then use the sign of the larger absolute
value for the sign in the answer. More simply, you remove the signs from
the numbers, subtract them, and use the larger number’s sign for the
answer.

Look again at the example in this section: 9 + -7 =

Using this rule, you think 9 — 7 = 2, and because 9 is larger and positive,
the answer is +2, which you usually write as 2.

Look at some more examples and solutions of adding numbers with dif-
ferent signs:

4+7=3
3+-8=-5
-10+3=-7
S)+@E6)=1
2+(9=-7

= PR o

Now try the following problems, and check your answers on pages 30-31.
(Watch the signs carefully to know which rule you will use.)

7. -7T+3=

8. (5)+(8) =
9. 124(2)=
10. (-1)+6=

To review what you’ve learned so far about adding real numbers:

Adding all positive numbers gives a positive number.

Adding all negative numbers gives a negative number.

To add a positive to a negative number, remove their signs,
subtract, and use the sign of the larger number for the sign of
the answer.

You are probably wondering what to do if there is a mixture of positive
and negative numbers within an addition problem. Once you’ve mastered
the previous rules, having several numbers to add, no matter what their
signs, is not difficult.
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Consider the following problem:
3+4-9+14=

The 3 and 14 are both positive, and the 9 is negative. You have two
choices here. The first is to work the problem from left to right, as you
read it. What is 3 + -9? Since the signs are different, remove the signs,
subtract the numbers, and use the sign of the larger number. So 3 + -9

= —6. To continue the problem, you need to ask, what is =6 + 14? Remove
the signs, subtract the numbers, and use the sign of the larger number
for the answer. Since —6 + 14 = 8, this is the final answer. (See the FYI
note for another way to do this problem.)

Fy1 Another way to simplify 3 + -9 + 14 is to group the positive numbers
together, find their sum, and then deal with the negative term. Grouping the
positives gives 3 + 14 = 17. The next step would be 17 + -9, which is 8. You
are free to choose the method that works most easily for you.

The following examples include both positive and negative terms:

.o 1+3+6=4

k. 2+-2+5=1

L 6)+-3+9=0
m. (S5)+7+(4=-2
n 3+-8+-1+2=-4

Now try these problems and check your answers on page 31.

1. -6+8+-1=
12 NH+5+F)+(2)=
13. -10)+4+E9)+5=

Subtracting Real Numbers

Now that you have learned how to use the rules for adding real numbers,
you are ready to shift gears and try the following basic subtraction prob-
lems:

o N N O

-6
)
-0
—4-2=
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These simple problems are easily solved. Because they are all examples of
subtracting a smaller whole number from a larger one, they don’t require any
higher skills than basic arithmetic. (Did you get 3, 5, 5, and 2 for the answers?)

Now consider these more complex subtraction problems:

8-(-2)=
-10-(-3) =
T-4=

5-(-6)=

These subtraction problems include positive and negative integers, so
they are not as easy as the first four. To learn how to solve them, you
need to first see the close link between the operations of addition and
subtraction.

You will see this link most clearly if you begin by looking back at a prob-
lem that involves adding positive and negative integers, such as this one:

10 + (=6) =

Because you are adding and the signs are different, you know the rule:
remove the signs, subtract the numbers, and use the sign of the larger
number for the sign of the answer.

So you know that 10 + (-6) = 4.

Now look at the simple subtraction problem 10 — 6 = 4. The answer to
both of these problems is clearly 4. Is it a coincidence that you got the
same answer? No, because adding —6 to 10 is exactly the same as sub-
tracting 6 from 10, so, of course, the answers are the same.

The close link between subtraction and addition is most easily stated
this way: subtracting a number is the same as adding a number with the
opposite sign. To see this for yourself, consider these subtraction-to-
addition examples:

5-3=5+(3)

Subtracting 3 is the same as adding -3.
10-7=10 + (7)

Subtracting 7 is the same as adding 7.
4-9-44+(9

Subtracting 9 is the same as adding 9.

(Did you get 2, 3, and -5 for your answers?)
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JUST A MINUTE

The opposite of a number is the number with a different sign. The opposite
of 2 is —2. The opposite of -6 is 6.

In the previous three problems, the first term in each problem is a posi-
tive number, but the same rule applies if the first term is negative:

6-2=-6+(2)
Subtracting 2 is the same as adding -2.
-1-5=-1+(5)

Subtracting 5 is the same as adding 5.

(Did you get -8 and —6?)

In fact, all subtraction problems can be changed to addition, as long as
you change the sign of the second term. The beauty of this process is
that you can always get the answer to any addition problem because you
know all the addition rules. You don’t need any subtraction rules! Look
at some samples:

o 6-(-49=6+4=10

p. S5-(3)=-5+3=-2
q 1-9=1+(9)=-8

r. 10-14=10+(-14)=-4

To review, when you have a subtraction problem, change it to addition
and change the sign on the second number.

JUST A MINUTE

Parentheses used around single terms do not show multiplication when
there are addition or subtraction signs. They are just separating the opera-
tion (either adding or subtracting) from the signs of the numbers being used
in the problem.

Now try these problems and check your answers on page 31.

4. 3-(5)=
15. -2-7-=
16. 10-(-8) =

If a problem has many positive and negative numbers to be added and
subtracted, you should change the subtraction to addition first and then
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follow the rules for adding positive and negative numbers. Here are
some examples, including each step for finding the final solution:

qQ 9+5-(3)+8-(4=
9+5+3+8+4=
4+3+8+4=
17+8+4=
25+4=29

In the previous example, all the subtraction became addition of positive
terms, so it is actually an easy problem to solve.

r. 6+2-(-8)-4+7=
—6+2+8+(-4+7=
“4+8+(-H+7=
d+(H+7=
0+7=7

In the previous example, the steps of the solution show the addition done
from left to right. You could also group the positives together and get a
total, group the negatives together and get a total, and then combine the
positive and negative totals. The final answer will still be 7, using either
method.

Now try these problems and check your answers on page 31.

PROCEED WITH CAUTION

Parentheses and brackets can be used as grouping symbols, and the order
of operations learned in Hour 1 requires you to do the operations inside the
parentheses first. This tip applies to problems 19 and 20.

17 5-7+6+(3)—1-(8)=

18. 6+(3)—1-5—(-10)=

190 5+Q2-6)-8-5+[7-Q2+6)]=
20 “1+6-(2)-@+3)+[7-9-6] =

Multiplying Real Numbers

Now that you have mastered adding and subtracting real numbers, the
most difficult part of this hour is behind you. The rules for multiplying
(and dividing) are simpler and very easy to use. In fact, let’s go straight
to the rules.
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Multiplying positive numbers always gives a positive answer. This is true
no matter how many positive numbers are in the problem. Examples:

3. (+2) - 4 = 24 (The parentheses just emphasize the positive 2.)
(+5)(6) = 30 (The parentheses show multiplication.)

Multiplying two negative numbers always gives a positive answer. Yes,
this seems strange, but it’s true. Just be careful not to confuse the mul-
tiplying rule with the adding rule, since adding two or more negative
terms gives a negative answer.

Examples:

s.  (=2) - (-5) = 10 (Multiplying two negatives — positive answer)
t. -8.-2 =16 (Multiplying two negatives — positive answer)
u. -8+ -2 =-10 (Adding two negatives — negative answer)

Multiplying a positive number times a negative number always gives a
negative answer. It doesn’t matter which is larger or smaller; multiplying
numbers with two different signs always gives a negative product.

Examples:
v. 6--2=-12
w. —6-2=-12

When there are more than two numbers in the problem, apply the three
multiplication rules as needed. The following examples show the solu-

tion steps:
x.  (-3)-(2)(-4) = 24 (Since -3 - 2 = -6, the problem becomes
—6--4=124)
y. -2--6--1=-12 (Since -2 - —6 = 12, the problem becomes
12.-1=-12)
TIME SAVER

Another way to find the sign of the final answer in a multiplication problem is
to count the number of negative numbers in the problem. Since two nega-
tives multiply to give a positive, an even number of negative numbers gives
a final answer that’s positive. An odd number of negative numbers gives a
negative answer. If you forget the even/odd rule, you can always use the
method shown in examples x and y.

Now try these problems and check your answers on page 31.

2. (9)-Q)=
2. (-6)-(3)=
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3. 5.(2)-(3)=
24 (5)-2-(3) (1) =

Dividing Real Numbers

Knowing the rules for multiplying positive and negative numbers helps
you know how to divide positive and negative numbers. In fact, the rules
are exactly the same for both operations. Here are the division rules:

Dividing two positive numbers gives a positive answer.
Dividing two negative numbers gives a positive answer.
Dividing two numbers with different signs gives a negative answer.

When there are more than two numbers in a division problem,
follow the same steps you use for finding the sign in multiplica-
tion.

Also, if multiplication and division both appear in a problem, the
same rules apply as if only one operation appears.

Examples follow:

z. 14+2=7
aa. -14+-2=7
bb.  (24)+(<2) = (3) = (12) = (3) = 4
ce. 18+(3)-(2)=—6.-2=12

Now try these problems and check your answers on page 31.

25, -25.-5=
26. (-10)+ -2+ (-1) =
27 24:+-2:3.(-8)=

Answers to Sample Problems in Hour 3

13
=7
-10
13
-6
19
-4
13
10

R B A AN o



10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

Hour’s Up!

Real Numbers: Four Operations

Based on what you’ve learned in Hour 3, solve the following about add-
ing, subtracting, multiplying, and dividing real numbers. Check your

answers with the solution key in Appendix B.

1.

S+-2=
a. 3
b. +7

3 +-10=

+7
+13
.-13

Q0 T
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4. 7-(-2)=
a. s
b. -5
c. 9
d. -9

5. 8-(=2)=
a. -6
b. +6
c. -10
d. +10

6. 3+(=5)+6+(-1)=
a. 15
b. +3
c. -2
d. 0

7. (2)-9+(3+6)-8=
a. 0

. —11

-16

+16

3=
2

-2

. +15

-15

) (D)3 (D)=
+24
-24
+12
-12

10. (-18)+6-(-4) +3=
8

T eeogT®v oaevT

-4
+4
-8

coTe 2opoo



Real Numbers:
Properties and Rules

CHAPTER SUMMARY

In this hour you will learn about ...

e |dentifying the properties of real num- ® Using the multiplication rule with real
bers numbers
e Using the properties of real numbers e Using the division rule with real
numbers

Now that you know the basic operations of adding, subtracting,
multiplying, and dividing positive and negative numbers, in this hour
you learn the algebraic properties or rules that go beyond the four opera-
tions. These properties lay the groundwork for working with algebraic
expressions—from the simple to the more complex.

Identifying the Properties of Real Numbers

Algebraic properties are much like the rules you learn for playing a sport
such as football or basketball. These games would be chaotic without an
agreed-upon set of standards, and it’s the same for algebra.

Properties lay a strong foundation and give algebra its consistency and
predictability. Unlike the English language, with so many exceptions to
most of its rules of grammar and usage, the algebraic properties provide
a firm base on which to rely. Solving an algebraic equation, a process
you will learn in Hour 5, requires knowing how to use one or more of
these properties.

Some of the properties are so basic that they seem unnecessary, and oth-
ers are more complex, but each plays an important role in algebra. Let’s
begin with seven of the basic arithmetic properties, each followed by the
same property in algebraic form.
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COMMUTATIVE PROPERTY

In basic arithmetic, you can add or multiply two numbers in any order,
and the answer will be the same. For example, 2 +3 =3 +2and2 -3 =
3.2

In algebra, you can add or multiply two algebraic values in any order, and
the answer will be the same. For example, 2 + b =b+aanda-b=10-a.

ASSOCIATIVE PROPERTY

n basic arithmetic, you can add or multi ree or more numbers
Inb thmetic, y dd ltiply th bers by
grouping them in any order, and the answer will be the same. For exam-

ple, 2+3)+4=2+3+4and(2-3)-4=2-3-4).

In algebra, you can add or multiply three or more algebraic values by
grouping them in any order, and the answer will be the same. For exam-
ple, @+b) +c=a+@G+oand(@-b)-c=a-(®-o).

DISTRIBUTIVE PROPERTY

In basic arithmetic, multiplying a sum by a number is the same as adding
the product of the numbers. For example,4- 2 +3)=(4-2)+ (& - 3).

In algebra, multiplying a sum by a number is the same as adding the
product of the numbers. For example, 2 - (0 +¢) = (a - b) + (a - ¢).

IDENTITY PROPERTY OF ADDITION

In basic arithmetic, if you add 0 to any number, the answer is the num-
ber itself. For example, 6 + 0 = 6.

In algebra, if you add 0 to any term, the answer is the term itself. For
example, 7 + 0 = 4.

IDENTITY PROPERTY OF MULTIPLICATION

In basic arithmetic, if you multiply any number by 1, the answer is the
number itself. For example, 3 - 1 = 3.

In algebra, if you multiply any value by 1, the answer is the number itself.
For example, 2 - 1 = a.
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OPPOSITES PROPERTY OF ADDITION

In basic arithmetic, if you add any number and its opposite, the answer
will be 0. For example, 10 + (-10) = 0.

In algebra, if you add any term and its opposite, the answer will be 0. For
example, a + (—a) = 0.

RECIPROCAL PROPERTY OF MULTIPLICATION

In basic arithmetic, if you multiply any number by its reciprocal, the

answer will be 1. For example, 4 - 7 =1

In algebra, if you multiply any number by its reciprocal, the answer will

be 1. For example, # - LY
a
STRICTLY DEFINED
Reciprocals are two numbers that, when multiplied, equal 1, such as

1
2- 5= 1. To find a number’s reciprocal, switch the numbers in the numera-

7
tor and denominator. The reciprocal ofg is %; the reciprocal of —6 is —l. All

real numbers except 0 have a reciprocal.

These seven properties are very important elements that will reappear
throughout your remaining hours of learning algebra. You may never
need to refer to them by name, but you must be able to use them with
ease as you make the transition from basic arithmetic to algebra.

Using the Properties of Real Numbers

You already used some of these properties in Hour 3 when you learned
how to add positive and negative numbers. Look back at an example
from that section:

9+(=2)+ ()=

To find the answer, which is 6, you probably first added -2 to -1, getting
-3. You then combined that with 9 to get your final answer, 6. You were
actually using the associative property of addition when you chose to add
the two negative terms first and then added the answer to 9.
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Or maybe you combined the 9 and -2 first, getting 7, and combined that
7 with -1 to get the correct answer, 6. Grouping the addition terms in
the order of your own choice is made possible by the associative property.

So at this basic level, the properties might not appear to be important;
however, they do play a necessary role when it comes to simplifying
expressions that include numbers and variables. Consider this problem:

Simplify 3(x + 2).

STRICTLY DEFINED

E;] To simplify means to write an algebraic expression in the fewest terms
possible.

To state the problem in words, you could say, “Multiply 3 times the sum
of « plus 2.” The order of operations tells you to add the x and the 2
first because they are inside the parentheses, but they cannot be added
together since one is a variable and one is a number. However, the dis-
tributive property allows you to change the problem to be “Multiply 3
times x, multiply 3 times 2, and then add the results.”

So the way to simplify 3(x + 2) is to write 3x + 6.
This specific example points out an important fact of algebra:

Expressions that include parentheses are not in simplest form if
the parentheses can be removed using the distributive property.

As you solve each problem with the distributive property, you can go
directly from the problem to the answer without going through all the
steps just described. The problem and its answer would look like this:

Simplify 3(x + 2) = 3x + 6.

This brings up an important question: When is the answer to an algebra
problem really in simplest form? You are finished simplifying when the
answer has a single term or when all the /ike terms in the answer have
been combined.

In the answer 3x + 6, there are two terms, 3x and 6, and they cannot be
combined (in this case, added together) because they are unlike; that is,
one has a variable and one does not.
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An example of like terms is 3x + 6x, which can be simplified to equal 9x.
This combination of like terms is a perfect example of the distributive
property in reverse order, because the sum of 3x + 6x could have come
from x(3 + 6). You know that 3 + 6 = 9, which leads to «x - 9, which equals
9x because of the commutative property.

JUST A MINUTE

Recall the sign rules for + and -. Adding positive numbers gives a positive
number. Adding negative numbers gives a negative number. To add a posi-
tive to a negative number, remove their signs, subtract, and use the sign of
the larger number for the sign of the answer.

Multiplying two positive numbers gives a positive answer.
Multiplying two negative numbers also gives a positive answer.

Multiplying two numbers with different signs gives a negative answer.

Seldom, if ever, will you need to go through all these steps to get from
the problem of simplifying 3(x + 2) to the answer, which is 3x + 6. But
the detail you just followed in this section shows you the power of the
properties and the beauty of all that is going on within one simple prob-
lem and its solution.

You will be using the rules for adding and multiplying positive and nega-
tive numbers from Hour 3 along with the seven properties you learned
in this hour. Note that the answers can be written in different order—
thanks to the commutative property—and either is correct.

Here are some examples with their solutions.

2+50+9+3x=11+8xor8x+11

3x+4-2x+(=6) =-5x—2 or Sx + (-2)
6-8)+7x+3(x—4)=-2+7x+3xc—-12 =-14 + 10x or 10x — 14
Tn-2)+30-m=Tn-14+15-3n=4n+1orl +4n
5Bx—=2)-3@x+3)=150-10- 120 -9 =3x - 19 or =19 + 3x

o0 TR

In the previous example e, be sure that the -3 is distributed to the 4«
and to the +3, resulting in —12x and —9. In these more complex problems,
it is important that you watch all the signs of the numbers very carefully,
following the sign rules you learned in Hour 3.

Also, in examples ¢ through e, the problem is followed by a middle step
that leads to the final answer. You should always write this step as a part
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of the solution because there are too many terms to keep track of as you
work toward the answer.

Now try these problems and check your answers on page 42.
Simplify the following expressions:

1. 6a+2b-3a+4b—-c=

2. Ba+5+12+2x-4) =
3. 5-2(g+3)+10=

4. 8QRx-3)-20+2(Gx+6) =
5. x—-4+3Qx-3)+8=

Using Multiplication Rules with Real Numbers

Most of the examples and problems you have solved in Hours 1 through
4 have included whole numbers (0, 1, 2, 3 ...) and their opposites (... =3,
-2, -1), which, when combined, form the set of integers. You will need
to be able to work with fractions in many algebra problems, and the
reciprocal property of multiplication helps you work more quickly with
fractions.

Consider this multiplication problem, which includes an integer (3), a
variable (x), and a fraction(%) :
1

3x- —
3

Fractions can cause a panic attack for many people, but using the recip-
rocal property will help you solve this and many fraction problems easily.

Fyl A positive number always has a positive reciprocal. A negative number
always has a negative reciprocal.

. . . . !
This property also applies to variables, so the reciprocal of # is—, and
a

. .1
the reciprocal of v is —.
x

In Hour 5, when you learn how to solve equations, this reciprocal prop-
erty will be an important part of the process.
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For now, learn how to simplify expressions that include reciprocals, such

as the following problem:
1

30—

3
Because 3 and 1 are reciprocals, multiplying them must equal 1. The

expression is now 1 - x. Multiplying any number or term by 1 doesn’t
change the number or term (the identity property of multiplication).
So the final answer is x. When you see a multiplication problem that
includes reciprocals, simplifying the problem is easy.

Here are some examples of the reciprocal and identity properties of mul-

tiplication.

f. i-6x=1~x:x
6 1

g. 8x-§ =1lx=x

h. 10x~1=5‘2~x~1=1~2x=2x

5 5

. 1 1

1. 15xy~§:5‘3-xy'§:1~5xy:5xy

o1 1 1 1 1
~(pr+18 = —-6xr + --18=--3-20+ >-3-6=1-2x + 16 =2x+6
3 3 3 3 3

k. (}24d (—%) = —8~3£d~—é =1-3d = 3d

Seeing the steps followed in examples f through k above, you will prob-
ably realize that some shortcuts are definitely possible. In some of these
examples, you could have gone directly from the problem to the final
answer, but writing out the steps that lead to the solution may help you
avoid careless errors. Decide how much work you need to show and how
much can be done mentally, thus creating the shortcuts.

Now try these problems and check your answers on pages 42-43.
1

6. = -3x=
3
1
7. 12y —=
LARY:
8. l4x-L=
7

9. 24ab - L
8
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10. %()6;1 +24 =

1. (F10ay (—%):

12. (Joud =

1
8
Using the Division Rule with Real Numbers

In Hour 3, you saw the close link between addition and subtraction.
There is also a very strong connection between multiplication and divi-
sion, and it makes the jobs of dividing algebraic expressions and reducing
fractions easier.

Consider this simple division problem:

12:4=3

And this multiplication problem:
TP S S U R
4 n
These two problems show the close link between division and multiplica-

tion. Stated most simply, dividing by 4 is exactly the same as multiplying
by% . Remember, too, that the reciprocal of 4 is— . Putting these facts

together creates the division rule for real numbers: to divide by a num-
ber, multiply by its reciprocal.

PROCEED WITH CAUTION

The division rule applies to all real numbers except 0, since 0 doesn’t have a
reciprocal.

Of course, some division problems are easily solved without having to
change them to multiplication. A good example is the simple division
problem 12 + 4 = 3. But solving other problems requires changing to
multiplication.

Examples 1 through p, with explanations after each one, show how the
division rule is used in more complex problems:

L10s2=10-L 2525025
P )
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This problem can be solved quickly because you know from basic arith-
metic that 10 divided by 2 equals 5. But the steps shown in the previous
example follow the properties you have learned in this hour, and you will
see how helpful they can be in the next example:

m. 10+%=10~2=20

Dividing by % is not a basic arithmetic skill, but the division rule makes
it an easy problem.

n. 10x+—%: 10x - =2 = =20x

JUST A MINUTE

Recall the sign rules for +. Dividing two positive numbers gives a positive
answer. Dividing two negative numbers gives a positive answer. Dividing two
numbers with different signs gives a negative answer.

By including a variable and a negative number, you are now doing an
algebra problem, but the division rule still applies, and you know the

rules for multiplying positive and negative numbers.

0. 10736= 100 +2 = 5~2-x-1 = Sx
2 2

This problem is written in fraction form. The solution steps show it then
changing into a division problem. This is a good example of an algebra
problem that you should be able to solve without showing any of the

steps. Since 10 _ 5, you easily get the correct answer of Sx:

p. —10(_12) = -10-(k+-2 = —10~(x'—%) = 5-—2(%—%) = Sx

Here is a perfect example of an easily solved algebra problem, going
from the problem to the final answer in one step. The steps shown here
give all the small details, but in reality, you would simply go from
-10- (i) to Sx.

-2
Now try these problems and check your answers on page 43.

13. 8+1=
2

4. 14x+2=
15. 20z +10 =

M
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20.

Answers to Sample Problems in Hour 4

L.

o

7.

*®

6a and 34 are like terms and, when subtracted, equal 34; 25 and
4b are like terms and, when added, equal 62; the ¢ has no like
term. Final answer: 34 + 60 — ¢

Distributing the -3 gives —3x + (~15); distributing the 2 gives 2x
+ (=8). Arrange the like terms together: —3x + 2x and —15 +(-8) +
12. Combining like terms gives the final answer: —x + (-11) or —x
- 11

Distributing the -2 gives —2g + (=6). Arrange the like terms
together: =5 + (=6) + 10. Combining like terms gives the final
answer: —2g + (-1) or -2g — 1

Distributing the 8 gives 16x — 24; distributing the 2 gives 10x +
12. Arrange the like terms together: 16x + 10x and -24 — 20 + 12.
Combining like terms gives the final answer: 26x + (-32) or

26x - 32

Distributing the 3 gives 6x + (-9). Arrange the like terms
together: x + 6x and -4 + (-9) + 8. Combining like terms gives
the final answer: 7x + (=5) or 7x - §

3 and 3 are reciprocals, so their productis 1. 1 - x =

12 and T reciprocals, so their productis 1. 1-y=y
Rewriting 14as2 - 7 — 2~7~x<% =21ux =2
Rewriting24as3-8—>3-8~a17~é = 3ab
Distributing the 7 gives

LI P Y INIL VU S SR P
4 4 4 4

Rewriting -10as -5 - 2 — =5 - 2wy - —% =2y
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13.
14.

15.

16.

17.

18.

19.

20.
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Rewriting 16 as 8 - 2 = —% 8- 2d =-2cd

8+1: 8-2 =16
2 1 1
MYr+2=14x-—=720-- =7Tx
2 2
20a + 10 = ZOﬂ-i: 2~10ﬂ-i = 2a
10 10
—16x

= —16x + 8 = —16x-l = 8-—236-l = Zx
8 8 8

124+ -3 = 12d~—% - 3.461.—% —

e A

6(%) =6-(Jp+-2 = 6(4[7»—%) = 2.3([;17‘—%) = 3ab

—18~(%) =-18-(jp+3 = —18(”17-%) = 3-—6(”1;%) = —6ab

—5x

Hour’s Up!

Based on what you’ve learned in Hour 4, simplify the following algebraic
expressions into simplest terms. Check your answers with the solution
key in Appendix B.

1.

Sx+3y—-20—-4y+3z=
a. 3x—7y+ 3z

b. —7x -7y + 3z
c.3x—y+3z2
d.3x—y+z

—6(x+2)+10 +3@x-3) =
a. 3x—11

b. 3x - 11

c. 3x+ 11

d. 3x+ 11

4@ +5)-3@-4) +8=
a. —7a

b. —7a + 28

c. —a + 28

d. —z + 20

43
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10.

aooTo

16d
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Linear Equations: Solving
with Basic Operations

CHAPTER SUMMARY
In this hour you will learn about ...
* Solving equations with addition and e Solving practical problems with
subtraction equations

¢ Solving equations with multiplication
and division

If one process sets algebra apart from basic arithmetic, it is solving
equations. During your first four hours of study, you learned about many
properties and rules that serve as the foundation of algebraic knowledge.
This hour, you will learn about four more properties that, when applied
to the others, give you the tools to solve equations.

Solving Equations with Addition and Subtraction

You know that an equation is simply two expressions that are equal to
each other, and the equality is shown with an equals sign. Basic equa-
tions are like 2 + 3 = 5 or =6 + 9 = 3. These equations are basic because
they don’t include any variables. If you add 2 and 3, the answer is 5. If
you add —6 and 9, the answer is 3.

Equations can be true, false, or open. An equation is true if the expres-
sion on the left side of the equals sign is equal to the expression on the
right side, as in 2 + 3 = 5. An example of a false equationis 2 +4 =5
because if you add 2 and 4, the answer is not 5; it’s 6. Equations that
include variables, such asx + 8 = 10 or 2 — 5 = 1, are called open because
they can be true or false, depending on what number you substitute for
the variable. Your job in solving an open equation is to find the number
that, when substituted for the variable, makes the equation true.



48 Hour 5

STRICTLY DEFINED

E;] Open equations have a variable. Replacing the variable with a number will
make the equation either true or false. Solving an equation means finding
the value of the variable that will make the equation true.

To say it another way, an equation is solved when the variable’s numeri-
cal value is found. In the previous examples, x + 8 = 10 and 2 — 5 = 1, the
solutions are x = 2 and # = 6. These equations are simple ones, and you
probably knew the answers when you first saw the equations, using men-
tal math.

But the actual process of solving equations involves following one of the
four properties of equality, which you will learn through the next few
examples, the first involving addition.

Begin by looking at a true equation from basic arithmetic:

4+3=7
Would the equation still be true if you add 2 to the left side and also add
2 to the right side? Let’s see:

4+3)+2=7+2

You get 9 on the left and 9 on the right, so this is still a true equation.
This is an example of the addition property of equality.

STRICTLY DEFINED
E;] The addition property of equality lets you add the same amount to both

sides of a true equation to create a new equation that is also true.
More examples from basic arithmetic follow:

In basic arithmetic, adding the same number to equal numbers gives
equal sums.

Examples: 1 + 5=6is true,so (1 + 5) +4=6+4;and -3 + 5 =2 is true,
so(-3+5+1=2+1

In algebra, adding the same amount to equal expressions gives equal
sums.

Examples: If v =y, thenx + 2=y + z; and if b= b, then b+ d = b + d.
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"The subtraction property of equality is similar. Begin again with a true
equation from basic arithmetic:

2+7=9

Would the equation still be true if you subtract 5 from the left side and
also subtract 5 from the right side? Let’s see:

Q+7)-5=9-5

Yes, both sides of this new equation equal 4, so the new equation is true.
This is an example of the subtraction property of equality.

STRICTLY DEFINED

E;l The subtraction property of equality lets you subtract the same amount
from both sides of a true equation to create a new equation that is also true.

In basic arithmetic, subtracting the same number from equal expressions
gives equal differences.

Examples: 8 + 2 = 10 is true,so (8 +2) -4 =10-4;and -7 + 4 =3 is
true,so (-7 +4)-5=-3-5.

In algebra, subtracting the same amount from equal expressions gives
equal differences.

Examples: If v =y, theno —z=y—z;and if b= b, thenb—d =h - d.

When you look at a given equation, you can see that it tells you a lot of
information, but not exactly what you want to know. You want to know
the solution, the value for the variable that makes the equation true. For
example, the equation x + 5 = 12 is saying that x added to 5 is the same
as 12. But you want to know what x equals, not what x + 5 equals.

Your goal in solving the equation is to get the x alone on the left side of
the equals sign and a number (the solution) on the right side. The 5 that
is added to the x is actually in your way and is keeping you from know-
ing what x equals. It would be good if you could make the left side of the
equation change from x + 5 to x, and then x would be alone on the left
side.

What would it take to change the 5 into a 0? Subtracting 5 from 5 gives 0.
The subtraction property allows you to subtract 5 from the left side as
long as you also subtract it from the right side of the equation. Changing
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the 5 into a 0 will be very helpful because instead of having x + 5 on the
left side of the equation, you will have x + 0, which is the same as x. (See
the sidebar.)

STRICTLY DEFINED

E;] The identity property of addition states that if you add O to any number or
term, the answer is the number or term itself. 4 + 0=4; b+ 0=b

Let’s go back to the beginning of the sample equation and solve it, show-
ing the steps that lead to the solution:

Solve: x + 5 =12
x+5-5=12-5
x+0=7

x=7

You should always check your solution by substituting the solution into
the original equation and verifying that it works. Yes, 7 + 5 = 12, and
your solution x = 7 is correct. You probably knew that x = 7 is the solu-
tion because the original equation was an easy one to solve mentally. But
the steps that include the subtraction property of equality and the iden-
tity property of addition show the algebraic process at work.

This process is the same for simple and more complex equations that are
not so easily done with mental arithmetic. Learn how to perform the
steps by working on easier problems first, and then the tougher equa-
tions will be easier to solve.

See how the subtraction property of equality is applied in the next

example:
Solve: a + 3 =7
a+3-3=-7-3
a=-10

To check the solution, put —10 in for # in the original equation: —10 + 3 =
—7; therefore, # = 10 is correct.

Notice that in the solution steps of the previous equation, the step # + 0
=-10 isn’t shown, as x + 0 = 7 was in the previous example. You are free
to omit this step in your work as an acceptable shortcut. If you are more
comfortable showing the step, that’s fine, too.
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STRICTLY DEFINED

EQ Remember that solving an equation means finding the value of the variable
that makes the equation true.

The last thing you need to know about solving these types of equations
is what to do when the variable is on the right side. Your goal remains
to isolate the variable, no matter where it is in the equation. The next
example has the variable on the right side:

Solve: 3 =x+ 5
3-5=x+5-5
-2=xorx=-2

To check, put -2 in the original equation for x: 3 = -2 + 5 is true.
Therefore, x = -2 is the solution.

Now try these problems and check your answers on page 56.

Solve:
. x+4=-5
2. b-5=-6
3. 2=x-9

The equations you have solved so far involve adding and subtracting.
Let’s consider now how to work with equations that have multiplication
or division of a variable.

Solving Equations with Multiplication or Division

Your goal is still to isolate the variable, and you’ll be using one of the
two remaining properties of equality, which you will learn through the
next few examples.

Begin by looking at a true equation from basic arithmetic:

3+42=1+4

It’s true because 5 = 5.

What will happen if you multiply both the left and right sides by 62 Is it
true that 6(3 + 2) = 6(1 + 4)? Yes, 6 - 5 = 6 - 5. This is an example of the
multiplication property of equality, and more examples from basic arithme-
tic and algebra follow:

51
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STRICTLY DEFINED

E;] The multiplication property of equality lets you multiply the same amount
to both sides of a true equation to create a new equation that is also true.

In basic arithmetic, multiplying equal numbers by the same number
gives equal products.

Examples: 1 + 5 =6is true,so (1 +5)-4=6-4;-3 +5=2is true,so0 3 -
=3+5)=3.2

In algebra, multiplying equal expressions by the same amount gives
equal products.

Examples: If v =y, thenx - 2=y -z;andif b= b, thenb-d=h - d.
As you might expect, the division property of equality is similar.
Begin again with a true equation from basic arithmetic:

2+4=6

Would the equation still be true if you divide both sides by 3? Let’s see:

R+4dH+3=6+3

Yes, both sides of this equation equal 2, and the new equation is true.
This is an example of the division property of equality, and more examples
follow.

STRICTLY DEFINED

The division property of equality lets you divide both sides of a true equa-
tion by the same number to create a new equation that is also true.

In basic arithmetic, dividing equal numbers by the same number gives
equal quotients.

Examples: 1 + 5 =6is true,so (1 +5) +2 =6+ 2; -3 + 13 = 10 is true, so
(3+13)+2=10+2.

In algebra, dividing equal expressions by the same number gives equal
quotients.

Examples: If v =y, thenx + 2=y + z;if b=h, thenb+d=1h + d.

Now that you know about the multiplication and division properties of
equality, you are ready to use them to solve equations. The process is
just like solving equations using addition and subtraction.
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Consider the following equation. What will it take to find its solution?

Solve: 3x = 15

The equation is telling you that 3 times x is equal to 15. To solve it, you
want to know what value of » makes the equation true. You want the x

to be isolated on the left side of the equation. The 3 that is multiplied
times the x is in the way and is keeping you from knowing what x equals.
It would be good if you could make the left side of the equation change
from 3 - x to 1 - x because 1 - x = x (identity property of multiplication),
and then x would be alone on the left side.

What would it take to change the 3 into a 1? Dividing 3 by 3 gives 1.
The division property allows you to divide by 3 on the left side as long as
you also divide it on the right side of the equation.

PROCEED WITH CAUTION

Be careful: division is not commutative. The order of the numbers in division
is important: 12 + 4 does not equal 4 + 12.

Let’s go back to the beginning of the sample equation and solve it, show-
ing the steps that lead to the solution:

Solve: 3x = 15
3x+3=15+3
la=5
x=5

To check, put 5 in for x in the original equation: 3 - 5 = 15 is true.
Therefore, x = 5 is the solution. This equation can easily be solved men-
tally, but just as with the addition and subtraction equations, learning
how to use the properties correctly on the easier equations will help you
be able to solve the more difficult ones, where you will need to show
some or all of the steps.

Now use the multiplication property to solve this sample equation:

Solve: x + 8 =2
x+8-8=2.8
x=16
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To check, put 16 in for x in the original equation: 16 + 8 = 2 is true.
Therefore, x = 16 is the solution.

The next example has the variable on the right side, but the process is
the same:

Solve: 24 = -6«
24+ -6 =—-6x+-6
-4 =xorx=-4%4

To check, put =4 in for x in the original equation: 24 = -6 - -4 is true.
Therefore, x = —4 is the solution.

Now try these problems and check your answers on page 56.

Solve:
4, Sx=15
5. a+7=3
6. ¢+4=-8
7. -10=-2x

Solving Practical Problems with Linear Equations

Having the skills to solve equations makes it possible for you to also
solve real-world problems, often called word problems. Here’s one exam-
ple: David ran the 400-meter dash in 62.6 seconds, which is 2.5 seconds
faster than his previous best time. What was his previous best time?

Write and solve an equation, using  for David’s previous best time:

62.6=b-25
62.6+25=b-25+25
65.1=b+0
65.1=0b
GO TO <« To check, put 65.1 in for & in the original equation: 62.6 = 65.1 — 2.5 is

true. Therefore, & = 65.1 is the solution. David’s previous best time was

65.1 seconds.
equations for real-

life problems are in If a situation can be written as an equation with one of the four opera-
Hour 1. tions, you can find the answer.
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Here are some more examples that show how to answer real-life ques-
tions using equations:

The home team won 30 games this season, which is 5 times as
many games as they lost. How many games did they lose?
Write and solve an equation, using x for the number of games

they lost.
30=5 -«
30+5=5-x+5

6=xorx=06
To check, put 6 in for x in the original equation: 30 = 5 - 6 is true.
Therefore, x = 6 is the solution. The team lost 6 games.

If each item in a box weighs 2 pounds, how many items are packed in a
box that holds 70 pounds?

Write and solve an equation, using « for the number of items.

2x0 =70
20+2=70+2
x =35

To check, put 35 in for x in the original equation: 2 - 35 = 70 is true.
Therefore, x = 35 is the solution. 35 items are packed in the box.

In algebra, there will be times when you have to solve equations that are
written in word form instead of algebraic form. Here is an example: If a
number is increased by 14, the result is 20. Find the number.

Solution: Write and solve an equation, using 7 for the number:

n+14=20
n+14-14=20-14
n==6

To check, put 6 in for z in the original equation: 6 + 14 = 20 is true.
Therefore, x = 6 is the solution. 6 is the number you are looking for in
this problem.

Another example: Thirty less than a number is negative eight. Find the
number.
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Solution: Write and solve an equation, using 7 as the number:

n-30=-8
n-30+30=-8+30
n=22

To check, put 22 in for # in the original equation: 22 — 30 = -8 is true.
Therefore, # = 22 is the solution.

Now try these problems and check your answers below. Write an equa-
tion for each problem, and use the four properties of equality to solve
the equation.

8.

10.

11.
12.

The temperature rose 25°F from the low temperature at 6:30
A.M. to a record high of 97°F, which occurred at 2:30 p.Mm. What
was the low temperature at 6:30 A.M.?

Your online bank record shows a balance of $342.50 today. Your
own checkbook shows a balance of $467.80, and all the deposits
and withdrawals in your checkbook match those in the bank’s
online statement. What amount of money will you need to add
into your account so it will not be overdrawn?

How many pieces of candy that have 20 calories each can you eat
if your diet allows you to have a snack that totals 120 calories?
A number decreased by 12 is 9. Find the number.

A number increased by 5 is —6. Find the number.

Answers to Sample Problems in Hour 5

Rl A

10.

12.

x+4=-5->x+4-4=-5-4->2+0=-9>5x=-9
b-5=-6—>b-5+5=-6+5>b+0=-1—>b=-1
2=2-9>52+9=x0-9+9 > 1l=xorx=11
Sx=15>S5x+-5=15+5>51-v=-3>5x=-3
a+7=3—>a+7-7=3-7T>a-1=21>a=21
c+4=-8->¢c+4-4=-8-4>5¢-1=-32>¢=-32
-10=-20>-10+-2=-2x+-2>5=1-x—>5=xorx=5
x+25=97 >x+25-25=97-25 5x+0=72 > x=72(72°F)
342.50 + x = 467.80 — 342.50 + & — 342.50 = 467.80 — 342.50 > «
= 125.30. You need to deposit $125.30 to not be overdrawn.
200 =120 — 20« + 20 = 120 + 20 — x = 6. You can have 6 pieces.
x=12=9—>5x-12+12=9+12>5x+0=21 5x =21
X+5=-6—>x+5-5=—6-5>x+0=-11 > x=-11



Hour’s Up!

Linear Equations: Solving with Basic Operations

Based on what you’ve learned in Hour 5, solve the following equations.
Check your answers with the solution key in Appendix B.

Solve the following equations:

1.

x+6=14
a.x=-8
b. x =20
c. x=-20
d.x=38
c—-10=-3
a.c=-7
b.c=7
c.c=13
d.c=-13
6=a-5
a.a=11
b. 2 =-11
c.a=-1
d.a=1
3=x+8
a.x=-5
b.x=5
c.x=11
d.ox=-11
30 =-18
a.x=-6
b. x=15
c.x=-15
dx=6
b+5=-4
a.b=-9
b. b =-20
c.b=-1
d. b=20
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10.

-12 = 6«
a.x=6
b. x =-6
c.x=2
d x=-2

Your bank balance this morning was $210.40. You made a
deposit today, resulting in a new balance of $389.68, but you
can’t find the deposit slip that shows the amount of deposit.
There were no other deposits or withdrawals in your account.
How much did you deposit?

a. $79.28

b. $210.40

c. $129.28

d. $179.28

Cloud cover followed by a snowfall caused the temperature
to fall 6°F from the day’s high temperature, so now it is —2°F.
What was the day’s high?

a. -8°F

b. 8°F

c. —4°F

d. 4°F

38 less than a number is —4. What is the number?
a. 34

b. 42
c. 34
d. -42



Linear Equations:
Solving More
Complex Equations

CHAPTER SUMMARY

In this hour you will learn about ...

* Solving linear equations with more e Solving linear equations with many or
than one operation no solutions

e Solving linear equations with vari- ¢ Solving practical problems with linear
ables on both sides of the equals equations
sign

Now that you can solve simple equations that have just one operation,
the next goal is to learn how to solve more complex equations. These
new equations contain two or more of the basic operations (addition,
subtraction, multiplication, and division). You solve them using more
than one of the previous hour’s four properties of equality in a logical
order. The challenge comes in knowing which property to use and when
to use it. Before the end of this hour, you will be able to rearrange any
linear equation’s terms to isolate the variable—in other words, to solve
the equation.

Solving Equations with Combined Operations

How can you decide which is the better deal for a two-day trip if one
car-rental company charges $33 per day with unlimited miles and
another charges $20 per day and 10¢ per mile? The answer depends on
how many miles you plan to drive, and knowing the break-even point
will help you make your decision. This real-life problem is an excellent
example of using algebra to find a useful answer, and you will be able to
solve this and similar problems at the end of this hour.

Take a moment to review an equation from Hour 5:

Solve x — 9 = 1.



60 Hour 6

GO TO «

The properties of
equality for +, —,

-, and + help you
move terms from
one side of an
equation to the
other when used
in the right order.
See Hour 4 for a full
set of examples of
these properties.

To isolate the variable, add 9 to both sides of the equation and then sim-
plify the expressions:

x—9+9=-1+9
x+0=8
x=8

To check, put 8 in for x in the original equation: 8 — 9 = -1 is true.
Therefore, x = 8 is the solution.

In the previous example, only one operation (subtraction) is involved,
and you simply apply the addition property of equality to isolate the
variable. Now consider a more complex equation that has two operations:

2x+3=9
Isolating the variable requires moving the 2 and also moving the 3.

Which should you do first? Let’s try moving the 3 by subtracting 3 from
both sides of the equation:

20+3=9
20+3-3=9-3
20+0=06
20=06

Can you now move the 2? Yes, the division property of equality lets you
divide both sides by 2. To finish solving the equation:

20=06
20+2=6+2
x=3

To check, put 3 in for x in the original equation: 2 -3 +3=9 > 6+3 =
9 — 9 = 9, which is true. Therefore, x = 3 is the solution. Look once
again at the original equation:

20+3=9

Instead of subtracting 3 from both sides of the equation, what would
have happened if you had tried to move the 2 first? Moving the 2
requires dividing both sides of the equation by 2. But isn’t the 3 in your
way? So dividing both sides by 2 is not going to work here. By moving
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the 3 first, you get an equation 2x = 6 that can easily be solved when you
divide both sides by 2.

Solving 2x + 3 = 9 is a perfect example of the power of the properties of
algebra. Being able to solve this type of equation builds up your math
skills, taking you beyond the simple arithmetic operations. You are faced
with choosing between two equally useful properties (subtraction and
division) and then applying them in the correct order to find the solu-
tion.

PROCEED WITH CAUTION

Many of the simpler equations in Hour 5 could easily be solved mentally.
2x + 3 = 9 has just enough complexity that you don’t see the solution right

away. Yet by applying two properties of equality, you can solve it quite easily.

Showing the solution steps helps you avoid careless errors.

This higher-level algebra process gives you a new perspective that allows
you to solve problems that can’t be solved using basic arithmetic. At the
end of this hour, you will see real-life situations that can be written as
algebraic equations and solved. The solutions to these more complex
equations are used extensively in research, finance, business, and medi-
cine. Before you learn how to write equations for various situations,
learn from the following examples how to solve equations that contain
more than one operation.

Consider the following equation:
x -8
2

=5

It has two operations (subtraction and division), so its solution needs
at least two steps. Should you first add 8 to both sides or multiply both
sides by 2?

x—

Adding 8 to the fraction 8 will not make the —8 become a 0, so try

multiplying both sides by 2. The steps look like this:
x -8
2
x=8 =10

.2=5.2

Now adding 8 to both sides gives the solution x = 18.

61
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GO TO «

Use the Sign Rules
from Hour 3 for
adding positive and
negative numbers
when combining like
terms.

To check, put 18 in for « in the original equation:

@ =5 - % = 5 — 5 = 5. Therefore, x = 18 is the

solution.

Some equations have like terms that need to be combined before they can
be solved, as in this sample equation: 3x + 2x -8 =3 + 9

The 3x and 2x are like terms, and 3 and 9 are also like terms. Combine
them, and the equation becomes this:

Sx—-8=12

Solve it using the addition and division properties of equality, deciding
which to do first. Dividing both sides by 5 won’t work because the left side
is Sx — 8. You need to first move the 8 by adding 8 to both sides. The steps
are as follows:

Sx—-8=12
Sx-8+8=12+8
Sx =20
Sx+5=20=+5
x=4

To check, put 4 in for x, being careful to use the original equation:

3:442.4-8=3+9>512+8-8=12—-520-8=12—>12=12.
Therefore, x = 4 is the solution.

The following example includes combining like terms and working with
negative numbers, but you still use the four properties of equality to get
the solution:

Solve 44 + 3 — 2a + 10 = -5.

Combine the like terms and use the division and subtraction properties to
solve it:

44 +3 -2a+10=-5

—6a + 13 =-5
—6a+13-13=-5-13
—6a =-18

—6a +-6=-18 + -6
a=3
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To check, put 3 in for # in the original equation: =4 -3 +3 -2 .3 + 10 =
5 12+3-6410=-5—-94+-6+10=-5—-15+10=-5 — -5 =
—5. Therefore, = 3 is the solution.

Now try solving these equations, checking your answers on page 69.

Sx—4=11
3a-6=9
10+4c—5+2c=-7
x -4

3

B W N =

+ 6 = -2

The car rental problem can be solved using an equation like those you
just did, but it is better to wait and do all the word problems at the end
of the hour—there are more types of equations to learn about first.

Solving Equations with the Variable on Both Sides

One company offers you an annual salary of $18,000 plus a $1,500 raise
each year, and another offers an annual salary of $20,000 and a $1,000
raise each year. Assuming both jobs are equally appealing to you in

all other ways, which of these two pay scales should you choose? The
answer depends on how many years you work there. This problem is
written as an equation with a variable on both sides of the equals sign,
and it has a slightly different solution process. You will see this process
shown in some sample equations as you work toward solving it and other
word problems the end of the hour.

Follow the steps to solve for x in the next example:

Tx=4x + 15

Your goal, as always, is to isolate the variable. With an x on both sides
of the equals sign, which variable will you isolate? The answer is that
isolating the variable has to wait because the two x terms must first be
combined. The equals sign separates the 7x from the 4x, so your first job
is moving either the 7x or the 4x to the other side of the equals sign.

JUST A MINUTE

Remember that the properties of equality allow you to move numbers from
one side to the other until you have isolated the variable. These same prop-
erties make it possible to move terms with variables, too.
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Look again at the equation you are trying to solve:

Tx=4x + 15

The subtraction property of equality lets you subtract either 7x or 4x
from both sides of the equation. Try subtracting 4x from both sides and
see the result:

T —4x =4x + 15 — 4x
3 =15

Dividing both sides of the equation by 3 isolates the variable, and you
have the solution:

3x+3=15+3

x=35
To check, put 5 in for x in the original equation:

7:-5=4-5+15-35=20+15—>35=35

Therefore, x = 5 is the solution.

You did have two choices in solving this equation: you could have sub-
tracted 7x or 4x from both sides in the first step. See what would have
happened if you had subtracted 7x from both sides of the original equa-
tion:

To—Tx =4x + 15 - 7x

0=-"3w+15
0-15=-3x+15-15
-15 = -3x

-15+-3="3x+-3
S5=xorx=5

The solution is still x = 5, but it took many more steps to find the solu-
tion. In general, moving the variable term with the smaller coefficient
requires fewer solution steps.

STRICTLY DEFINED

E;l Remember that a coefficient is the number directly in front of a variable
and is multiplied by the variable. For example, the coefficient of 7x is 7 and
the coefficient of —3a is -3.
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Another type of equation includes parentheses that are affected by the
distributive property. Some simplifying steps are needed before you can
move any of the terms from one side to the other.

Follow these steps that show how to find the next equation’s solution:

6(x—2)+x=2(x+5)+3
6x—12 +x=2x+10+3
Tx—12 =2x+ 13
Tx—12 =20 =2x + 13 - 2x

Sx—-12=13
Se—12+12=13 +12
Sx =25
Sx+5=25+5

x=5

To check, put x = 5 in for «x in the original equation:

65-2)+5=25+5)+3>56-3+5=2-10+3->18+5=20+
3—>23=23.

Therefore, x = 5 is the solution.

JUST A MINUTE
From Hour 4: The Distributive Property

Multiplying a sum by a number is the same as adding the product of the
numbers.a-(b+c)=(a-b)+(@-c)

Now try solving these equations, checking your answers on pages 69-70.

5. 12x+3=100+7
6. 6-2x=3x-9
7. —6x+8=2x

8. 4w-5)=-24

There’s just one more detour before you learn how to write the equation
and find the answer to the rental car and salary questions.

In all the equations you have solved so far, each solution was an integer
and each equation had only one solution. To make it easier for you to
learn the algebraic processes for solving equations, the problems have
been chosen so that each solution is an integer. However, solutions can
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be any real number, which you recall includes rational and irrational
numbers. Fractions and decimal solutions are certainly possible and are
common in real-life situations.

Solving Equations with No Solutions or Many
Solutions

Take a moment to consider two questions. Does every equation have a
solution? Can there be more than one solution to an equation?

See what happens as you follow the steps in the next equation:

8x =2(4x + 3)
8x=8x+6

8x —8x=8x+6-8«x
0=6

It is not possible for 0 to equal 6, so something must have gone wrong in
solving this equation. But as you carefully follow each of the steps in the
solution, you see that each step is the result of an algebraic property, and
everything is done correctly.

So how can there be a solution of 0 = 67 The original equation looked
perfectly fine, and the steps were going along in order, but the x terms
disappeared as the process moved from the third to the fourth step.
Whenever this occurs, the equation is said to have “no solution,” and
that is the answer that should be given for this equation. There is no
numerical value that can be substituted in place of x to make this equa-
tion a true statement. The equation has no solution.

PROCEED WITH CAUTION

It is possible for an equation to have no solution or to have an infinite num-
ber of solutions—all real numbers!

Now follow the steps in another sample equation:

30+2=2(x-5)+x+12
3x+2=20-10+x+ 12
3x+2=3x+2
3x+2-3x=3x+2-3x
2=2
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Solving the previous equation causes the x terms to disappear, just as
they did in the earlier example. But this time the steps end with a true
statement of 2 = 2. When this happens, the solution is “all the real num-
bers” because 2 does equal 2. No matter what number you use for x in
the original equation, the steps will always lead you to a number equal-
ing itself. The solution to this type of equation is all the real numbers.

Seldom will an equation’s solution be “all the real numbers” or “no solu-
tion,” but you need to be prepared when it happens.

Now try solving these equations, checking your answers on page 70.

9. 6b+8=203b+5)
10.  6b-24=3Qb-9)

Solving Practical Problems Using Linear Equations

Now it’s time to put your equation-solving skills to work in real-life GO TO <
situations like the rental car and salary offer problems. As in Hour 1, Refer to Hour 1 for
the first task is to write the algebraic equation based on the given infor- the table of word
mation phrases and their

algebra operations.
Let’s begin with the rental car problem from earlier this hour. How can
you decide which is the better deal for a two-day trip when one car-
rental company charges $33 per day with unlimited miles and another
charges $20 per day and 10¢ per mile? This question is easily answered
by writing and solving an equation. First decide what the variable is in
this situation. The number of days doesn’t vary; it’s 2. But the number
of miles you will drive can change, so 7 for miles is the variable for the
equation.

By finding out how many miles will make the two companies’ costs the
same (equal), you’ll be able to choose the better deal based on the num-
ber of miles you plan to drive. As you write the equation, begin with the
first company, which charges $33 for each of the two days. You want to
know when that equals the other company’s rate, which is $20 for each
of the two days plus 10¢ per mile.

Here’s the information in equation form, followed by the steps to find
the solution. You may want to use a calculator for the larger numbers
and decimals that often appear in real-life word problems.
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33.2=20-2+.10-m

66 =40+ .10 -m

66 —40 =40+ .10 - m2 - 40
26=.10-m

26 +.10 = .10 - 2 + .10
260 =m

To check, put 260 into the original equation:

33.2=20-2+.10-260
66 =40 + 26
66 = 66

Therefore, 260 miles is the break-even point, where the cost for your
trip will be the same at both companies. Since the first company allows
you to drive unlimited miles, it’s the better deal if you plan to go over
260 miles. If your trip is less than 260 miles, the second deal will save
you some money. Of course, taxes are going to be added to the cost, but
at least you have the number of 260 miles to help make your final deci-
sion, all thanks to algebra!

Look again at the salary question. One company offers you an annual
salary of $18,000 plus a $1,500 raise each year, and another com-

pany offers an annual salary of $20,000 and a $1,000 raise each year.
Assuming both jobs are equally appealing to you in all other ways, which
of these two pay scales should you choose? The answer depends on how
many years you plan to work at the company. Knowing how many years
it takes for the salaries to equal each other will help you make the deci-
sion. The number of years is the variable here, so use y for years.

The first company’s offer is $18,000 plus $1,500 times y for each year
that goes by. The second offer is $20,000 plus $1,000 times y for each
year that passes. Write these as algebraic expressions and see when they
are equal:

18,000 + 1,500 - y = 20,000 + 1,000 - y

18,000 + 1,500 - y — 1,000 - y = 20,000 + 1,000 - y — 1,000 - y
18,000 + 500 - y = 20,000

18,000 + 500 - y — 18,000 = 20,000 — 18,000

500 -y = 2,000

500 -y + 500 = 2,000 + 500

y=4
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To check, put 4 in for y in the original equation:

18,000 + 1,500 - 4 = 20,000 + 1,000 - 4
18,000 + 6,000 = 20,000 + 4,000
24,000 = 24,000

In four years, the $18,000 annual salary with $1,500 raises each year will
equal the pay you will get at the other company. After four years, you
will be earning more at the company that offered you only $18,000 to
start. Setting up and solving the equation allows you to make the com-
parison and gives you the number of years it takes for the salaries to be
the same. The final decision is still up to you.

Now try writing and solving these equations, checking your answers on
page 70.

11.  Sue has $125 in her daughter’s piggy bank. How long will it take
for her to have $200 if she adds $7.50 each week?

12.  Find a number whose product with 8 is the same as its sum
with 35.

13.  Five times a number, increased by 12, is the same as twice the
number increased by 36. Find the number.

Answers to Sample Problems in Hour 6
. Sx—4=11->5x-4+4=11+4>5x=15>5x+5=15+5—>

x=3

2. Ba-6=9—->32-6+6=9+6—>3a=15—>3a+-3=15+
3 >a=-5

3. 10+4c-5+2c=-7—>5+6c=-7—>5+6c-5=-7-5—>06¢c=
12 >56c+6=-12+6—>c=-2

4 x;4+6:—2—>x;4+6—6:—2—6—>x;4

x;4-3=—8-3—>x—4=—24—>x—4+4:—24+4—>x=—20

= -8 -

5. 1R20+3=100+7—>120+3-10x=10x+7 - 10x - 2x+3 =7
—2x+3-3=7-3>2x=4—>2x+2=4:2—>x=2

6. 6-2x=3x-9—>56-20+2x=3x-9+2x>6=50-9—>56+9
=5%%-9+9>15=5%x—>3=xorx=3

7. —6x+8=2x—> -6x+8+6x=20+6xr—>8=8r—>8+8=8x+
8—>1l=xorx=1
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8. 4@-5)=-24>44-20=-24>544-20+20=-24+20 > 4a =
“4—-41+4=-4+4->a=-1
9. 6b+8=23b+5)—>6b+8=06b+10— 6b+8—6b=06b+10
- 6b — 8 = 10. 8 can never equal 10, so this equation has no solu-
tion.
10. 6b-24=3Q2b-8) — 6b—24=06b—-24 — 6b—24—6b=6b-24
— 6b — -24 = -24. -24 always equals —24, so this equation’s solu-
tion is all the real numbers.
11.  Let w = number of weeks. The equation is 125 + 7.50 - w = 200
—125+750-w-125=200-125>750 -w =75 > 750 - w +
7.50 = 75 + 7.50 = w = 10. It will take 10 weeks.
12. Letx = the number. The equation is 8x=x + 35 > 8v—x =+
S5-x—>Tx=35->Tx+7=35+7>x=5
13.  Letx = the number. The equation is 5x + 12 = 2x + 36 — Sx +
12-2x=20+36-2x—>3x+12=36>53x+12-12=36-12
—>3w=24>3x+3=24+3>5x=8
Hour’s Up!

Based on what you’ve learned in Hour 6, solve the following equations.
Check your answers with the solution key in Appendix B.

1.

6x+3=15
a.x=3
b.x=4
c.x=1
dx=2

Sa-12=3
a.a=2
b. 2=-3
c.a=3
doa=-2

3v+7x =40
a.x=2
b.x=1
4
3

c.x
d. x



6+5x—-8+2x=19

a.x=3

b. x=-3
c.x=2

d x=-2
x+4+3:9
a.x=2

b. x =26
c.x=-4%4
dx=1
6b+7=4b+9
a.b=1
b.b=2
c.h=3
d.b=4%
4-3x=5x¢-12
a.x=-2

b. x=2
c.x=1

d x=-1
S@+2)=2a+4
a.a=-2
b.a=2
c.a=1
d.oa=-1

Linear Equations: Solving More Complex Equations

One car-rental company charges $42 per day with unlimited
mileage. Another company charges $30 per day plus 15¢ per
mile. You need to rent a car for a three-day trip. Find the break-
even point, where the cost is the same for the two companies.

a. 120 miles
. 200 miles
. 240 miles
. 300 miles

o 0 T

!
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10.  Six times a number, increased by 20, is four less than eight times
the number. Find the number.
a.3
b. -4
c. -3
d. 12
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Polynomials: Exponents
and Basic Operations

CHAPTER SUMMARY
In this hour you will learn about ...

e Working with exponents on variable e Adding and subtracting polynomials

and numerical terms « Multiplying polynomials

Following the order of operations for
CXPOI'ICI’\tS

You learned how to simplify algebraic expressions and solve equations,
two important concepts that set algebra apart from basic arithmetic. The
real-life problems you can now solve include car-rental cost comparisons
and how long it takes to reach a savings goal. But you have been limited
so far to one-dimensional problems. Many situations in life require two
or three dimensions, from finding the square footage of a room when
ordering new carpet, to calculating the cubic feet in your home to get
the most efficient new furnace and air-conditioner.

Fully understanding algebra involves expanding your mind beyond a
single dimension. From now on, many of the concepts are more intan-
gible than the first six hours have been. Your goal is to be able to solve
equations and work with expressions that are on a higher level. Taking
it one hour at a time, building on the properties and processes you have
learned so far, you can reach that goal.

Exponents

Think about the expression 3x + 4x. To simplify it, you would write

3x + 4x = 7x because you know how to combine like terms. 7x is a very
efficient way to describe 3x + 4. Similarly, algebra has efficient ways to
simplify factors that are multiplied, as in the next example:

x - & - x can be written &?
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Notice that three x factors are multiplied, and the new expression x*
shows the x and a small 3 raised a little above the x. In &, the « is called
the base and the 3 is called the exponent or power. Numbers can also be
the base, as in the following example:

8.8 .8 .8 can be written 8*

STRICTLY DEFINED

An exponent, also called a power, is the small number that tells how many
times the number below it (the base) is multiplied times itself. In a®, 5 is the
exponent and a is the base. a®is “a to the fifth power” or “a to the fifth.”

As you see, multiplying 8 times itself four times (which is a very large
number!) is very efficiently written with a base of 8 and an exponent of 4.

To say these expressions aloud, «° is “x to the third power” or shortened
to “x to the third.” You will also hear it described as “x cubed.” 8+ is
“eight to the fourth power” or simply “eight to the fourth.”

An exponent of 2 is common. 5 is “b to the second power,” “ to the
second,” or “b squared.” A variable or number with no exponent show-
ing can be written with an exponent of 1. So x = x!, and you can say, “x
is equal to x to the first power,” and 5 = 5!, or “5 equals 5 to the first
power.”

The exponent tells you the number of times the base is multiplied by
itself. The following examples show the expanded and exponential forms
of several expressions:

JUST A MINUTE

Remember that parentheses with no other operation indicate multiplication.
They can also be used simply for emphasis, as in example h.

2.2.2.2.2.=2

coc-oc-=¢

BH@DE)G)G) =45
TH=7.7-7-7
x3.)/z=x.x.x.y.y
Sa*b’c=5-a-a-a-a-b-b-b-c
Br¥=-3.x-x-x-x-x
6-x-(=3) - x-a=-184°
2-a-a--4-a-b-b=8sb

PR om0 0 T

—_
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Now write the following expressions in expanded or exponential form,
checking your answers on page 84.

. 9.9.9.9=

2. —6cdt=
.55 5.x-x-y=
4. 3.a-(3)-b-b=

Following the Order of Operations with Exponents

When algebraic expressions have more than one operation, you learned
in Hour 1 that terms in parentheses are combined first. When expo-
nents are included in an expression, they are next in the order, followed

by multiplying and dividing from left to right. Adding and subtracting is
then done from left to right.

The following examples show this sequence. Note especially what hap-
pens when parentheses are around different terms in these problems.
The answers vary greatly, and it’s all due to where the parentheses are.

(Bx)’ = Bx)(3x) = 942
30 =3 .x-x

jo 2-3=2.9=18
k. 2-3=(6)1=6-6=36
L 2+3=2+9=11
m. Q2+3P%=(5)Y=25
n 22+3=4+9=13
o 22+3=4+3=7
po 3=3)-3)=9
q -3*=-(33)=-9
r.
s.

Fyr Note carefully the importance of the parentheses in example r: the 3 inside
the parentheses is squared to make 9. In example s, the 3 is not affected by
the exponent 2—only the x is squared.

Many formulas used in medicine, finance, physics, and engineering
include exponents. Being able to evaluate a formula when you are given
values for the variables is the most common real-life application of expo-

nents. The following examples show the correct substitutions and order
of operations.
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t. Ifa=3andb =4, evaluate ab’.
Solution: 3 - 4°=3 .16 =48
u. Ifa=3and b =4, evaluate (ab)’.
Solution: (3 - 4% = (122 = 12 - 12 = 144
v. Ifx=4andy=3, evaluate x* — 2.
Solution: 4* -32=16-9=7
w. Ifa=-2andb =75, evaluate 34> + 20°.
Solution: 3(-:27 + 25 =3-2.242.5.5=12+50=62
(x+y)

o —y

Solution: (2+3) :57_:275:
2:2-3 4-3 1

x. Ifw=2andy=3, evaluate

25

Now try the following problems. Check your answers on page 84.

5.02.4-

6. (Q-47-=

7 2+4=

8. (2+4’=
9. 54(2)-=

10. Ifx=2andy =4, evaluate (v +y)> — &% + 2.

(a=1)

11. Ifa=-3and b =5, evaluate 4 + b +
a+b

It’s time to define the key word in this hour’s title, polynomials. In fact,
you’ve been working with polynomials all hour! Instead of learning a for-
mal definition, look at the following examples to get a working knowledge
of some big words that describe simple ideas.

STRICTLY DEFINED

Q;] Polynomials are sums of expressions that can include numerals, variables,
and exponents in the terms. Monomials have only one term, binomials have
two terms, and trinomials have three terms. The exponents must be whole
numbers (no fractions or negative numbers), and polynomials cannot have any
variables in the denominator. Therefore, (x + y) + (2x — y) is not an example
of a polynomial, but it is an algebraic expression that can be evaluated if you
know the x and y values.
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In this first example, ¢*? and 44? are each a kind of polynomial called
monomials because they don’t include any adding or subtracting, only
multiplication. 2x* + 5 and 3x? — 7x are both called binomials because
they are made up of two monomial terms that are added or subtracted.
A polynomial like 2x? — 3x + 12 is called a trinomial because there are
three monomial terms making one expression. Expressions with four or
more terms are simply called polynomials.

The following table has examples of algebraic expressions and their
descriptive names:

Expression Number of Terms Descriptive Name
8y} One Monomial

Sat +Ta Two Binomial
30 +2b-7 Three Trinomial

203 =32 = 5x + 8 Four Polynomial

% One Not a polynomial
4a7? + 6a -5 Three Not a polynomial

Simplifying polynomials follows the same rules you used last hour to
solve equations. You already know how to simplify 7x + 2x + 5 to get 9«
+ 5. The 7x and the 2x terms can be added together because they are like
terms—they both have the same variable x. The coefficients 7 and 2 sum
to 9, so the result is 9x + 5.

Similarly, 7x? + 2x? = 9x? because 7x* and 2x? are like terms. Notice,
though, that the exponent didn’t change to a 4, and this is important:
when like terms are added or subtracted, the exponent never changes.
Like terms must have the same base and exponent, but their coefficients
do not need to be the same.

JUST A MINUTE
Remember that the coefficient of a variable is the number in front of the vari-
able, and if no number is shown, it is understood to be a 1. If the coefficients
of two terms sum to zero, the entire term becomes a zero: -3x + 3x =0 - x
= 0. Note that the -3 and +3 (the coefficients of the variables x) sum to zero,
so the entire term becomes a zero.

The following examples show how to simplify polynomials by first
grouping the like terms and then combining them.
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Simplify:

Y. 6a? + 5x—2x% + 30 = 6o’ — 20% + Sx + 3 = 4o’ + 8w
z. 3 +Ta-2-+T7a=30-a*+Ta+7Ta-2=2a°+ 14a -2

Now try simplifying the following polynomials. Check your answers on
page 84.

12 a* =30 + 40t + 20° + 4 =

13. 24+ 60° =542 -4 +20°=

14. 3y+3y>+5z+3y=

15, 9xy —3x% + 6a° — 9xy =

Adding and Subtracting Polynomials

The simplifying you did in problems 12 through 15 leads directly to
learning how to add or subtract polynomials. You still need to look for
like terms. The problems look a bit different than the simplifying prob-
lems do, but the addition and subtraction examples that follow show how
easy the process is:

Add 2x3 =32+ + Sand 8x3 + 3x%+ v — 7.

This problem can also be written as 2x* — 3x? + 2 + 5) + (8%* + 32 + v - 7).

Solution: These two polynomials can be stacked vertically, or the similar
terms in each can be grouped, as in examples w through z. The vertical
method is shown first:

2 =3t +x+5
8x’ +3x" +x -7
102 +220-2
The grouping method is as follows:

200 + 8w =32 + 3% +x+x+ 5 -7 =102° + 2x - 2

Subtract 2x* — 3x? + x + 5 from 8x* + 3x> +x - 7.

Solution: Remember that subtraction must be done in the proper order.
For example, to subtract 3 from 7, use 7 — 3 = 4, not 3 — 7 (which is —4).
To subtract the first polynomial from the second one, be sure the second
one is put first, before the subtraction sign.
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This problem can also be written as follows:
B +3x2 +x-7) -2 =32 +x +5)

The subtraction sign becomes addition, but you must change each sign
in the polynomial being subtracted, which is shown here:
8a’ +3x  +x -7
+ -2 +3x" —x =5
61’ + 627 12
Subtraction can also be done by the grouping method:

8 + 3x? + 0 = 7) — (2x* = 347 + v + 5) becomes an addition problem if
you change all the signs in the second polynomial:

(82 + 307 + 2= 7) + (227 + 307 —x = 5)

The like terms can now be grouped and combined:

8x = 2x3 +3x? + 3 +x—x -7 -5 =6x° + 6x° - 12

As you can see, subtraction is more complex than addition, but following

the process carefully and watching every sign as you work is the key to
success with these problems.

Now try adding and subtracting the following polynomials. Check your
answers on pages 84-85.

16. Add 7x + 5 and 2x — 4.

17. Add 54° + 84> — 6 and 24° + 24° + 6.
18, (Bat—4x? + 12) + (@ + Sx? + 2) =

19.  Subtract 4> — 6a + 9 from 74’ — 2a + 8.
20. @ =Sx+8)—(Tx?+5x+2)=

Multiplying Exponential Terms

This hour began with the following example: x - x - x = &%,

It shows both the expanded form and the exponential form of “x to the

GO TO «
Subtraction can be
changed to addi-
tion if you change
the signs of all the
terms in the second
expression. (See
Hour 3.)

GO TO «

Refer to the sign
rules in Hour 3 for
adding positive and
negative numbers
when combining like
terms.

third power.” Perhaps because exponents are a shortcut way to show mul-
tiplication of a base term, learning how to multiply monomials is actually
easier than the adding and subtracting section you just completed.
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Consider this multiplication problem:

x?
If you expand each of the terms, it becomes x* - &* =x - & - x - v - «,
which equals «°.

To multiply #* - 4°, expanding each termresultsina -z -a-a-a-a-a,
which equals 7.

After a few of these examples, you surely can see the general rule for
multiplying terms that have the same base: you simply keep the base and
add the exponents.

Does this work for several monomials? Yes, if the bases are the same.

The following examples show how this rule is applied. The expanded
form is shown here as explanation, but it is not needed. Notice also that
the coefficients of the monomials are multiplied.

TIME SAVER

The exponential form shown for examples A through F helps you see how
each of the monomials can be written as factors, but you should be able to
give the answer without showing this step.

A P -P=b-b-b-b-b-b-b=l

B. @x)GaH)=2-x-2x-5-x-x-x-x=10a°

C. @i)-6a)=4-a-a-a--6-a=-244*

D. S5a%)Quy)xy) =-5-x-x-y-2-x-y-y-y-a-y=-10xY’
372 4
12007 10a7 1200 bhab bbb =
5 3 53
25—32 ‘b’ = 8a*h°

F. Qu)Gxy) + 6y =2 -x-y-y-5-x-y-y-y+6-y-y-y-
y-a-x-y=102%° + 6x%° = 16x%°

Look again at examples B through F, and try to skip the expansion step
to get from the problem directly to the solution by simply adding the
exponents of the equal bases. Now that you have seen the detailed work
on these problems, your goal should be to accurately move from the
problem to the solution without expanding the terms with exponents, by
adding the exponents instead.
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As you reach the end of this hour on exponents, the final section ex-
plains how to simplify terms with exponents that are raised to another
exponent. Expanding the terms, though, shows that the process is sur-
prisingly easy to learn, and you’ll probably see a shortcut.

PROCEED WITH CAUTION
The parentheses in these “power” problems show that the factors inside will

be multiplied times themselves, so they are important to each of the prob-
lems and are not just for emphasis.
Simplify: (x%)’

This problem could be described as “x to the third power, raised to the
second power” or “x to the third, times itself.” To simplify it, expand it
to see the exponents in clearer form:

@P=@) @) =a-x-x-x-x-x=2°

Simplify: 26%)

This could be described as “2 b squared, raised to the third power.”
Expand it to see the factors more clearly:

QBY = Q)R =2 - b-b-2-b-b-2-b-b=8b°

The parentheses continue to play a very important role, so pay attention
to what is inside them. Numbers or variables outside the parentheses
are not affected by the exponent, but numbers or variables inside are
affected, as you see in the following examples:

Simplify: Sx(y*)?
Solution: Sx(y*) = S -yt y*=Sx-y-y-y-y.-y-y-y-y="5x°
Simplify: (Sxy*)?

Solution: (Sxy*)’= Swyt - Say*=5-5.-x-x-y-y-y-y-y-y-y-
y=25x%"8

Simplify: —6(a*b*)?

Solution: -6(a*6’)* = —6 -a*b*-a*’ =—6 -a-a-a-a-a-a-a-a-
b-b-b-b-b-b=-6a"°

83
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TIME SAVER

Simplify: (-64*b%)* (Try to skip the expansion step.)

Solution: (-64*b’) = —6a*b* - —6a*h* =6 - -6 - a* - a* - b* - b* =
36a°0°

The rule for raising a power to a power: multiply the powers.

Now try simplifying the following polynomials. Check your answers on

page 85.

21.
22.
23.
24.
25.
26.
27.

at-a =

(=36%)(66%) =

QYD) (Bay)(-2xy") =
B @Eab?) + bH(a’h) =
(@ =

@b =

4 by =

Answers to Sample Problems

—_
=

12.
13.
14.
15.
16.
17.

O X Nk W=

o4
~6-c-d-d-d-d

5xly

—9al?

2.16=32

©) = 64

2+16=18

6’ =36

S+-2.-2.-2=-5+-8=-13

Q+47 22+ 4 =(6-4+16=36-4+16=32+16=48

2 2
M = —3+5+ﬂ = —3»+5+ﬁ = 3+5+
-3+5 2 2

32 = 2+432=34

Sxt -t + 4

34’ + 80 -4

6y + 3y? +5z

3a°

Tx+5+2x-4=9+1

S5ad + 84— 6 + 2a4° + 24 + 6 = Ta’ + 104>

3+5+
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18. 4t + 22+ 14
19. 72> -2a+8-(@-6a+9)=7a>-2a+8—a*+6a-9=06a"+

4a -1

20, (@ -S5x+8) (¥’ +5x+2)—a’—5x+8-Tx"-5x -2 =
—6x* = 10x + 6

21. &

22, 18

23, 120

24, (Ba*b)@ab?) + QbHY@’b) = 128°0° + 24°0° = 144°0°

25. 4

26.  16a°h®

27, 4a°b®

Hour’s Up!

Based on what you've learned in Hour 7, do the following problems.
Check your answers with the solution key in Appendix B.

1. Simplify: 4 - 32=
a. 144
b. 49
c. 12
d. 36

2. Simplify: 4 - 3)’=
a. 144
b. 49
c. 13
d. 36

3.  Simplify: 4 + 3’=
a. 49
b. 10
c. 13
d. 4

4.  Simplify: 2a)* =
a. 6a
b. 24°
c. 64}
d. 84°
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5. Ifx=-4andy=3, evaluate x — y’ + Le=y)
a. —62 Fry
b. 54
c. —44
d. =50

6. Simplify: 74°b + 5b° — 54 — 4 + 3b° =
a. 124°h + 80° - 4
b. 24°b + 80 — 4
c. 24°b + 2b}
d. 24%b + 20° -4

7. Simplify: Bx* = 3x% + 9) + (v*+ 6x? + 4) =
a. 9%+ 3a*+ 13
b. 8x*+3x%+ 13
c. 9xt+ 3x%+ 13
d. 8x* + 9x?+ 13

8. Simplify: 54 + 44> - 2a + 6) — (a* + 64° — 2a) =
a. 54 + 104>+ 6
b. 44’ - 24° + 6
c. 4a*-2a°-6
d. 54 -24+6

9.  Simplify: Qx’y)@xy®) + (6y2)(xYy’) =
a. 48x%y'0
b. 145"
c. 14x*y®
d. 14a%)"

10.  Simplify: (64*0°) =
a. 364%h"

. 124%07

. 124%0"°

. 64’

o 0 T



Polynomials: Solving
Equations and Multiplying

CHAPTER SUMMARY

In this hour you will learn about ...

e Solving equations that include poly- e Multiplying monomials and
nomial terms polynomials

e Solving word problems with basic * Multiplying two binomials using the
polynomial equations FOIL method

The exponents that you learned about in the previous hour are
powerful—no pun intended—and they allow you to work with algebra
problems that are quite complex. Don’t forget that they are efficient, as
they help make lengthy multiplication expressions very compact.

You can now add and subtract polynomials that include exponents. You
can also multiply monomials to get a simplified answer and raise mono-
mials to powers. In this hour, you learn about multiplying polynomials
by monomials and by other polynomials, and how polynomials can be
used to solve word problems. First, let’s combine your knowledge of
polynomials with basic equation skills to solve some new equations.

Solving Equations That Include Polynomial Terms

Look at the following equation that includes a difference of two
binomials:

2. Bre+d-@+1)=13

To solve it, simplify the left side by subtracting the binomials and then
isolate the variable.
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JUST A MINUTE

Subtraction can be changed to addition if you change the sign of the terms
after the subtraction sign. For example, 2 -6 =2 + -6 =-4 and 9 — (x + 5)
=9+=x+-5=4-x.

Solve: Gy +4) —(x + 1) = 13

3x+4+—x+-1=13
3v+—x+4+-1=13

20+ 3 =13
20+3-3=13-3
2x =10
20+2=10+2
x=5

To check, put 5 in for x in the original equation:

G.5+4)-G+D=1353.5+4-(6)=13>15+4-6=13
— 19 -6 =13 — 13 = 13. Therefore, x = § is the solution.

With your ability to simplify polynomials that are added or subtracted,
you can solve equations that contain these expressions. They just need to
be simplified to become the same types of equations you learned how to
solve in Hours 5 and 6.

Now try to solve the following equations, and check your answers on
page 96.

1. Ga+6)+Qa-7)=6

2. 120+ (6-2x) =4(x-3)

3. 2@+4-5@+1)=15

4. b-8)+Bb+7)=0b-3)+ @0 +12)

Solving Word Problems with Basic Polynomial
Equations

Polynomials appear in many different kinds of word problems that can
be written as equations and then solved. Some, such as problems about
consecutive integers, are totally based on algebra. Others, like distance
problems, come from more practical situations. As in Hours 1 and 6,
the first step is to change the word problem into an algebraic equation.
Reading each problem carefully will help you decide what the variable is
and what operation is needed.
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JUST A MINUTE

Remember that consecutive integers are next to each other on the number
line. Given any integer, add 1 to find the consecutive integer. For example,
6 and 7 are consecutive integers, as are —10 and -9. If the variable x is an
integer, the consecutive integer is x + 1.

Consider the following problem about consecutive integers:

b.  What two consecutive integers have a sum of 47?

Solution: Begin by writing an equation that describes the problem. Let
x be the first integer, so x + 1 is the consecutive integer. Write and solve
the equation:

x+@x+1)=47
20+ 1 =47
20+1-1=47-1
2x =46

20+ 2=46+2
x=23

To check, put x = 23 into the original equation:

Ba@+1)=47523+24=47 547 =47

Therefore, x = 23 is the solution. The question asks for two consecutive
integers, and they are 23 and 24.

The next two problems have operations that are slightly more complex:

c.  The greater of two consecutive integers is 15 less than twice the
smaller integer. What are the integers?

Solution: Let x and x + 1 be the consecutive integers, as in the previous
problem. To write the equation, you need to know which is the greater,
xor x + 1. Adding 1 to a number always gives a number that’s greater, so
x + 1 is the greater integer. Begin with x + 1 as you change the written
problem into an equation. “Less than” indicates subtraction, so be care-
ful to put the terms in the correct order. Write and solve the equation:

x+1=2x-15
x+1l-x=20-15-u
l=x-15

1+15=x-15+15
16 =xorx =16
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To check, put x = 16 into the original equation:

16+1=2-16-15—-17=32-15-17=17

Therefore, x = 16 is the solution. The integers are 16 and 17.
As with the prior problem, the next one includes more complex operations.

d.  Twice the greater of two consecutive integers is 7 less than three
times the smaller integer. What are the integers?

Solution: Again, x and x + 1 will represent the consecutive integers, with
x + 1 being the greater one. Translate the words of the problem into an
equation and solve it. “Twice” means multiplying by 2, so the first part

of the problem is written as 2(x + 1). “7 less than three times the smaller
integer” is written as 3x — 7. (Remember that subtraction is the “less than”
operation, and the order is important in subtraction.) Figure out these
algebraic phrases together to write your equation, as shown here.

2+ 1)=3x-7
20+2=3x-7
20+2-2x0=3x-7-2«x
2=0-17
2+7=x-7+7

9=xorx=9

To check, put x = 9 into the original equation:

20+1)=3-9-7-2-10=27-7—-20=20

Therefore, x = 9 is the solution, and the two consecutive integers are 9
and 10.

Now try to solve the following word problems, and check your answers
on page 96.

5. What two consecutive integers have a sum of 37?
6. Three times the greater of two consecutive integers is 5 less than
four times the smaller integer. What are the integers?

These consecutive integer word problems bring together basic monomials,
such as x and 3x, and basic polynomials, such as 2x + 2, creating equations
that can be solved. The rest of this hour, you learn how to multiply and
simplify more complex monomials and polynomials, using the distributive
property from Hour 4 and your knowledge of exponents from Hour 7.
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Multiplying Monomials and Polynomials

The distributive property allows you to simplify expressions that have a
binomial multiplied by a number. To put it more plainly, you know that,
to simplify 3(x + 7), you multiply 3 times x and 3 times 7. The answer, 3x
+ 21, is called “simplified” because the answer has no parentheses and is
now a simple binomial. This same property works when monomials and
polynomials are multiplied, as in the following examples.

JUST A MINUTE

The distributive property says that when you multiply a sum by a number, it
is the same as adding the product of the numbers. For example, a - (b + ¢)
=(@-b)+(@-c).

e.  Simplify: a(a + 8)
Solution: Multiply # times each term inside the parentheses.

a(a + 8) =a* + 8a

To multiply terms that have the same base, keep the base and add the
exponents. For example, (v?)(x*) = x?*? = &°. If a factor has a coefficient,
multiply the coefficients of each factor. For example, 3x)(4x) = 127,
Terms that show no coefficient have a coefficient of 1. The following
examples show how to work with the distributive property that includes
terms with exponents.

f.  Simplify: 60Q2x* + 3x —4)

Solution: The distributive property is not limited to binomials. Any
number of terms can be included within the parentheses. To simplify,
multiply 6« times each of the trinomial’s terms, following the rules for
exponents that you learned in Hour 7:

6xQ2x* +3x - 4) =
6x 2% + 6x3x + 6x- —4
1223 + 18x% — 24«

g.  Simplify: 34°6Qa* + 54°0* - 30°)

Solution: To simplify, multiply —34%b times each of the trinomial’s terms.
Watch the signs very carefully!
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3a2bQa + 5a2h* - 3b°) =
3a’b - 24° 3a%b - 54’0 - 3a°h - 30 =
—6a°b — 15a4*b* + 9a’b*

Now try these problems, using the distributive property, order of opera-
tions, and exponent rules to combine the like terms, as needed. Check
your answers on page 96.

7. 5xQx?+3x-5) =

8. 2a*(3a* - 2a +6)=

9. 3Ba(x® +4x -1) + 4x2x’ + Sx + 4) =
10. #’Ba-4) - aQa’ + 5a) =

As you have seen throughout this hour, the process of multiplying mono-
mials times other polynomials brings together several different algebraic
skills. It is a perfect example of what you may have heard about algebra:
each new concept builds on the previous one. This logical progression
leads to looking at what happens when you multiply by a binomial in-
stead of a monomial.

Multiplying Polynomials

Now that you can multiply by monomials, let’s push the distributive
property to the next level and learn how to multiply by a binomial
expression.

You know how to do the following multiplication problem, but look
closely at the solution steps:

x@?+3)=x-2+x-3 =23+ 30
Using the distributive property, you multiply the x in front of the paren-

theses times each of the terms inside the parentheses—ax? + 3—as your
first step and then simplify the terms to get the answer.

Now change the x in front of the parentheses to (x + 2).
The new problem is:
(x+ 2)(x?*+ 3)
To simplify it, follow the same process. Multiply (x + 2) times each of the

terms inside the parentheses as your first step. Then simplify to get the
answer. The steps look like this:
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(x+2)(x*+3)
@+2)-x?+(x+2)-3=
4+ 20%+ 30+ 6

JUST A MINUTE

The distributive property applies when the terms are reversed: (b + ¢) - a =
a-b+a-c

Be sure to check for like terms to see if more work is needed. There are
no like terms, so this is the final answer.

You can always use the distributive property to simplify polynomial mul-
tiplication problems like this one, but there’s a shortcut that is a little
casier. Look at how the same problem can be done with another method:

(v +2)(x*+3) =
x-xl+x-3+2-27°+2.3=
2430+ 20%+ 6

Comparing this answer to the previous one, you see that they are the
same; the terms of a polynomial can be written in any order. Usually the
answer is shown in descending order, with the highest exponent first, but
this is not required.

This shortcut method can be described as follows:

Multiply each of the terms in the first set of parentheses times
each term in the second set. This will have the same effect as

applying the distributive property, but it’s easier to remember

and seems easier than going through the distributive process.

You are free to use either method.

This multiplication process can be used for more than just binomials, as
you see in the next example of multiplying a binomial times a trinomial:

@+ 5 +4x-6) =
x-xX+x-4x+x-—-6+5-22+5 - 4x+5.--6=
X%+ 4x? — 6x + Sx2 + 20x — 30 =

X3+ 9x% + 4o - 30
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PROCEED WITH CAUTION

Be careful to combine only like terms, which are those with exactly the same
variables and exactly the same exponents. When adding and subtracting
terms, the exponents can never change—only the coefficients will change.

You do not need to write the step after the first equals sign. It is shown
here to help you see the process at work. You should be able to omit that
line of work and go directly to the line that begins with x* + 4x* — 6x

Be sure that you watch the signs in the polynomial terms and combine
all the like terms to get the final answer in simplest form.

Now try these multiplication problems, writing your final answer in sim-
plest form. Check your answers on pages 96-97.

1. (@ +3)@+5)=
12 (x+2)@*+3x-4)=

Multiplying two binomials is the most common type of polynomial

multiplication in algebra, so let’s finish the hour learning an efficient
method.

Multiplying Two Binomials

When you worked on problem 11 in the previous section, you probably
multiplied x times x + 5 and 3 times x + 5, and then combined the like
terms. There’s an even shorter way to multiply two simple binomials like
these. See it develop as you look at two more examples of binomial mul-
tiplication:

@+ 4(x+06)=

X2+ 6x+4x+ 24 =

x* + 10« + 24

and

@+3)w+7)=
X+ Te+ 30+ 21 =
x? + 10x + 21
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The basic idea for the shortcut is to give special labels to the terms in
each binomial based on its location in the problem. Using (x + 2)(x + 4)
as the example, label the terms as follows:

First terms xand x  (the first term in each binomial)
Outside terms xand 4 (the “outer” terms of the problem)
Inside terms 2 andx  (the “inner” terms of the problem)
Last terms 2and 4  (the last term in each binomial)
Multiplying the first terms—u and x— — «?

Multiplying the outer terms—ux and 4— — + 4w

Multiplying the inner terms—2 and x— — + 2

Multiplying the last terms—2 and 4— — + 8

Combining them all gives x? + 6x + 8.

This is called the FOIL method, based on the first letters of the identi-

fied terms—First, Outside, Inside, Last. It also works if any of the terms
are negative. You just need to pay close attention to the signs. After you

FOIL a few problems, you will see how efficient it is.

JUST A MINUTE
Remember that subtracting is the same as adding the opposite: x - 4 = x +

(-4).
Follow the FOIL steps for (x + 6)(x + 3), shown here on one line:

(v + 6)(x + 3) > First: * Outside: + 3x Inside: + 6x Last: + 18

Combining all the terms, you get — «?+ 9x + 18.
The following example includes a negative term:

(v —4)(x + 5) — First: x? Outside: + 5x Inside: —4x Last: —20

Combining all the terms, you get — x? + x — 20.
This final example shows the unique case of the disappearing x term:

(v + 6)(x — 6) — First: «? Outside: — 6« Inside: + 6x Last: —36

Combining all the terms, you get — x?— 36. (Note: Because 6x and —6x
are opposites, the sum of these terms is Ox or just 0.)

95
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You get this type of answer when the last terms in the binomials are
opposites of each other, as in:

@=5)x+5=a?+5x-5x-25=x>-25

You can skip the middle step or show the work, as you prefer.

Now try these multiplication problems, using the FOIL method:

13.
14.
15.
16.

x+2x+5)=
x+8)x+1)=
@-3)x+4 =
@+3)x-3)=

Check your answers on page 97.

Answers to Sample Problems

1.
2.

®

10.

11.

Ta-1=6—>Ta-1+1=6+1>7a=7—>Ta+7=7+7—>a=1
120 +6-2x=4x-12 > 10x + 6 =4x - 12 > 100 + 6 — 4x = 4x —
12-4x > 6x0+6=-12>6x+6-6=-12-6 — 6x =-18 = 6x +
6=-18+6—>x=-3
20+8-52-5=15>3a+3=15—>30+3-3=15-3 > -3a
=12>30+-3=12+-3>a=-4

4h-1=2b+9 —>4b—-1-2b=2b+9-2b—>2b-1=9—>2b-1+
1=9+1—>2b=10-2b+2=10+2—>b=5

The equationisx + (x+1)=37 5 2x+1=37 5 2x+1-1=37 -
1 - 2x=36—>2x+2=36+2— x=18. The two integers are 18
and 19.

The equationis 3(x+ 1) =4x -5 > 3x+3=4xr-5 > 3x+3 -3
=4r-5-3x—>3=0-5>3+5=x-5+5>8=xo0rx=8.
The two integers are 8 and 9.

Sx2x? + 30— 5) = 10x° + 154% — 25x

2a*(3a*> - 2a + 6) = —64° + 4a’ — 124*

3a(x® + 4o — 1) + 4xQu? + Sx + 4) =

30 + 1227 = 30 + 8x% + 20x% + 161 =

11a% + 3227 + 13

#*Ba—4) —aQa + 5a) =

3 - 4a’ - 2a° - 5a° =

@ - 94’

(@ +3)x+5)=

xx+x-5+3-x+3-5

x4 S+ 3w+ 15 =

x*+ 8x + 15
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12 (@+2)(?+3x-4) =
X3+ 30— 4o+ 202+ 60— 8 =
X3+ 5Sx2+ 20 -8

13, (@+2)(x+5)=
X+ Sx+2x + 10 =
x’+ 72+ 10

4. (@+8)@+1)=
2+ lx+8x+ 8=
X+ 9x + 8

15, (@=-3)@+4) =
X +4e-3x-12=
X +x—-12

16. (@ +3)x-3)=
x’ =30 +3x-9=
x’-9

Hour’s Up!

Based on what you’ve learned in Hour 8, do the following problems.
Check your answers with the solution key in Appendix B.

1. Solve for x: 3(x —4) — 4(x + 2) = 2Qx - 5)

6
a.x=——
5
b. x=-1
c.x=-2
d.x=-3

2. Five times the greater of two consecutive integers is 4 less than
six times the smaller integer. What are the integers?
a. 8and 9
b. 9 and 10
c. 10 and 11
d. 6and 7

3.  Simplify: 4434 + 5a - 2) =
a. 124° + 94> - 8a
b. 124° + 204’ — 6a
c. 124°+ 94% + 8a
d. 124° + 204’ — 8a
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4. Simplify: 3x°Q2x? - Sx - 1) =
a. —6x° + 15x%+ 343
b. 6x° — 15x%+ 347
c. —6x° + 15x% - 343
d. —6x° — 15x% — 343

5. Simplify: &% Qw - 5) + x(6x° + x?) =
a. —4ut— 4o

b. —8x*— 4x*
c. 8x*— 4y’
d. —-8x* + 4x*

6. Simplify: ’2x — 5) — x(6x° + &%) =
a. —4xt— 6

b. —4x* — 4x?
c. 2x*— 1143 + &?
d. —6x*— 4«°

7. Simplify: (v + 3)@? — 2x + 5) =
a. X’ +x+ 1lx+ 15
b. ¥} +a? —x + 15
c.x’—a?—x-15
d. xd—a? + 1la + 15

Use the FOIL method to simplify problems 8 through 10.
8. Simplify: (x + 3)(x +4) =

a. x>+ 7x + 12
b. ¥’ + 12x + 7
c.x?+7x+7

d. x? + 120+ 12

9.  Simplify: (x + 5)(x + 2) =
a. ¥’ + 10x + 10
b. ¥’ + 7x + 10
c.xl+Tx+7
d. ¥’ + 10x + 7

10.  Simplify: (x = 7)(x + 7) =
a. ¥’ + 7x - 49
b. x? — 7x + 49
c. v*—49
d. ¥? + 49
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CHAPTER SUMMARY
In this hour you will learn about ...

e Dividing monomials e Dividing polynomials by monomials

In the past few hours, you have progressed through adding, subtracting,
and multiplying polynomial expressions, seeing how the work you did in
the first hours of learning algebra helped you solve rather complicated
polynomial problems. As you learn how to divide polynomials this hour,
remember that division is closely related to multiplication. Because you
have already mastered multiplying, dividing polynomials will come even
more easily.

Dividing Monomials

When monomials are divided, as in “124 divided by 35,” the problem can
be written in two different ways:

With the division symbol, such as 125 + 35

or
12
In fraction form, such as3y .

To simplify 12 + 3b, the fraction form is usually easier to work with
because it puts the monomials over each other and helps you keep the
terms in a convenient order. As the polynomials get more complex, it
will also be easier to do the division problems in fraction form.
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JUST A MINUTE

When dividing variables, as in monomials, the sign rules are the same as for
numbers: dividing two positive terms gives a positive answer, dividing two
negative terms gives a positive answer, and dividing two terms with different
signs gives a negative answer.

Let’s simplify the division problem that has been the example so far.
First, separate it into two multiplied fractions, one fraction for the coef-
ficients and one fraction for the variables:

126 _12 b

b3 b
Now you have two simple problems that, when multiplied, will give you
the final answer:

12 b
3= 4and 7= 1 (any number divided by itself always equals 1)

Multiplying the answer to each fraction, you get 4 - 1 = 4. The simplified

for — is4.
answer for 3 is 4

That problem was simple, but this process will also work for more com-

plex monomials that include exponents, such as the following:
x4y3
2

Xy

As in the last example, separate the problem into two fractions, this time
making one fraction for the x variables and another one for the y vari-

ables:

This problem is more complex than the previous one, due to the expo-
nents in some of the factors. Think back to the multiplication rules for
factors that include exponents. As you recall, when multiplying factors
that have the same base, you simply keep the base and add the expo-
nents. But in this problem, the x variables are being divided, as are the y
variables. So you need a plan for dividing monomials that have the same
base.
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Let’s look at just the first fraction in the problem and take it one step at GO TO <

a time: Refer to Hour 7 to
¥t review multiplying
- monomials.
x

Written in expanded form, it would become:
¥t xexxox

X X

Separating it into two fractions gives the following. (Notice that the sec-
ond fraction’s denominator is 1, from the identity property. This keeps
both parts of the solution in fraction form, which is helpful as you work
toward the final answer.)
a2t xexxex

X x-x-x
X 1

X X

JUST A MINUTE

The identity property states that any number or term multiplied by 1 is equal
toitself. 3-1=3;x-1=x

x
Any term divided by itself equals 1, so 2o L. This leads to the following

final answer:
- = = . =1- =xX-X-X=x
X X x 1 1

4
This step-by-step process shows that when you begin with = , the
x
simplified answer is x*. Now look at the expanded form of the second
part of the original problem to see its simplified answer:
XXy Yy Y .2
yooyy oy oyl 1 .
This step-by-step process shows that when you begin with L, , the sim-
plified answer is y.

y

You probably saw the rule developing as you worked through the previ-
ous examples. The division rule for exponents says that, when dividing
variables with the same base, you subtract the exponents. This rule saves
a great amount of time and trouble, and you use it every time a problem
includes dividing monomial terms, as shown in the following problems.
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Divide the following monomials:

4.3 43
N 14x"y =E.£.L:7x5ys
2x 2 x 1

9d -9 4 ¥

b. = = —=-3b
3ab 3 a b
3.6 3 6
o P20 Xy 4S5
8uxy 8 «x y 42 2

Look again at examples a and b. The division rule for exponents (when
dividing the same base, keep the base and subtract the exponents) allows
you to go directly from the problem to the answer, especially if the
coefficients are easily divided, as in these problems. The coefficients in
example c are slightly more complex, but simplifying the variables with-
out the “work” step should be possible.

In all the examples so far, the exponents in the numerator were larger
than the exponents in the denominator. Let’s look at an example that is
different:

STRICTLY DEFINED

E;] The upper part of a fraction is called the numerator; the lower part of a frac-
tion is called the denominator.

ﬂ3

7

Write this problem in expanded form to see the detailed process:
a a-a-a a a1 1

3
This step-by-step process shows that when you begin with % , the

e .1
simplified answer is — .
a

But don’t forget that when you are dividing the same base, you keep the
base and subtract the exponents. In the example just completed, sub-
tracting the exponents 3 and 5 gives —2, and the final answer in that

problem was — . When you divide monomial terms and get a negative
a
exponent, you can make the exponent positive by moving the base with

its exponent to the denominator—for example, = —andb” = — .
e

b5
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The following example reviews the processes shown in the previous
problems:
—18x3yzz_—18'x} 'zz 2 -9 1 z2_ -9
45" yz T4y
You should be able to leave out some of the expansion steps in this type
of division problem, but you are free to decide how much of the process
to write down and how much to do mentally.

Now try these monomial division problems, checking your answers on
page 106:

L 20x°y’ _
2x
4
5. —1547b _
3ab
3. 21xty’s? _
4x°y’z

The skills needed for dividing one monomial by another allow you to
also divide a polynomial by a monomial using almost the same process.
The problems you will see as you finish this hour include numerators
with two or three terms—binomials and trinomials. The goal is to sim-
plify the problems into lowest terms, using the exponent and fraction
rules as you did in the monomial division problems.

TIME SAVER

Division can be shown with the + symbol or as a fraction. The fraction form
is easier to work with when polynomials are in the problem.

Consider the following division problem:

(8xt + 6x%) + 242

The most efficient way to divide is in fraction form, so this problem is
best written as:

8at + 6 . .

o7 (The parentheses are not needed in fraction form.)

2

In fractions, a numerator with two added terms can be written as the
sum of two fractions. This changes the problem into two monomial divi-
sion problems, as follows:
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8x* + 6a° E N 6’
2 20’ 27
Simplify each of these fractions:
4 3 4 3
B+ 6w _8x 6% 4ty
2x° 2" 2x
4x? + 3x cannot be combined because the x variables don’t have the same
exponent—they’re not like terms—so this is the final answer. The coef-
ficients were easily divided, making this problem easy to do mentally,
without the expansion steps.

JUST A MINUTE

Terms with different exponents are not like terms, so they cannot be added
or subtracted.

If the numerator is a trinomial, separate the division problem into three
fractions, as in the following example (note that the subtraction sign in
the numerator becomes a subtraction sign in front of the third fraction):
104 + 24" — 244 104" 24* 244
24° 27 20 24
The answer can also be written as —124> + 2 + 5, with the terms arranged
in descending order by their exponents. Either is correct, but descending
order is often the preferred order.

=5+a-124

Now try these division problems, checking your answers on page 106.

16x° + 204"
457
5 94" —124° + 34" _
' 34’
6 62 = Sxt —3u? _
' 2x?

Let’s review how to combine polynomials that include adding, subtract-
ing, and multiplying, because all of these operations are important in
learning how to factor polynomials in Hour 10.

Follow the steps in the examples that follow, focusing in each prob-
lem on which operation is used and being careful about the exponents.



Polynomials: Dividing 105

Remember that in addition and subtraction, the exponents won’t change,
but in multiplying they do.

JUST A MINUTE

Addition and subtraction require like terms: the same variable and expo-
nents. Subtraction can be changed to addition if you change the signs of the
terms after the subtraction sign. The order of operations rule requires that
you multiply and divide first, then add and subtract.

Simplify:

92°b + 2b° — 12a°b - 7 + 6b° =
92°b — 12a°h + 2b° + 6b° - 7 =
=3a’h + 8b* -7

In this example, the like terms are moved next to each other in step two
and combined to make the final answer. As you are more comfortable
with this type of problem, you can easily skip step two and go straight to
the answer.

Simplify:

Bat = T7x% + 6) + (10x* + 522 + 1) =
3at+ 104 =T + 52 + 6+ 1 =
3ot =222 + 7

In this addition problem, the like terms in the two trinomials are moved
next to each other, as in the prior example. Again, you may skip this step,
if you prefer.

Simplify:
(B3 + 64 -9 + 1) — (@ + 54°> - 6a) =

38 + () + 64 + (<54°) — 9a + (+6a) + 1 =
44} + 4> - 3a + 1

This subtraction problem is more complex, so it is wise to change the
signs of the terms in the second trinomial and then move the like terms
together before writing the final answer. You will avoid making errors
that can occur when you try to do too many steps at the same time.



106 Hour 9

Simplify:
(a?y)Qay’) + Gy)@’y?) =
102y + 3wyt =
13ay*

The order of operations requires you to do the multiplying first and then
the adding. This problem needs the work shown in step two because two
operations are involved.

Now try these polynomial review problems, checking your answers
below.

7. a8+ 2t +4xt+ 7 =
8. (X +5x?+x-2)-(CBx’ -2’ +6x+2)=
9. Qab*)(64*b?) + (b)(34°b) =

Answers to Sample Problems
| 20x°y* 20 ' oy

X y 5.2
— = =10«
2x 2 x 1 ©y
N T N ER
3ab 3 a b
0 2atyat 21wty s 21y
. 4x(>yzz 4 x() _)/Z 2 4xz
6 4 6 4
g 1620016 20 Lo
4x 4 4x
4 8 10 4 8 10
5. W:%—?ﬂ,+?,=3az—4aﬁ+ds
a’ a” a” a”
: 242 2x 2t 2t 2 2
oS3
2 2

at =8+ 2at + 4 + T =3t -4t 4+ T

8. (b +5x?+x-2)-(Bx—x’+6x+2)=
6x° +(=3x%) + 5a? + (+a) + & + (=6x) = 2 +(=2) =
3x% + 62 - Sx -4

9. Qab>)(64°h?) + B)(34b) = 124°b* + 34°b* = 154°b*
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Hour’s Up!

Based on what you’ve learned in Hour 9, do the following division prob-
lems. Check your answers with the solution key in Appendix B.
152%y*
e
. 12x7y*
SaTyt
Sady?
. 128y
“24a'b’
3abb
-84’
8a*
—8a%b
. 8a%h

o0 oT

coowo

4

,Z(,

18x2y _
—8x5y3z
_93,56
45}
—IOyzs
x}
—92°
4x3y
a 2=

a.
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20x° + 16x°

2x* -
. 18x* + 1447
. 10x* + 847
. 18x% + 8x*
. 1047 + 8a*
6 30° = 214" + 154° _
) 34’ -
=T+ S
.} =7’ + 5a
at=Ta> + 5
Lat—18a* + 12

154" — 354% — 5a*
72 —F—=
Sx?

L3t = Txt -1
. 12x0 — 30a*
L3 =Tt - 1
L1200 = 30x* - 1

6a° - 24" + 44° _
34’

o 0 T o

o 0 T o

o 0 T o

c. 28’ —2u+4
d. 2¢lz—zﬂ+i
3 3

Zx“‘y2 + 6xzy4 _
sz_)/z -

a. ¥’y + 3y’

b. x%y? +3x%y?

c. ¥? +4y*

d. x? + 3y?

10. —8x* + 10355 — 1247 _

2x°

a. —6x7 + 8x -10

b. —4x’ + 8x - 6

c. 4’ +5x -6

d. —6x7 + 50— 6



Polynomials: Solving
Equations and Factoring

CHAPTER SUMMARY
In this hour you will learn about ...

e Solving factored equations * Solving equations by factoring

e Factoring trinomials

Now that you are able to simplify polynomial expressions with the four
operations, it’s time to move toward solving equations that include more
complex polynomial terms. The equations you learned how to solve in
Hours 5 and 6 had variables that were simple—they had exponents of 1.
By the end of this hour, you’ll be able to solve equations like x> + 6x + 8 =
Oora?—T7r+12=0.

As with almost every hour of studying algebra, learning to solve these
equations evolves as you build on prior knowledge and adapt it to meet
your goal. Combining binomial multiplication from Hour 8 with the
basic equations from Hour 5, you'll know how to solve higher-level equa-
tions.

Solving Factored Equations

When you learned the multiplication tables, you were really working
with factors. Because 5 times 6 equals 30, 5 and 6 are called factors of 30.
Also, 3 and 10 are factors of 30, as are 2 and 15.

STRICTLY DEFINED
D Factors are numbers or variables that are multiplied to give a product. 2
and 5 are factors of 10. 1 and 10 are factors of 10. 1, 2, and 5 are factors of
10. 1 is a factor of all numbers because of the identity property of multiplica-
tion: 1 - x = x. Every number is a factor of itself: 10 is a factor of 10.
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From your work in algebra, you know that 3 times x equals 3x, so 3 and
x are called factors of 3x. Because ¢ times d equals ¢d, ¢ and d are factors
of cd. At its simplest, the factors of an expression are the numbers or
variables that can be multiplied to create the expression.

During Hour 8, you learned how to multiply polynomials, so you were
also learning about factors. You used the FOIL process to multiply the
binomials (x + 2) and (x + 4):

@+2) - (x+4)=a’+4r+ 20 +8=x>+6x+8

Multiplying (v + 2) times (v + 4) equals ¥ + 6x + 8, so (v + 2) and (v + 4)
are factors of x? + 6x + 8.

Similarly, multiplying (x — 6) times (x + 4) with the FOIL method gives:
@=-6)-x+4=x’+4r-6x-24=x"-2x-24
Therefore, (x — 6) and (x + 4) are factors of x* — 2x — 24.

You may be wondering why it matters that these binomials are factors
of the trinomials. It’s all about the goal for this hour: to solve an equa-
tion like #% + 6 + 8 = 0. You can easily solve equations like x + 6 = 8 or
even 3x + 7 = 13. It’s the #? in that trinomial that is causing the trouble.
By following the solution steps of the next sample equation, you will see
how factors can be used to solve an equation, and that will prepare you
for solving x? + 6x + 8 = 0.

The following example is a simpler equation than the trinomial one, but
it shows an important principle that leads you toward the more complex
equations, one step at a time.

Consider: x -y =0

In words, you could write this as “x times y equals 0.” You know that
factors are numbers or variables that multiply to give a product. Because
x and y are being multiplied to make 0, x and y are factors of 0 in this
problem.

Now recall from the basic multiplication tables that any number times 0
always equals 0. So in “x times y equals 0,” there must be two solutions:
either x is 0 or y is 0.

To verify these solutions, put 0 in for x in the equation x - y = 0, and you
get 0 - y = 0, which is true. And if you put 0 in for y in the same equation
x-y=0,you getx-0=0,which is also true.
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Therefore, the solutions to « - y = 0 are x = 0 or y = 0 because either of
these values will make a true equation.

The logical extension of the previous example is that if any two factors
are multiplied to make zero, then either one of the factors is equal to
zero or the other factor is equal to zero. This is also true for binomials
that are multiplied in an equation, as in the following example.

Solve: (x+2) - (x+4) =0

JUST A MINUTE

Multiplication can be indicated by a - or by parentheses with no operation
shown. For example, (x + 1)(x — 3) is the same multiplication problem as (x +
1) - (x — 3). Both forms are common in algebraic multiplication and have the
same meaning.

Each binomial is a factor of 0 in this equation. So each binomial can
equal 0. You write this in algebra as:

x+2=00rx+4=0

The good news is that you can easily solve each of these simple equa-

tions:
x+2=0 or x+4=0
x+2-2=0-2 x+4-4=0-4
x=-2 x=-4

To check, put -2 in for x in the original equation:

(2+2)-(2+9H=0>0)-2)=0-0=0;

Therefore, x = -2 is a solution.
Also put -4 in for x in the original equation:

(-4+2) - (-4+49=0—>(2)-(0)=0—>0=0;

Therefore, x = —4 is a solution.

Let’s restate the equation and show the work that leads directly to its
solutions:
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GO TO»

To solve an equation
using the binomial
factor method, the
equation must be
written with the fac-
tors on one side of
the equals sign and
0 on the other side.
For example, (x + 5)
- (x—3) =0 can be
solved with the fac-
tor method; (x + 5)

- (x = 3) = 6 cannot
be solved with the
factor method. Go
to Hour 24 to learn
how to solve the
second equation.

Solve: (@ +2) - (x+4) =0
Solution: x +2=0o0rx+4=0
x+2-2=0-2 x+4-4=0-4
x=-2 x=-4
-2 and —4 are the solutions because (-2 + 2)(-2 +4)=0—>0-2 =0 and
4+)(4+4=0--2.0=0.

This process works for all binomials that are multiplied to equal zero.
Follow the solution steps in the next two samples.

Solve: (@ - 8)(@ +5) =0
Solution: =8 =00ra+5=0
a-8+8=0+8 4+5-5=0-5
a=8 a=-5
8 and -5 are the solutions because (8 = 8)(8 + 5) = 0 — (0)(13) = 0 and
also (=5 = 8)(=5 + 5) = 0 — (-13)(0) = 0.

Equations with more complex binomials can also be solved with this
method, as shown in the following example.

Solve: Bx + 5)(x-2)=0
Solution: 3x +5=00rx-2=0

30+5-5=0-5 x-2+2=0+2

3x=-5 x=2
3x+3=-5+3

5
x=-=

3

—g and 2 are the solutions because (3 - —% + 5)(—% -2)=0—>(5+5)
(—%—2):0—)(0)(—%—2)=O—>0=Oandalso(3 2452-2)=0-
6+5)(0)=0— 11)0)=0—0=0.

Although they are not often seen in basic algebra, equations that have
three or more binomial factors with a product of zero can be solved with
the same method, as shown in the following example.
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Solve: (x —4)(x + 2)(x +5) =0

Solution: With three binomial factors, there will be three solutions to
this equation because if any one of the binomials equals zero, the entire
product will also equal zero. So just set each of the binomial factors
equal to zero and solve the simple equations.

x—4=0 x+2=0 x+5=0
x—4+4=0+4 x+2-2=0-2 x+5-5=0-5
x=4 x=-2 x=-5

To check, put 4 in for x:
G-HDE+2)@+5=0-0)6)(9=0-0=0

Put -2 in for a:

C2-HE2+2)(2+5=0-6)O0)3)=0-0=0

Put -5 in for «:

S-HES+ D5 +5) =0 (9E3)0)=0->0=0

Therefore, 4, -2, and -5 are the solutions.
Now try solving these equations, checking your answers on page 120.

. @+8w+3)=0
2. (=-5c+1)=0
3. 2a-3)a-6)=0

Solving equations that have factors on one side and zero on the other is
relatively simple and prepares you for meeting your goal of solving equa-
tions like ¥* + 6x + 8 = 0. You just need to be able to change the trino-
mial in this equation into factors, and then you can solve it easily.

Factoring Trinomials

Earlier this hour, you reviewed the FOIL method of multiplying bino-
mials to create trinomials. Let’s look at another example of the FOIL
process.

Multiply: (x + 5)(x + 4)

Solution: (x + 5)(x + 4) = &% + 4w + Sx + 20 = &% + 9x + 20
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JUST A MINUTE

The FOIL method allows you to multiply two binomials very quickly. F, O, |,
and L represent the terms in the binomials and remind you what terms to
multiply: F is for “first terms,” O is for “outside terms,” | is for “inside terms,”
and L is for “last terms.” For example, (x + 3)(x + 6) =x - x +6 - x + 3 - x +
3:6=x-x+9+ 18.

Look at the same problem in reverse order. The trinomial first, the mid-
dle step, and then the binomial factors would look like this:

K+ 9% +20=2+4x+ 5x+20 = (x + S)(x +4)

If you look at the trinomial— x? + 9x + 20—and compare it to the bino-
mial factors—(x + 5)(x + 4)—you should be able to see from where each
of the three trinomial terms—ax?, 9x, and 20—come. You are basically
“undoing” the FOIL process to find the binomial factors.

Factoring trinomials simply means finding the binomial terms that were
multiplied to create the trinomial. Looking at each of the trinomial
terms gives you a clue for finding the binomial factors. Using words to
explain this process is much more difficult than just doing it, so review
the example that follows to see how to factor a trinomial.

Here’s the step-by-step process, based on the same problem:
49 +20=0"+ 40+ 50+ 20=(x + S)(x + 4)
1. x?came from the x terms in the binomials. (first terms)

2. 9x came from adding 4x and 5x. (outside and inside terms)
3. 20 came from multiplying 4 times 5. (last terms)

JUST A MINUTE

The last terms in the binomials must sum to give the coefficient of the mid-
dle trinomial term, and they must multiply to give the third trinomial term.

Now look at a new trinomial and see the steps for factoring it:
470+ 10=0+ 20+ 50+ 10 = (v + S)(x + 2)
1. x? came from the x terms in the binomials. (first terms)

2. 7x came from adding 2x and 5«. (outside and inside terms)
3. 10 came from multiplying 2 times 5. (last terms)
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When you can see the middle step in the previous examples, it’s easy to
know where the outside and inside terms come from. But when you are
factoring trinomials, you won’t have the answer to help you, so you need
a plan. Check out the previous Just a Minute note and the Time Saver
note below for helpful hints.

It’s all about comparing the trinomial’s middle term and last term to
find the correct numbers to put in the binomials. With practice, you’ll
be able to go straight from the trinomial to the binomial factors—but it
will take some practice.

The following examples help you get started. To factor each trinomial,
use the three steps from the prior examples as a guide.

a. Factor &% + 8x + 15.

You are looking for two numbers that sum to 8 and multiply to give 15.
The number pairs that multiply to 15 are 1 and 15 and also 3 and 5. Do
any of these pairs sum to 8? Yes: 3 and 5. Use them in the binomials:

Solution: x* + 8x + 15 = (x + 3)(x + 5)

FOIL the binomials to check: (x + 3)(x + 5) =% + S + 3x + 15 =a? + 8w +
15; therefore, (x + 3) and (x + 5) are the factors of x* + 8x + 15.

TIME SAVER

When factoring trinomials, focus on the third term and find all the number
pairs that multiply to give that term. Then choose the pair that sums to the
coefficient of the trinomial’s middle term.

b. Factor &% + 7x + 12.

Find a pair of numbers that sum to 7 and multiply to give 12. The num-
ber pairs that multiply to give 12 are 1 and 12, 2 and 6, 3 and 4. Do any
of these sum to 7? Yes, 3 and 4 will work. Use them in the binomials:

Solution: % + 7x + 12 = (x + 3)(x + 4)

FOIL the binomials to check: (x + 3)(x + 4) =a? + 40 + 30 + 12 =% + Tx +
12; therefore, (x + 3) and (x + 4) are the factors of x* + 7x + 12.

c. Factor &? — 7x + 12.

Even with a —7x in this trinomial, the process is the same—just watch
the signs. You know that 3 - 4 equals 12, but you need the number pair
to sum to —7. So use =3 - —4. This gives +12 when multiplied and -7 when

added. Perfect!
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Solution: > = 7x + 12 = (x - 3)(x - 4)

FOIL the binomials to check: (x = 3)(x —4) =a? —4x - 3x + 12 =2’ - T +
12; therefore, (v — 3) and (v — 4) are the factors of x* — 7x + 12.

d. Factor &% + 3x - 10.

This trinomial is a little more confusing, with the last term being a —10.
Remember that multiplying a positive number times a negative number
always gives a negative answer. So you need to find a number pair that
multiplies to give a —10 and sums to give a +3. Focus on the numbers that
multiply to give 10: 1 and 10, 2 and 5. One of the numbers in the pair
will need to be negative to give a product of —10. Which pair will sum to
+3? =2 added to 5 will give +3, and multiplying —2 times 5 will give —10,
so use -2 and 5.

Solution: ¥* + 32 — 10 = (x — 2)(x + 5)

FOIL the binomials to check: (x — 2)(x + 5) = 2% + 50 — 24— 10 = &% + 300 —
10; therefore, (x — 2) and (x + 5) are the factors of x? + 3x — 10.

TIME SAVER

The key to knowing the signs of the last terms in the binomial factors is to
check the sign of the third trinomial term: a negative third term tells you the
signs must be a + and a —. A positive third term tells you the signs must be
either both + or both —. This helps you narrow down the possible signs for
the last terms in the binomials.

e. Factor ? — 8x + 15.

Remember that multiplying two negative numbers will always give a
positive answer, and adding two negatives will always give a negative
answer. So you need a pair of negative numbers that multiplies to 15
and sums to —8. The pairs that multiply to 15 are -1 and -15, -3 and -5.
Which pair sums to —8? The -3 and -5. Use them in the binomials.

Solution: x? — 8x + 15 = (x - 3)(x - 5)

FOIL the binomials to check: (x = 3)(x = 5) =a? = Sx =30 + 15 = 2> - 8x +
15; therefore, (x — 3) and (x — 5) are the factors of x* — 8x + 15.

A special case that often comes up is factoring a binomial such as x* — 16.

Recall from the FOIL examples in Hour 8 that if the last terms in the
binomials are opposites of each other, you will get an answer that isn’t a
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trinomial, because the middle terms sum to 0. Factoring x* — 16 is actu-
ally easier than factoring a trinomial, as you see from the solution that
follows.

Factor &’ — 16 = (v — 4)(x + 4)

TIME SAVER

Finding the binomial factors for the difference of two squared terms is actu-
ally the easiest of all factoring, since the signs of the last terms will always
be + and — —in other words, the last terms will be opposites.

FOIL the binomials to check: (x = 4)(x + 4) = x> + 4w — 4x — 16 = x* - 16;
therefore, (x — 4) and (x + 4) are the factors of x> — 16.

This trinomial factoring process brings together many of the algebra
skills you have learned so far. By watching the signs of the terms and
finding the possible number pairs that multiply to give the trinomial’s
last term, you can find the binomial factors. Be aware that some trinomi-
als cannot be factored; if they are part of an equation you are trying to
solve, you will learn in Hour 24 how to isolate their variable. For now, all
the trinomials in this hour will factor into two binomials if you follow
the process shown in the prior examples.

Now try to factor these polynomials into two binomials, checking your
answers on page 120.

4. Factor &* + 9x + 20.
5. Factor &% — 8x + 12.
6. Factor x* — 6x — 16.
7. Factor x> — 25.

All this factoring work has prepared you to reach this hour’s goal, to
solve equations like x? + 6x + 8 = 0 or x? — 7x + 12 = 0. Finding the trino-
mial’s factors is the key.

Solving Equations by Factoring

If an equation has a trinomial that is equal to zero, and if that trinomial
can be factored, you can solve the equation. Recall the problems you
worked on earlier this hour, such as the following:

Solve (x=5) - (x+2)=0
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JUST A MINUTE

Recall that if two or more factors multiply to give zero, each of the factors
could equal zero. Let each of the factors equal zero, and then isolate the
variable.

Since each binomial is a factor of 0, either (x — 5) equals 0 or (x + 2)
equals 0. Write and solve these two equations:

x-5=0 or x+2=0
x=5+5=0+5 x+2-2=0-2
x=5 x=-2

Now consider solving the equation x? — 3x — 10 = 0.
If you can factor the trinomial, you will be able to solve the equation.

Let’s factor #? — 3x — 10. What two numbers multiply to give —10 and
sum to —3? The number pair -5 and 2 will do this, so use them in the
binomials.

Since &% — 3x — 10 = (v — 5)(x + 2), the equation can be written as:

@=5)-(x+2)=0

You solved this equation earlier, using the factors of 0 process, so you
know the solutions are 5 and -2. This example shows that you simply
need to factor a trinomial equation to find its solutions.

The following examples show you the step-by-step process.

PROCEED WITH CAUTION

Be sure to check each of the answers to verify that they are correct. Each
solution needs to be substituted for the variable in the squared term and in
the nonsquared term, and this checking process needs to be done twice—
once for each solution.

f. Solve:x? +8x+12=0

Solution: Factor the trinomial and solve the two equations.
¥’ +8x+12=0
(x+6)(x+2)=0
x+6=0 or x+2=0
xr+6-6=0-6 x+2-2=0-
-2

x=-6 or x
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To check, put —6 in the original equation for x:
(6P +8-—6+12=0-36-48+12=0->-12+12=0—
0=0

Put -2 in the original equation for «:

(22+8.-2+12=0->4-16+12=0>-12+12=0->0=0

Therefore, —6 and -2 are the solutions to &? + 8x + 12 = 0.

The next two examples show how to solve the equations that were set as
the goal as you began this hour:

g. Solve: ¥’ + 6x + 8 =0

Solution: Factor the trinomial and solve the two equations.
¥ +6x+8=0
(x+2)(x+4)=0

x+2=0 or x+4=0
x+2-2=0-2 xr+4-4=0-4
x= -2 x=—4

To check, put -2 in the original equation for x:

(-2’+6--2+8=0->4-12+8=0->-8+8=0—-50=0

Put —4 in the original equation for x:

(<47 +6--4+8=0->16-24+8=0—>-8+8=0->0=0

Therefore, -2 and —4 are solutions to &’ + 6x + 8 = 0.

h. Solve: x> = 7x + 12 =0

TIME SAVER

It is possible to have only one solution to an equation that needs factoring.
For example, if the trinomial equation factors into (x + 1)(x + 1) = 0, then the
solution will be x = —1—there’s no need to say that the solution is x = -1 or
-1

119
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Solution: Factor the trinomial and solve the two equations:
¥ =Tx+12=0
(x=3)(x-4)=0
x=3=0 or  x—-4=0
x=3+3=0+3 x-4+4=0+4
x =3 x=4

To check, put 3 in the original equation for x:

3¥-7.3+412=0-59-21+12=0—>-12+12=0—-0=0

Put 4 in the original equation for x:

#-7.4+412=0-516-28+12=0--12+12=0—->0=0

Therefore, 3 and 4 are the solutions to x* — 7x + 12 = 0.
Now try to solve these equations, checking your answers below.

8. Solve x? = 5x— 14 =0.
9. Solve x* + 9x + 20 = 0.
10.  Solve x? =36 = 0.

Answers to Sample Problems

. @+8)w+3)=0—>x+8=00rx+3=0>x=-8orx=-3
2. (=-5+1)=0—>c-5=00rc+1=0—>c=50rc=-1
3. 2a-3)a-6)=0—>24-3=00ra-6=0—->a=3/20ra=6
4. Factora® +9x+20 > (x +5) - (x + 4)
5. Factora’-8x+12 > (x—-2)-(x-6)
6. Factorx’—6x—-16 — (x-8) - (x +2)
7. Factor:a? =25 - (x+5)-(x-35)
8. Solvea’ —5xr—14=0

(x—7)(x+2):0

x—=7=0 o x+2=0

x=7 x==2

9. Solve ¥* +9x +20=0
(x+5)(x+4)=0
x+5=0 o x+4=0

x==5 x=-4
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10.  Solve x* =36 =0
(x=6)(x+6)=0
x—=6=0 o x+6=0

x=06 x=-06

Hour’s Up!

Based on what you’ve learned in Hour 10, do the following problems.
Check your answers with the solution key in Appendix B.

Solve:

1. ¢G-DE-9=0

a.b=-1or9
b. b =1 or-9
c.b=1o0r9

d. b=-1o0r-9

2. @-12)x+4=0
a.x=-12 or -4

b. x =12 or -4
c.x=-12or4
dx=12o0r4

3. (@+5@+5=0
a.2=0o0r-5

b.a=-5o0r5
c.a=5
d.a=-5

Factor:

4. X’ +5x+6
a. (x+6)w+1)
b. (x + 5)@ + 1)
c. (x+2)(x+3)
d. (v +3)(x +3)
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5. x’+6x+5

L+ D+ 4)
. (0 + D(x + 6)
L+ D)+ 3)
e+ D+ 5)

2 -3x-18

L (=6)x+3)
. (0 =3)(x+6)
(=2 -9)
L(x=2)x+9)

2 —9x + 20

LD+ S)
R CE L))
(=D +5)
e+ D -5)

[

Q0 T o R o 0 T

o0 T o R

Solve:

8. «x?+8x+12=0
.x=-2or-6
.x=-2o0r6
.x=2o0r-6
.x=2o0r6

0 T o |

2-Tx+10=0
.x=-2o0r)
.x=2o0r-5
.x=2o0r5
.x=-2o0r-5

2+ 6x-27=0
.x=-9o0r-3
.x=9or-3
.x=9%o0r3
.x=-9or3

Q0 T o R

10.

0 T o R
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Algebraic Fractions:
Simplifying, Multiplying,
and Dividing

CHAPTER SUMMARY
In this hour you will learn about ...
e Simplifying algebraic fractions by fac- ¢ Dividing algebraic fractions
toring

* Multiplying algebraic fractions con-
taining exponents

Factoring the trinomials in the previous hour’s equations made it pos-
sible to solve the equations—what looked like really complex problems
became much simpler when you found the factors. In much the same
way, your algebra skills based on factoring are going to help you work
with fractions this hour.

Simplifying Algebraic Fractions by Factoring

The division problems that you did in Hour 3 and Hour 9 gave you a
strong foundation for this hour’s work with algebraic fractions. As you
have probably noticed, the more you study algebra, the more you realize
that the same concepts keep coming up, with variations here and there,
and that’s very true with algebraic fractions. You’ll use the factoring
skills you developed in the previous hour a lot in the next few hours, and
those skills will help make fractions much easier to simplify.

Consider the basic arithmetic fraction —. This fraction is in simplest

terms—or simplified—because 1 is the only common factor of 4 and 7.

STRICTLY DEFINED

E;-] Common factors are numbers or variables that are factors of two or more
terms. For example, 2 is a common factor of 8 and 10 because 2 - 4 =8
and 2 - 5 =10. 1 is a common factor of all numbers and variables because
any number or variable multiplied by 1 does not change: 1 - 8 = 8 and
1-a=a
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To say this in another way, the factors of 4 are 1 - 2 - 2 and the factors of
Tarel-7.

Sog 1 127 2 . When the 1 in the numerator is divided by the 1 in the
denominator, the result is 1, so you are left with 4 = % , which is

where you started. If the only common factor for a numerator and
denominator is 1, that fraction is in simplest terms or simplified. (You
don’t need to show the 1 in the factored form because you know it’s
always there.)

. .12 L .
Now consider the fraction ITh Write it in factored form to see if there

are any common factors other than 1:

12 2.2:3
157 3.5

Yes, there’s a factor of 3 in both the numerator and the denominator.
Because 3 divided by 3 equals 1, this fraction can be simplified, and it
becomes this:

12 223 2.2 4

15 3.5 5 5

Showing the steps that include the factors helps you understand the
algebraic process at work in this problem. But after you do a few of these
problems, you might see a shortcut—if you just divide both the numera-
tor and the denominator by the common factor 3, you get the correct

answer of 4 . That shortcut is fine if you use it carefully and understand

why the shortcut really works, as shown in the factors of the previous
fraction example.

Factoring—finding the numbers and variables that multiply to produce
the numerator and denominator—is the key to simplifying arithmetic
fractions, and it’s also the key for algebraic fractions. Follow the factor-
ing steps that show how to simplify these next examples, which are very
similar to the monomial division problems from Hour 9:

o 7 ac _ Tac _c
14ab  2-T7ab 2b
b, 6x2=2~3~x~x:3i
8x 2:2-2-x 4
. 104°0° 104’ _ 1

2040 1024 - a- b 2a
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As with the basic arithmetic fractions, you are free to use a shortcut in
each of the previous fractions, but be careful as you divide to follow the
exponent rule and to work with the coefficients separately from the vari-

ables.

JUST A MINUTE

Here’s the division rule for exponents: when dividing the same base, sub-
tract the exponents.

The algebraic fraction examples have all been monomials, so let’s look at
some that include binomials or trinomials, such as this one:

Sx? +10
5

This problem could also have appeared in Hour 9. It has a binomial
divided by a monomial. Recall that it was changed into two fractions and
then simplified, as follows:

+ =
5 5 5

Sk +10 Syt 10 a2 2
—_— = —T+I:x +2

Another way to simplify this fraction is to factor the numerator and the
denominator to see if there are any common factors. Factoring always
involves finding what numbers or variables can be multiplied to create
the expression, and with the addition sign in this fraction’s numerator,
you may think there is no way to factor it.

What about the distributive property?

5()cz +2 =5x" + 10 is an example of this property from Hours 4 and 6.
Think of it in reverse order, like this:

5x’ +10:5()cZ +2

JUST A MINUTE

With the distributive property, multiplying a sum by a number is the same as
adding the product of the numbers:a (b +c)=a-b+a-c

You had the binomial 5x” + 10 —two terms added together. Now you
have two factors—5 multiplied by ()cz + 2 . By reversing the process of
the distributive property, you have actually found the factors of Sx* + 10.

127
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Look at the original problem again:
Sx? + 10
5

This time, write the problem as factors:

sx7 410 S(f +2
5 5

Because% =1, the answer isl()cZ + 2, which is simply »” + 2.

The two ways to simplify the original fraction—separating into two
fractions or factoring—are both acceptable, and you may choose to do
the work with either method. In more complex algebraic fractions, fac-
toring is the easier way. Let’s see some examples:

d. Simplify: j;%f
C

Use the distributive property in reverse to factor the numerator and
denominator, and then simplify:

4+8 4(p+2 b2
4b+4c 4(p+c b+c

Solution:

JUST A MINUTE

Recall that division by 0 is not possible, so the possible values for the vari-
ables in a denominator cannot include any numbers that would make the
denominator equal zero. For example, if the denominator is a — 2, a cannot
be 2. If the denominator is x + 6, x cannot be —6. This doesn’t change the
solution process, but it can be included as part of the answer and is impor-
tant in higher-level math courses.

Be careful to know when to stop the simplifying process. You may be
tempted to say that b + b equals 1 and that the answer is = . However,
c

these b terms are actually being added to 2 and to ¢, so they are not
being divided by each other. The previous fraction answer is (b + 2)
divided by (b + ¢), and the only other way it could be written is to split
it—very carefully—into the sum of two fractions with the same denomi-
nators, as follows:

b+2 b 2

= +
b+c b+c b+
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These two fractions cannot be simplified. So the answer to the original
problem is best written as follows:

4 +8  b+2

4b+4c b+c’

e.  Simplify: 9018
-

JUST A MINUTE

A polynomial divided by itself equals 1. For example, (@ + b) + (@ + b) = 1;
X+y-3)+x+y-3)=1.

9d—18=9(ﬂ—2)=

Solution: 9

a—2 a—2
. . 3bc 3bc 3

f.  Simplify: = =
lmplybzc+b£Z bc(}+c b+c¢
L T4 8x+15

 Simplify: Y Fo¥ D

& Ry T T 12

Use your trinomial factoring skills from the previous hour to find the

factors of this numerator and denominator, then simplify:
Ca8r+15 (kH3(k+5 (k+S x4
HTe+12 (k+3(k+4 (k+4 x+ 4

Now try to simplify the following algebraic fractions, using the factoring
method. Check your answers on page 133.

1 8x +24
’ 43
) 9x2+45x_
’ rx+5
4 _ 3
3. Sx 315x _
Sx
2+ 6x+8
2t +3x 42

Being able to simplify to more complex algebraic fractions requires a
high level of analytical skill that increases your ability to analyze situ-
ations in other parts of your life. Seldom, if ever, will someone ask you
to factor a binomial. But the thought processes you must use to do this

129
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work build your brainpower in many other ways. Working with algebraic
fractions is definitely food for thought, and your abilities can now be
extended into more complex operations, including multiplication.

Multiplying Algebraic Fractions Containing
Exponents

Simplifying fractions by factoring prepares you for solving the following
multiplication problem:

1224

18 30
You could multiply the terms in the numerator, then multiply the terms
in the denominator, and then divide to get an answer. This would be a
lot of work with some very large numbers. But factoring each numerator
and denominator first allows you to simplify this problem quickly and to
efficiently find the answer. Notice that 6 is a factor of each of the four
numbers, so find the other factors that go with each 6:

12 24 2.6 4-6_2 4_38

1830 3-6

5.6 3 5 15

TIME SAVER
Finding the greatest common factor of the numerators and denominators
lets you simplify the fractions more quickly, but any common factor can be
used. For example, if 16 is in the numerator and 20 is in the denominator,
using 4 as the common factor is more efficient than using 2, which requires
an extra step; both approaches give the same answer eventually.

A shortcut in the previous example would be to divide each

term by 6, and you can do this as long as you watch each term carefully
to see what factor remains.

A very similar process is used when you multiply more complex algebraic
fractions.
18x°

Consider the problem —
2

20 . S .
. 3—3’ . This multiplication problem is most
x

easily simplified by factoring, dividing the common factors, and sub-
tracting the exponents. Follow the factoring shown here:
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18x 20y _3-62° 2:10y _ 610 _ 60

Zy3 .3x3 - 2y5 3’ xyz xyz

When you choose the factors of the larger numbers, look at the smaller
numbers in the problem and try to use them as factors of the larger
numbers. In the preceding example, 2 and 3 are in the denominators and
they are both factors of 18, while 2 is a factor of 20. So 3 - 6 was used for
the 18, and 2 - 10 for the 20.

If you had factored the 18 and 20 another way, such as 3 - 6 and 4 - 5,
the end result would still be the same. Your goal is simply to find com-
mon factors, and this process may take more or fewer steps than in the
example shown.

All the factors in the numerator are being multiplied, and all the factors
in the denominator are also being multiplied, so the order of the factors
does not change the final answer because of the commutative and asso-
ciative properties.

JUST A MINUTE

Recall from Hour 4 that the commutative property allows you to multiply two
algebraic factors in any order, and the answer will be the same:a-b =b - a.
The associative property allows you to multiply three or more algebraic fac-
tors by grouping them in any order, and the answer will be the same: (a - b) -
c=a-(b-o).

The next multiplication example shows factoring with the help of the

distributive property in reverse order:

302+ 9x 8 —10 _3w(k+3 2pr-5
h. 3 T 3 k3

The answer can be left in binomial form, which is preferred, or you can
FOIL it to create a polynomial.

Now consider a multiplication problem that includes a binomial with
exponents. This unique binomial needs to be factored by the reverse of

the FOIL method:

x+5 6x° x+5 6x° 6

¥ .x2—25: ¥ .()6—5()6‘+5 :x()C—S

As in example h, the answer is usually left in factored form, but you

could also write it like this: —

x° = Sx
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Now try multiplying the following fractions, checking your answers on
pages 133-134.

2x 25y
57)/3'2x2_
6 4xz+16x.3x—15=
3x 2
7 xzj‘). 8x’ _
x° x -3

Multiplying and dividing are very closely linked. Your multiplying skills
with simple and complex fractions will help you understand the division
problems in the final part of this hour.

Dividing Algebraic Fractions

In Hour 9 you learned how to divide polynomials by monomials, the
perfect introduction to your learning how to divide algebraic fractions.
The main difference this hour is that the problems are more complex
than they were in Hour 9, but with the help of factoring and simplifying,
you’ll find that dividing fractions is not difficult.

JUST A MINUTE

To divide by a number or variable, multiply by its reciprocal. To find the

reciprocal, switch the expressions in the numerator and denominator: the

X
reciprocal of 8 is g; the reciprocal of — is X.
y

X
Consider the following division problem:

j. 20x+ 4
Recall from Hours 4 and 9 that dividing by 4 is the same as multiplying

by the reciprocal of 4, which isi . So this problem could be written in
expanded form as follows:
20x+4=20x-l=5~4x»l=5x
4 4
A good shortcut you might use is to simply divide the coefficient 20 by 4
and get Sx. But the expanded form shown previously gives you the pro-
cess that works for simple and more complex division problems.



Algebraic Fractions: Simplifying, Multiplying, and Dividing 133

The next example shows several steps of factoring and simplifying. You
may be able to find the answer without each small step, but don’t forget
that the coefficients are simplified one way, and the exponents have their
own rules. Use as many of the expanded steps as you need to get the
answer:

16y 2y' 16y 9 2-8y 3.3 8.3 24

30T 9xt 3t 2yt 3 . A
When the division problem has fractions that include polynomials, it is a
good idea to first change the division to multiplication and then do the
factoring:

ﬂ1—8ﬂ+12;3ﬂ—6_ﬂ2—8ﬂ+12_ a+6
72 -3  a+6 -3  3a-6

(F-2((-6 a+6 _1

1.

h+6(p-6 3()-2 3

You may have been surprised that such a complex problem, with all those
polynomials, would have such a simple answer. That’s the power of sim-
plifying by factoring!

Now try these division problems, checking your answers on page 134.

253/3 . Sy
20 14x°
¢ -16 6+ 24

A—7c+10 -5

Answers to Sample Problems
8v+24 _8()+3

1. =8
x+3 x+3

2
5. 9 +45x:9x()€+5 — 0y

x+5 x+5

4 3 3 _
3. 5x—}15x:5x()€33:x_3

Sx Sx
4 xz+6x+8_()f+2()€+4_x+4
ot 3w+2 (f+l(k+2 x+d
5 12x 25y3:2~6x‘5»5y3:ﬁ

ST/3 . 2x? Sy3 2x? X
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4t +16x 3w —15_4x(p 4 (k-5 _

3 2 3x 2
MES ohes -5
29 gyt -3 +3 8y
E xxz .xiBZ()C x(z)c 'xi3:8x()c+3
p Lyi; Sy _25}/3.ﬁ_5~5y3'2~7x5_35chz
’ ¢ 1440 2w Sy T Sy - Y
9 - 16 ;6c+24= —16 c-5

F_7c+10  c—5  F-7c+10 60+ 242

(=44 (-5 _ -4

G-20G-5 o6(+4+ o(F-2
Hour’s Up!

Based on what you’ve learned in Hour 11, do the following problems.
Check your answers with the solution key in Appendix B.

Simplify:

6x + 24
x+4

a.x+4

b. 4

c. 6

d. 6

7xz—49x_
x =17

a. Tx

b. 7

c.x—7

d. x

3x° — 18x* _

4

3x
a. 3
b. x-6
c. 6
d. 3x
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x2+7x+12_
W 45x+6
x+4
Tx+2
x+ 2
x+4
x+3
x+ 2
x+ 4
x+3

Multiply:
20x* 12y
4y* St
4
a
Xy
o 12
Xy
12
c. —

xy

12

x’y
2x2+8x45x—15_

5 4

(o3 (-4

a. —————

2

A (s

2

(-4 (k-3
2
(k+4 (k+3

d ——F—

2

d.

6.

[+
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Divide:
15xz. Sx
4y 724)/5_
. 1227yt
. 8xy?
. 18xy
. 18xy*

a -9 ;2ﬂ+6_
=9 +18 a-3
a a+3
“2k-6
4-3
a—-06

a—3
"2k -6

a—3
"2+ 6
10. xz—710x+25+2x—10:

x° =16 x+4
x =95

o 0 T o




Algebraic Fractions:
Adding and Subtracting

CHAPTER SUMMARY
In this hour you will learn about ...

e Adding algebraic fractions e Finding and using least common
o Subtracting algebraic fractions denominators

Multiplying and dividing fractions in basic arithmetic and in algebra
involves a lot of factoring. Factoring will also be helpful as you combine
fractions with the last two operations—addition and subtraction.

Adding Algebraic Fractions

Let’s begin with an example from arithmetic. You will see that the pro-
cess used to add simple fractions applies directly to more complex alge-
braic fractions as well.

Consider the following addition problem:

7 02

RERNLS

10 10
Because the denominators are equal, this addition problem could be
written as a single fraction, with the numerators summed over the

denominator:
7 2 7+2
.
10 10 10

Because the 7 and the 2 are like terms, they can be added:
7,2 _7+2_9

1010 10 10
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This example from basic arithmetic can be extended slightly to become
an algebra problem that includes variables:

Tx  2x

e

10 10
Again, it can be written as a single fraction and the like terms combined,
as shown:

Tx N 20 Tx+2x¢ 9«

10 10 10 10

A common denominator is needed when two or more fractions are added.

STRICTLY DEFINED

E;] A common denominator is a number, variable, or polynomial that is the
same denominator for all the fractions in an addition problem.

As long as the fractions being added have equal denominators, you can
combine the numerators and create a single fraction, as in the following
examples:

4x+77x_4x+7x_&

15 15 15 15

11x and 15 have no common factors, so % is the simplified answer.

PROCEED WITH CAUTION

Always check the answer after you form the single fraction. To be simplified,
any factors common to the numerator and denominator must be divided out.
You can do this division mentally or show the steps of factoring the terms,

as you learned in Hour 11.

b 4i+£_5x_x
15

15 15 3
S5x and 15 have a common factor of 5, so each term must be divided by 5
to give the simplified answer of % .

34 744 4114

==

10 10 10 10

114 e
114? and 10 have no common factors, so —— is the simplified answer.

In algebra, unlike basic arithmetic, it’s acceptable to leave a fraction with
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a numerator larger than the denominator. Common factors do need to
be divided out, though, as you see in the next example:

Svt o 7xt 3xt  15x0 5w’

— Yt —+ == =

12y 12y 12y 12y 4y

5x* and 4y have no common factors, so ZL is the simplified answer.
y

Now try these addition problems, checking your answers on pages

143-144.

8x Tx

. —+—
3 3

2. - + e
12 12
20 44’ a

3. —+—+ ==
56 5b  5b

Recall from Hours 4 and 7 that subtracting is closely related to add-

ing. As you learn how to subtract fractions, you'll see that the process is
almost identical to the addition problems in the earlier section. However,
be prepared to watch for changing signs, just as you did when you sub-
tracted polynomials.

Subtracting Algebraic Fractions

Consider the following subtraction problem:
35

Ta Ta

JUST A MINUTE
Subtraction can be changed to addition if you change the signs of all the

terms in the second expression: (12x + 7) — (bx — 8) = 12x + 7 + (-5x) + (+8)
=7x+ 15

Because the denominators are equal, the two numerators can be com-
bined to form a single fraction:
35 3,5 _3+4(5)_ 2

74 7a T4 Ta Ta Ta
-2 and 7z have no common factors, so %2 is the simplified answer.
a

Watch the signs carefully if the first term is negative:

—6x  9x ﬂ+—97x_—6x+(—9x)=—15x=ﬂ=_3x

s 5 5 5 5 5 1
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-15 and 5 have a common factor of 5. Dividing both terms by 5 gives the
simplified answer of —3x.

In the following example, the second numerator is a binomial, but the

subtraction process is the same:
3 6b+5

10 10
By changing the signs in the binomial 65 + 5, this subtraction problem
becomes an addition problem, as shown here:
ﬁ_6b+5:ﬁ+—6h—5
10 10 10 10
Adding the fractions gives the following solution:
ﬁ_6b+5:ﬁ+—6b—5:3b+—6b—5:—3b—5
10 10 10 10 10 10

-3, -5, and 10 have no common factors, so — is the simplified

answer.

PROCEED WITH CAUTION
When you add or subtract fractions, the numerators can include polynomi-
als. Only the like terms can be added or subtracted to give a single term: 9x
and 5x are like terms and combine to 14x; 9x and 5 are not like terms and
cannot be combined into a single term—their sum is written 9x + 5.

When both numerators are binomials, changing the signs in the second

one allows you to add the fractions:
2x -7 3x—7_2x—7+—3x+7_2x—7+(—3x)+7_

14’ 14’ 14’ 1447 14’
L
14x° 14«

—x and 14x? have a common factor of x. Dividing both terms by x gives

the simplified answer of — .
14x

Now try the following problems, checking your answers on page 144.
37

8w Sx:
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5, 9054
16 16

6. 5xz 3 —4-7 _
13y~ 13y°

In all the addition and subtraction problems so far, the fractions had
common denominators. Combining the numerators allowed you to cre-
ate a single fraction. But what if the denominators are not equal? Your
factoring skills will help you get each problem into a new form, and then
you can do the adding and subtracting.

Finding and Using Least Common Denominators

When the denominators in fractions are not equal, those fractions can-
not be added or subtracted. Consider the following addition problem:
7.9
42
2 10
These two fractions cannot be combined into one single fraction—at
least, not the way they are now. If you can change one denominator to

equal the other, then you can combine them into one fraction.

Think about the two denominators, 2 and 10. If you multiply 2 times
5, you get 10. However, multiplying only the denominator 2 by 5 would
change the value of the first fraction. What if you multiply both the
numerator and denominator by 5? It would look like this:

7-5

2.5

5

Because = = 1, you are really just multiplying the original fraction by 1,
which doesn’t change its value. The addition problem would become this:
7-5 9 35 9
— 4y =4 =
2-5 10 10 10
This new addition problem is easily solved:
35,9 _#_2n
10 10 10 5
You began with the denominators of 2 and 10. Knowing that 2 is a fac-
tor of 10 allowed you to see that multiplying by the missing factor of
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5 would give you the common denominators you need when adding or
subtracting. The factoring process makes it all possible.

TIME SAVER

To find the common denominator, list the factors of the given denominators.
Using the factors that are in each denominator will lead you to the least
common denominator (LCD).

The following addition problem also has different denominators:
9 5

4 6
Because 4 is not a factor of 6, you need to find a new number that both
4 and 6 are factors of. There are many ways to do this, but the easiest is
to multiply the larger number, 6, by 2, which gives 12. Is 4 a factor of 12?
Yes. 4 times 3 is 12.

Multiplying the numerator and denominator of 3 by 2 and the numera-
tor and denominator of % by 3, you have found the least common

denominator, which is 12. You also have two fractions that can easily be

combined into one:
9-3+5-2_£+E_27+10_ﬂ
4.3 6-2 12 12 12 12

37 and 12 have no common factors, so % is the simplified answer.

The factoring process from the previous examples works in all problems
that need common denominators, including those with variables, as in
the next example:

LI

S’ 2047
The denominators already have common factors of «? that are equal,
but the coefficients, 5 and 20, are not. 5 times 4 is 20, so 4 is multiplied
by the original numerator and denominator in the first fraction:

8- 4 7 32 7 39

2 + 2 = Tt -
Sx? -4 20x7  20x7 2007 2047

39 and 20x? have no common factors, so % is the simplified answer.
e
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TIME SAVER

You do not need to show all the detailed solution steps. They are included
here as you learn the algebraic process. Combine some of the steps, if you
prefer.

The following problem shows different coefficients and variables in the
denominators of a subtraction problem, but finding the common factors

helps you find the LCD:
205
3 7b

3 and 7 have no common factors. Multiplying the larger number, 7, by 2

doesn’t help, since 3 is not a factor of 14. Multiplying 7 by 3 works, so 21
is part of the LCD. For the variables, # is a factor of * because b times 4?
equals #*. The LCD for this problem is 2153,

The first fraction’s numerator and denominator need to be multiplied by
7, and the second fraction’s numerator and denominator need to be mul-
tiplied by 34°. The work is shown here:

2¢-7 5-30° 14a 156  14a+ (-150°)

-7 7b300 218 21 200
None of the terms in the fraction have common factors, so
144 + (~150%)
215

is the simplified answer.

The previous problem is more complex, but the process works the same
as in the easier ones. Understanding and using the algebraic processes is
still your goal, no matter how complex the problem is.

Now try the following problems, checking your answers on page 144.

9 3
7. —+ =~ =
10x°  20x°
g 2 _3_
97  2a

Answers to Sample Problems

8x 7x 8x+7x 15x Sx

— 4+ —= =—="—=5x
3 3 3 3 1

Sx? 3’ _ Sx? + 347 _ 8x? 2’

2r g2 2 o 5%
12 12 12 12 3

L.
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3. Zl+47tlz i=2ﬂ+4ﬂ2+ﬂ=4dz+3d
56 5b  5b 5b 5b
W 37 34D _4_-1
8x  8x 8w 8x 2«
5 -94° B sz _ 94’ + (=54°) _ -144 _ izf
16 16 16 16 8
p Sx _—4:5x+(+4):5x+4
' 13y 13y 13y° 13y°
9 3 9.2 3 18 3 21
7o+ 7= 2 + 7= 7+ 2T 552
10x 20x 10x” -2 20x 20x 20x 226
8 i_i: 5.2 _3-9ﬂ2:£_27ﬂz:10+(—27ﬂ1)
9 20 94 -2 2a-94° 184  184° 184
Hour’s Up!

Based on what you’ve learned in Hour 12, do the following problems.
Check your answers with the solution key in Appendix B.

Simplify:

6x°

1.

a.

d.

9x

154°
10y

84 34’
—t —+ — =
156 156 15b

a.

b.

114
150
44’
156
44°
5b°
44
5b

9

Z+ 2
Sy 55y

2
a
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Ratios and Proportions:
Basic Percent Problems

CHAPTER SUMMARY
In this hour you will learn about ...
e Setting up and simplifying ratios to e Setting up and solving percent
solve problems problems

e Using proportions

You have been doing a lot of heavy lifting the past few hours, working
with complex polynomials and lots of operations and fractions. Most of
it has been leaning toward the theoretical side of the spectrum, with the
focus on polynomial expressions and few real-life problems.

This hour you return to the real world and discover the many ways alge-
bra can be helpful in comparing everything from student/teacher ratios
at different schools to the percentage of sugar in different brands of
breakfast cereal.

Setting Up and Simplifying Ratios to Solve
Problems

Comparing two numbers often means knowing which is greater than
the other, such as when you want to know if your favorite team won the
last game. Did your team score more points than the other team? On
another level, you learned all about plotting numbers on the real num-
ber line in Hour 2, and the > and < symbols give you an efficient way to
describe the relationship between two numbers.

Many times, though, you need to know how two numbers compare as a
ratio, which brings you back to the world of fractions—not theoretical
ones with polynomial terms, but more practical ones with much simpler
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GO TO «

Recall that writ-
ing an algebraic

or a basic fraction
in simplest terms
means finding the
common factors
of the numerator
and denominator
and dividing both
the numerator and
denominator by
those common fac-
tors. Refer to Hour
11 for examples of
this process.

numbers and variables. A good example from sports is a baseball player’s
batting average: the number of times the player gets on base after hitting
the ball is the numerator, and the number of times the player has been

at bat is the denominator. This fraction is then changed into a decimal.
This comparison process is what ratios are all about.

STRICTLY DEFINED

A ratio is a fraction that comes from dividing one number by another as a
way to compare the two numbers.

Ratios can be written in different forms, but they are all basically frac-
tions. The first number or variable named is the numerator, and the sec-
ond is the denominator.

The ratio of men to women in a meeting could be written one of the fol-
lowing three ways:

e Men to W men
* Men:Women
Men

L] J—
Women

If there are 15 men and 19 women, these expressions would become:

* 15t0 19
* 15:19
15
19
Ratios often compare different types of quantities, such as men to
women or miles traveled to gallons of gas used—you are not limited to
comparing things that are the same. If you are finding the ratio of the
cost of a loaf of white bread to a loaf of wheat bread, the terms are both
in dollars. Your ability to simplify algebraic fractions by factoring helps
you write the ratios in simplest terms. Whether the ratio includes num-
bers, variables, or both, be sure to simplify completely, as shown in the
following examples:

a. Find the student/teacher ratio for the English department at the
local community college that has 600 students taking English
classes and 20 English teachers.
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Solution: The fraction form is generally preferred. The first item listed
(students) becomes the numerator, and the second (teachers) becomes the
denominator.

600

—Ois the ratio, but this fraction has common factors in the numerator

and denominator and needs to be simplified.

10 is one common factor. Dividing 600 by 10 gives 60, and dividing 20
by 10 gives 2. The new fraction is this:

60

2

2 is a common factor, and dividing both terms by 2 gives this:
30
1

So the student/teacher ratio is 30 to 1.

This information can be used in many ways, but it’s important to realize
that ratios come from numbers that are put in fraction form and then
simplified. However, knowing that the ratio is 30 to 1 tells you noth-
ing about the number of students in any particular English class. In fact,
there may be 30 students in each of the 20 teachers’ classes, or it’s pos-
sible there are 90 students in some and 10 in others. Be aware of this as
you work with ratios.

b.  Write the following ratio in simplest form:

36x:26x

Solution: In fraction form, this ratio becomes:

36«
26x
Find the common factors (2 and x) and divide the numerator and denom-
inator by the common factors to put this ratio in simplest terms.
36x 18
26x 13
18

The simplified ratio is 18 to 13, 18:13, orl—3 .
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c.  Write the ratio

~— in simplest terms:
Sxy”
You may recall this type of problem—as well as the one in example
b—from your work with dividing polynomials and simplifying algebraic
fractions. Good! Your skills are coming together to help you see the
overlap among the different topics in algebra. You will use those prior
skills to do many of the problems in this section.

Solution: Find and divide by the common factors, which are 5, x, and y*.

109" _ 2y
35xtyt 7x

JUST A MINUTE
When simplifying algebraic fractions with exponents on the variables, write
the final answer with positive exponents. The x variable in example ¢ could

have a -3 exponent, but keeping the x variable in the denominator makes
the exponent +3.

When making ratios to compare quantities, in some cases you must con-
vert the unit measure of one to the other. For example, if you spend a
total of 120 minutes talking on the phone on a given day and a total of 3
hours in meetings on the same day, you can find the ratio of phone time
to meeting time. However, you cannot use 120 to 3 because minutes
and hours are different ways to measure the same thing: time. You need
to change the hours to minutes or the minutes to hours—the choice is
yours. Both solution methods are shown in the next example.

d.  Write the ratio of phone time to meeting time for a day when
you spend 120 minutes on the phone and 3 hours in meetings:

120 minutes:3 hours

Solution A: 120 minutes equals 2 hours, so the ratio of hours to hours
can be written in fraction form as follows:

2

3

Solution B: 3 hours equals 180 minutes, so the ratio of minutes to min-
utes can be written in fraction form as follows:
120

180
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TIME SAVER

Simplifying fractions—dividing the numerator and denominator by the com-
mon factor—can be done in small steps with small common factors or more
quickly with the greatest common factor. Either way, the final answer will be
the same. A calculator can help with the division process, especially when
the fraction contains larger numbers.

This fraction’s tems have a common factor of 10, so divide both by 10.

20 _12
180 18

These terms have a common factor of 6. Dividing both by 6 gives this:
0 _12_2
180 18 3

o L2 . .
With either method, the solution is =, so the ratio of time you spent on
the phone to meetings that day was 2 to 3.

If you had used 120:3, the ratio would be ? . Dividing by the common
factor of 3 gives this:

120 _ 40
3001

Certainly, that is a very different answer! And it’s the wrong answer.

Making ratios of different things—women to men, miles to gallons, stu-
dents to teachers—gives accurate answers. However, ratios of the same
type of measures—time, weight, and distance, to name a few—have to
be in the same type of units to give accurate answers.

Now try to write the following ratios in simplest terms, checking your
answers on page 160.

1. 84>244° =
2. 5 hours:60 minutes =
3. 18 days:2 weeks =

When you know how things compare as a ratio, you can set up equations
that help you solve specific problems. Let’s go back to the example of the
600 students who are taking English at the community college.
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GO TO «

Refer to Hour 5 for
additional examples
of solving equations
with addition, sub-

traction, multiplica-

tion, and division.

e. If the ratio of men to women taking English is 3 to 7, what is the
number of women taking English?

Solution: To write the equation for this problem, you have to work a bit
backward through the ratio process.

The ratio of men to women is 3 to 7, which is 3 . This ratio 3 could

have come from;—ﬂ . This is helpful because Ju could be written in
a

words as 3z to 72. The number of men (34) and women (72) in English
(600 students) is the sum of 3z and 74, so the equation could be written
as follows:

3a + 7a = 600
104 = 600
a =60

Because 34 is the number of men, 3 - 60 equals 180 men. The number of
women is 74, and 7 - 60 equals 420 women. In this example, the variable
is 4, but you may use any variable you prefer, as long as the same one
appears throughout the equation.

Now try these word problems, checking your answers on page 160.

4. The ratio of women to men attending the conference was 3 to 4.
How many of the 1,400 attendees were men?

5. The football team’s ratio of wins to losses was 5 to 4 last year.
How many of their 27 games did they win?

Ratios are a very efficient way to compare two quantities. When two
ratios are equal, the real-life applications of these equations are almost
limitless, as you will see in the next part of Hour 13.

Using Proportions

If you need 4 cups of flour to make 6 dozen of your favorite cookies, how
much flour will you need for 9 dozen cookies? A proportion gives you the
equation you solve to find the answer.

STRICTLY DEFINED

E;] A proportion is an equation made of two ratios that are equal to each other.
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The flour in a cookie recipe must be in the correct ratio with the other
ingredients to make the cookies taste right. If you want to make more
or fewer cookies than 6 dozen, the amount of flour—and the other
ingredients—must be adjusted. This real-life situation is a good example
of how proportions are used everywhere from home to work, sports to
finance, medical research to shopping.

The ratio in the flour problem comes from 4 cups of flour to 6 dozen

cookies. This ratio in fraction form is written as follows:
4

6

Dividing the numerator and denominator by the common factor 2 sim-
plifies the fraction to this:
4 2

6 3

The ratio of cups of flour to dozens of cookies is 2:3. This can also be
described as “2 cups of flour for every 3 dozen cookies.”

It takes 2 cups of flour to make 3 dozen cookies, and the ratio of the
flour to the number of cookies (in dozens) must be the same, no matter
how may cookies you want to bake. So the proportion for finding how
much flour (f) is needed to make 9 dozen cookies is this:

2_f

3.9

PROCEED WITH CAUTION

The ratios that form proportions must be written in the same order; if the first
ratio is cups of flour:dozens of cookies, the second one must also be cups
of flour:dozens of cookies.

This proportion equation is not very complex, but it also doesn’t look
like the equations you learned about in Hour 5.

The best way to solve a proportion is to multiply in an “x” pattern across
the equals sign, which leads to a new equation. The variable can then be

isolated. The method is shown here:

§=5e2'9=3~f—>18=3'f

Divide both sides of this equation by 3:
18+3=3f+356=f
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You will need 6 cups of flour to make 9 dozen cookies.

All proportions, including those with polynomial terms, can be solved by
this method, often called the “cross-product.” This is the most efficient
way to solve any equation made of one fraction that equals another frac-
tion, as in the following example:

f.  Solve for x: % = 9

4

Solution: The cross-product results in a new equation:
B 3 4-9.851m=T2
8 4

Divide both sides by 12:

120+12=72+12
x=6

To check, put 6 in for x in the original proportion:

3—9‘C=2—>g=2—>18‘4=9‘8—>72=72;
8 4 8 4

therefore, x = 6 is the solution.

g.  Solve for a: = ;

4
a—>5
JUST A MINUTE

More complex proportions can include binomials, which can be simplified by
the distributive property: x - (y +z) =x -y +x-zorx-(y+2z) X=X -y+x-2z

Solution: The cross-product results in a new equation:

2 4322 (-5 5122210
a-5 3

To help isolate the variable, add 10 to both sides:
12+10=24-10+10 = 22 =24

Dividing both sides by 2 solves the equation:

22+2=2a+2—>1l=a

To check, put 11 in for # in the original proportion:
4 2 4 2 4 2 4s2

- -
a-5 3 11-5 3 6 3 6=+2

Therefore, a = 11 is the solution.

Wl N
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Now try to solve these proportions, checking your answers on page 160.

6. *-8
376

7 b33
8 4

8. It took you 30 minutes to write 12 thank-you notes. How long
will it take to write 18 notes at the same rate?

This hour began with finding the student/teacher ratio for the English
classes at a community college. You also learned how to solve propor-
tions that include a variable. Now let’s move to the hour’s final goal:
comparing the percent of sugar per serving in different breakfast cereals.
All of these situations have ratios as their common element.

Setting Up and Solving Percent Problems

Earlier this hour you found that the ratio of men to women in a meeting
was 15:19. How does that compare to another meeting, where the ratio of
men to women was 5:7? Would writing the ratios in fraction form help?

How does B compare to i?
19 7

JUST A MINUTE 5
Recall that a fraction can always be written as a division problem: ; is the

same as 6+7; %4 is the same as 14+3.

Comparing two ratios or fractions can be confusing, especially when the
denominators are not the same. You could try to find a common denom-
inator, but there’s an easier way, especially with the help of a calculator.
You need a basic one with the +, —, -, and + operations for the rest of this
hour’s work.

The fractions % and ; are really just division problems and could be

written 15 + 19 and 5 = 7. If you had to divide 15 by 19 or 5 by 7, writing
out the long division would take a lot of time. Maybe you have even for-
gotten how to do a long-division problem!

A calculator can take the numbers and operations that you put in it and
do all the work for you. Let’s do 15 + 19 on your calculator:
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Find the + symbol on your calculator, but don’t touch it yet. First you need
to enter the 15 (the numerator of our fraction), then touch the + symbol,
then enter the 19, and then touch the = button.

You should see 0.78947... in the display. The calculator has changed %

into a decimal, and 0.78947... is .79 when rounded to the nearest hun-

dredth.
The decimal number .79, which is 79 hundredths, can be written as a

fraction: E

100

JUST A MINUTE

Remember that numbers have place values. For example, the first number to
the right of the decimal point has a place value of tenths. The second number
to the right of the decimal point has a place value of hundredths.

Now you know that ) is very close to being2 .
19 100

What is 5 + 7? Use the calculator again for this, and you should see
0.71428... in the display, which is .71, or 71 hundredths, when you round it
off to the nearest hundredth.

So 3 is very close to beingl .
7 100

Clearly, i is greater than1 . You now know that ) is greater thané .
100 100 19 7

The beauty of working with the decimal form of these fractions is that you
can see right away which is smaller or larger—they could also be equal.

The next step is to learn how percents fit into your knowledge of fractions
and decimals.

STRICTLY DEFINED

B;] The word percent means hundredths: eight percent means eight hundredths.
This can also be written: 8% means .08 or 8/100.

The fractions you compared, % and; , were changed into decimals with

your calculator’s help. Their decimal numbers were rounded to the near-
est hundredth because percents are another way to look at hundredths, as
shown in the following examples:
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h. Nine hundredths = 9 =.09=9%
100

i. 37 hundredths = i =.37=37%
100

Any fraction can be changed into a percent by first being written in deci-
mal form, using a calculator for the division, if necessary. The earlier

examples of % and ; could be written in percent form as 79% and 71%.

Because percents are used so often in many calculations related to business,
medicine, and finance, you need to know not only how to write fractions
as percents, but also how to use percents correctly. The key is to always
think of a percent problem as a proportion.

Although you will encounter three types of percent problems, one simple
proportion works for them all:
is %

of 100

Follow the solution steps for the next three examples to see how this pro-
portion helps you answer the questions:

j. 161is 20% of what number?

The “is” in this problem equals 16; the “of” in this problem equals the
unknown variable, so use x; and the % in this problem equals 20. Putting
all these terms into the proportion creates the following:

is % 16 20

= - ="

of 100 x 100

Recall that proportions can be solved with the cross-product method,
which gives an equation that can be solved by dividing both sides by 20:

1,600 = 20 - «
80 =

From this solution, you know that 16 is 20% of 80.
If you have done percent problems before, you may have learned different
methods for the different types of percent problems. But this simple

proportion 1 _ % works for all three. You just need to know what
of 100



158 Hour 13

each of the terms are in your specific problem: the “is,” the “of,” and

the %. The 100 term is always a constant and doesn’t change. Another
nice feature of this proportion is that you don’t move the decimal point
in the percent, which does happen in some other methods. 75% becomes
75 over 100 in the proportion.

k. What percent of 24 is 36? (Or, stated another way, 36 is what
percent of 24?)

(3]

Solution: The “is” in this problem equals 36; the “of” in this problem
equals 24, and the % in this problem equals the unknown, so use x.
Putting all these terms into the proportion creates the following:

is % 36 x

i S22
of 100 24 100

Using the cross-product method gives an equation that can be solved by
dividing both sides by 24:

3,600 = 24 - x
150 =«
x =150

From this solution, you know that 150% of 24 is 36. Yes, percent answers
can be more than 100. Be sure that, if you are trying to find a percent,
you remember to put the % symbol after your answer.

The third example is possibly the most common percent problem, and it
works nicely with the proportion method.

TIME SAVER

Another efficient way to find the percent of a number is to change the per-
cent to a decimal and multiply it times the number. What is 30% of 807 30%
=.30; Multiplying .30 times 80 equals 24. So 30% of 80 = 24. The percent
proportion method may be easier because it does not require changing the
percent to a decimal.

I.  What is 80% of 40?

The “is” in this problem equals the unknown variable, so use x; the “of”
in this problem equals 40, and the % in this problem equals 80. Putting
all these terms into the proportion creates the following:

is % x 80

J— - — = —

of 100 40 100
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Using the cross-product method gives an equation that can be solved by
dividing both sides by 100:

100x = 40 - 80
100x = 3,200
x =32

From this solution, you know that 32 is 80% of 40.

No matter what part of a percent problem you need to find, you can use
the proportion method to solve for the unknown.

Now try to solve the following percent problems, checking your answers
on page 160.

9. 42 is 60% of what number?
10.  What percent of 80 is 60?
11.  Whatis 90% of 70?

To finish this hour, let’s use percents to compare the sugar in different
brands of cereal. The nutrition label on each box lists percents of daily
value for many of the nutrition facts, which is helpful because that lets
you compare different amounts of nutrients directly.

But the sugar is not listed as a percent—it’s shown in amount per
serving—which makes it difficult to compare one cereal’s sugar content
to another. Percents allow you to make the comparison. Here’s how.

One brand of granola has 12 grams of sugar in a half-cup (55 grams)
serving, and another brand has 10 grams of sugar in a third-cup (37
grams) serving.

What percent of 55 is 122 What percent of 37 is 10? Using the percent
proportion, the solution steps follow:
B L1500 =550 x = 218%
of 100 55 100

M [
B_% 10X 1000 =370 - 2 = 27%
of 100 37 100

Changing the ratios to percents lets you compare the sugar in each
cereal. You might be surprised to see that 12 grams of sugar in a half-
cup serving is actually a lower percentage than 10 grams in a third-cup
serving.

159
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Next hour you will learn more percent applications, including how to
find percent of change for both increase and decrease. This hour, you
saw the power of proportions and their usefulness in so many specific
real-life situations. The basic math computations involved in solving
these problems also require algebra skills for isolating variables and find-
ing practical solutions. The fusion of math and algebra is probably most
evident in these ratio, proportion, and percent problems.

Answers to Sample Problems

1.
2.

10.

11.

84’ : 244" = Sa” = = 1
244 3

5 hours:60 minutes. Changing the 60 minutes to 1 hour, the
ratio becomes 5 hours:1 hour —>% .

18 days:2 weeks. Changing the 2 weeks to 14 days, the ratio

becomes 18 days:14 days —>§ = 2

14 7

women:men — 3:4; 32 + 44 = 1,400 — 72 = 1,400 — 2 = 200. To
find the number of men, which is 44, put 200 in for 2 — 4 - 200
= 800; there were 800 men attending the conference.
wins:losses = 5:4; 5a + 4a = 27 — 9a = 27 — a = 3. To find the
number of wins, which is 5z, put 3 in forz — 5 - 3 = 15; the
team won 15 games.

£:§—>12c=24—>c:2

3 6

b-3 3

T=1_>4()’_3 =3.8-4-12=24>4-12+12=
24+1254b=36->b=9

%=%—)30-18=12~x—)540=12x—>540+12=12x+

12 - 45 = x. It will take you 45 minutes at the same rate.

I % % 60 4500 = 60x = x = 70; 42 is 60% of 70
of 190 x 7100

Bl Y 56000 =80x — x=75%; 75% of

of 100 80 100

80 is 60

3 [0}

I % 2 0 00k = 6300 - x = 63; 63 s 90%

of 100 70 100

of 70
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Hour’s Up!
Based on what you’ve learned in Hour 13, do the following problems.

Check your answers with the solution key in Appendix B.

Simplify the following ratios:

1. 324%44°
a. 8
b. 8«
c. 842
d. 84°

2. 50 minutes:5 hours

o

1
N EHEE

3. 14 0z.:3 Ibs. (1 Ib. = 16 oz.)

14
a. —

3

Wt 0|~

7
24
Solve:
4. Ata conference, the ratio of men to women was 2:3. How many

men attended the conference of 270 people?

a. 54
b. 162
c. 108
d. 216
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5. The team’s ratio of wins to losses was 4:3. How many games did
they win out of their 28 games?
a. 4
b. 7
c. 12
d. 16

6. Solve for a: 2 = 8
Sa
a. 2
b. 4
c. 6
d. 8
+2

7. Solve for x: =~ =
a. 16
b. 20
c. 24
d. 48

w | o

8. It takes 3 cups of sugar to make 90 cookies. How much sugar
will you need for 60 cookies?
a. 6 cups
b. 5 cups
c. 4 cups
d. 2 cups

9.  What percent of 48 is 36?
. 75%
. 70%
. 80%
. 60%

o 0 T o

10. 15 is 30% of what number?
a. 40

b. 50

c. 60

d. 70



Ratios and Proportions:
Mixture and Work
Problems

CHAPTER SUMMARY
In this hour you will learn about ...
* Solving percent of increase or e Settingup andsolving work problems
decrease problems

e Setting up and solving mixture prob-
lems

Ratios, proportions, and percents help you solve many different prac-
tical problems, from adjusting a recipe’s ingredients to comparing the
time you spend on the phone at work to the time you spend in meetings.
In this next hour, you will learn additional ways percents are useful when
analyzing change, whether it’s the change in the price of an item that’s
now on sale or the change in your utility bills from one month to the
next. You will also be able to calculate not only the amount of different
items needed to make a certain mixture, but also the amount of time it
will take to get a job done if others help you. Algebra is the key to all
these real-life problems, even though they are very different situations.

Solving Percent of Increase or Decrease Problems
is % . . - .
€ =700 proportion gives you an efficient way to work with many
percent problems. But it doesn’t apply in some situations where percents
often occur, such as when you are comparing prices, enrollment num-
bers, business expenses, or other statistics and want to know the percent
of change.

Consider the following problem:

Your cable TV bill is now $90 per month. Last year you lived in another
city and paid only $72 for the same service. What is the percent of
increase for your cable service?
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Solution: This percent problem is about change, and even though you
can use the proportion from Hour 13 for many percent calculations, the
following proportion helps you find the percent of change from an origi-
nal amount to a new amount:

change in price % of change

original price 100

In the cable TV example here, you know the original price, $72, and
the new price, $90. The proportion uses the original price, but it also
uses the change in price—not the new price. Subtraction gives you the
change in price:

90-72 =18
You can now put all the numbers into the proportion, using x for the

unknown % of change:

change in price % of change

original price 100
18 X
72100
The cross-product process helps you create the next equation:
18-100=72 -«
1,800 = 72

Dividing both sides by 72:
25=x

Your cable bill has increased 25%.

. . change in price % of change .
This proportion— — gelmpHee - 8¢ works every time
original price 100
you want to calculate percent of change, whether it is an increase or a

decrease.

If you always find the change in price by using “new price” minus “old
price,” the percent answer will be positive if it was an increase, and it
will be negative if it was a decrease, as shown in the next example:
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Your employer had to cut back everyone’s hours this month to save on
expenses. You now work 20 hours a week, and you were working 25
hours each week. What is the percent of change in your hours per week?

Solution: This problem is about work schedule change, not price change,
but the change proportion still works. It can be shortened so that it
applies to all percent-of-change problems:
change %
original ~ 100

Put your numbers in the proportion. Use 25 for “original” because you
were working 25 hours a week before the slowdown. What is “change”?
Remember to use “new” minus “old” to find “change.” Your “new”
schedule is 20 hours, and your “old” was 25.

new — old — 20 — 25 = 20 + (=25) = =5

The numbers can now be put into the proportion:

change %
original ~ 100
-5 x
25100
The cross-product creates the equation:
=5-100=25-x
=500 = 25x
=500 + 25 = 25x + 25
-20=x

Your hours per week have decreased 20% because a negative percent
shows a decrease, just as a positive percent shows an increase in your

cable bill.
Let’s look at a utility bill comparison:

Last month your electricity bill was $68. The month before that it was
$80. What is the percent of change?

Solution: Find the change by subtracting “new” minus “old.” Careful
with this one—the words make it a bit difficult to know which bill is new
and which is old. Your “new” bill is $68, and your “old” bill was $80:

new — old — 68 — 80 = -12

165
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Put the numbers into the proportion:

change %
original ~ 100
-12  «x
80 100
The cross-product gives the following equation:
-12-100=80 - x
1,200 = 80x
-1,200 + 80 = 80x + 80
-15=w

Your utility bill decreased 15%, from $80 to $62.

The two proportions for all percent problems
is % J change %

—= an =
of 100 original 100

are very easy to use, and you should memorize them. It helps that they
both have the — after the equals signs. You will need to remember the

is/of and the change/original ratios before the equals signs, but writing
both proportions a few times will help keep them in your memory.

The percent-of-change proportion can lead to wrong answers if you for-
get that the first denominator must be the original number. Many peo-
ple mistakenly use the new number. If you remember to always use the
original, this proportion will be invaluable in finding percent of change,
as well as finding other terms of the proportion if you already know the
percent of change, as in the following example:

Enrollment at a local college increased 20% this year compared to a year
ago. There are 640 more students this year than last. How many stu-
dents were enrolled last year?

Solution: Use the percent-of-change proportion.
change %

original ~ 100
You already know the “change” is 640, the percent is 20, and « is the
unknown percent, so these terms can be put into the proportion:

change %
original 100
640 _ 20

x 100
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The cross-product creates the equation:

64,000 = 20x
64,000 = 20 = 20x = 20
3,200 = x

There were 3,200 students enrolled last year.

Now try these percent of change problems, checking your answers on
page 174.

1. The monthly rent for your apartment went up from $560 to
$644. What is the percent of increase?

2. A pair of shoes you bought regularly costs $48, but today it’s on
sale for only $36. What is the percent of change?

3. You saved $15 when you bought a sweater today at a store that
was having a sale of 25% off regular price. What was the regular
price of the sweater?

Proportions have played a large role in the percent work so far this hour.
The mixture problems that follow show that algebra comes in handy in
lots of places, from labs to grocery stores.

Setting Up and Solving Mixture Problems

When different items are combined to make a mixture, whether it’s a
saline solution or granola cereal, percents are often an important part of
finding the equation you need to solve.

Let’s look first at a saline solution problem. A chemist in a lab has 20
liters of a 25% saline solution. How many liters of water should be added
to make a solution that is 20% saline?

Drawing the liters of solution as barrels is helpful. In each mixture
problem, the percents are changed to decimal numbers. The lid of each
barrel shows the percent of that barrel’s salinity, written in decimal form.
The lower part of each barrel shows the number of liters in that barrel.

JUST A MINUTE
Percents can always be written in decimal form by moving the decimal point
two places to the left: 85% = .85; 5% = .05; 800% = 8. Decimal numbers
can always be written as percents by moving the decimal point two places
to the right: .18 = 18%; .01 = 1%; 2 = 200%.



168

Hour 14

In this problem, the 25% saline solution (in the first barrel, with .25 on
the lid) will have water (in the second barrel) added to make a new barrel.
Water is 0% saline, so 0 is on the lid of the second barrel. The new bar-
rel needs to be 20% saline, so .20 is on the lid. The chemist has 20 liters
in the first barrel and will be adding « liters in the second barrel to make
a new barrel that will hold 20 + « liters. The barrels are shown here:

Saline Solution ‘Water New Saline Solution

This illustration lets you see the problem clearly, and the equation is

easily written from the barrels. You multiply the numbers in each barrel
because “of” always indicates multiplication:

25.2040-2=.20-(0+2)
5=.20-204+.20.x

5=4+.2x
5-4=4+2x-4
1=.2x
1+.2=2x+.2
S5=u

JUST A MINUTE

Decimal numbers that end in a zero to the right of the decimal point can be
written with or without the zero(s): .50 = .5; 3.00 = 3.

5 liters of water need to be added to make a 20% saline solution.

The following mixture problem shows how to increase the acidity in a
solution. The method is similar to the saline problem, and the barrels
will help you write the equation.

A chemist in a lab has 30 liters of a 20% acidic solution. How many liters
of acid should be added to make a solution that is 40% acidic?

The 20% acid solution (in the first barrel, with .20 on the lid) will have
acid (in the second barrel) added to make a new barrel. Acid is 100%
acidic, and 100% = 1 in decimal form, so 1 is on the lid of the second
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barrel. The new barrel needs to be 40% acid, so .40 is on the lid. The
chemist has 30 liters in the first barrel and will be adding « liters in the
second barrel to make a new barrel that will hold 30 + x liters. The bar-
rels are shown here:

Acid Solution Acid New Acid Solution
] 5 7 e
The equation can now be written from the barrels’ labels:

20-30+1-2=.40-30+x)

JUST A MINUTE

When an equation has a variable on both sides of the equals sign, move the
variable with the smaller coefficient: 2x + 5=5x-7 - 2x+5-2x=5x-7
—-2X—>5=3-7->55+7=3-7+7—->12=3x > x=4.

6+x=40-30+ .40 x

6+x=12+ 4x
6+x—4x=12 + 4u - 4o
6+ .6x=12
6+.606-6=12-6
bx=6

bx+.6=6+.6

x=10

Adding 10 liters of acid will give a new solution that is 40% acidic.

The barrel system is an efficient way to organize the information in a
rather complex real-life situation to be used in an equation. When per-
cents are involved, they are changed to decimals. In the next example,
dollars are the units, along with pounds instead of liters, but the barrels
help you see that it’s really just an algebra problem that is easily solved.

Consider a granola mixture problem:

A store’s produce department sells granola in bulk and makes its own
custom mixture from a combination of granola and nut clusters. The
granola costs $2 per pound, and the nut clusters cost $5 per pound. They
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want to make 60 pounds of the custom mixture that will cost $3 per
pound. How much of the granola and nut clusters will it take?

Solution: The first barrel is for the granola, and the second barrel is for
nut clusters. The new mixture is in the barrel after the equals sign. This
problem doesn’t give an amount for either of the ingredients, but you do
know there will be a total of 60 pounds in the new mixture barrel. If you
let x be the pounds of granola, then 60 — x is the pounds of nut clusters.
(Adding x and 60 — x equals 60, which is the total you want in the new
barrel.) The barrels can be labeled as shown here:

Granola Nut Clusters Custom Mix
o) e = G
Write the equation from the labels on the barrels:

2.045-(60-2)=3-60
204+5.60-5.2=180
22+ 300 - Sx = 180

—3x + 300 = 180

—3x + 300 - 300 = 180 — 300
—3x=-120
Bx+-3=-120+-3

x =40

Because « is the pounds of granola, it will take 40 pounds of granola and
20 pounds (from 60 — x) of the nut clusters to make 60 pounds of the
custom mixture.

Now try the following mixture problems, checking your answers on
pages 174-175.

4. How many liters of water should be added to 10 liters of 40%
acidic solution to make a new solution that is 25% acidic?

5. You want to make a new candy mixture from jelly beans and
chocolate candies. The jelly beans cost $2 a pound, and the
chocolate costs $5 a pound. How much of each candy will you
need to make 30 pounds of the new mixture that costs $4 a
pound?
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Mixture problems can most efficiently be shown as barrel drawings that
lead you directly to the algebraic equation. Work problems also have a
specific method that helps you write the equation. Let’s finish this hour
learning about the effect of people working together to get a job done.

Setting Up and Solving Work Problems

Setting up work schedules for a large business or a small shop has many
elements that need to be considered. Algebraic equations are a big part
of the decision making that goes into analyzing how long it takes more
than one person to do a certain job.

In this last part of Hour 14, you may be surprised when you see how
long it takes two people to do a job that they usually do separately.

Consider the following problem:

If it takes you 20 minutes to load packages onto the delivery truck and it
takes Joe 30 minutes to do the same loading job, how long will it take if
you both work together?

Solution: The method used to solve this type of problem is based on
work rates. The following general work equation helps you find the time
() it takes for two people—a and s—to do a job when they work together.
tot_,
a b
The variables # and & represent the time it takes each person to do the
given job when they are working alone. Putting in the example’s num-
bers creates the following equation:
t t
—+—-=1
a b
t t
L .
20 30

PROCEED WITH CAUTION

Recall that a proportion is two ratios that are equal to each other. The equa-
tions in these work-related problems are not proportions: the two ratios are
not equal to each other—they are added to equal 1.

To solve for #, you need to move the 20 and the 30 to the other side of
the equals sign. This problem isn’t a proportion, so the cross-product
method won’t help solve this equation.
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The key to isolating the variable 7 is the multiplication property of
equality, which happens to be the same property that helps you solve
proportions. If you multiply both sides of the equation by the least com-
mon denominator (LCD) for 20 and 30, the equation will be in a much
simpler form.

30 is not the LCD because 20 is not a factor of 30. The easiest way to
find the LCD for 20 and 30 is to multiply the larger number, 30, by 2.
This equals 60, and 20 is a factor of 60, so the LCD is 60. The solution
steps for the equation are shown here:
t t
— — =
20 30

0-[L+-L]=1-60
2030

60—~ 460 L =60

20 30

3t + 2t = 60
5t = 60

5t+5=60+5
t=12

Working together, it will take only 12 minutes for you and Joe to load
the delivery truck, as long as you both work at your regular speeds.

The answer to this type of work-together problem is usually a fraction,
as in the following example:

You work for the maintenance department of a large apartment building.
Before new tenants move in, you paint the walls of each apartment. If
you can paint all bedroom walls and ceiling in a two-bedroom apartment
in three hours and another employee can paint the same number of walls
and the ceiling in the same apartment in four hours, how long will it
take if you both work together to paint one apartment?

Solution: The general work equation is used for this problem:

RN

+—=1

W~ X
Pl =~
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To find the LCD, multiply 4 times 2, which is 8. Since 3 is not a factor
of 8, multiply 4 times 3, which is 12 and the LCD. Multiplying both
sides of the equation by 12 will help you isolate the variable:

2Ly ton
3 4

4r + 3t =12

7t =12
Tt+7=12+7

12

t=—

7

Using a calculator to divide 12 by 7 gives a decimal answer of about 1.7.
The times in the problem are in hours, as is the answer, so it will take
about 1.7 hours if you both paint the apartment together, or a little less
than 2 hours.

The work equation can also be used if three or more people are all work-

ing together—the LCD may be a little harder to find, but it can be done.

The equation for three workers would be as follows:

tot ot

—+—-+—=1

a b ¢
This problem-solving technique applies only to a job that can be done
by more than one person at the same time, not an assembly-line type job
where many lines of work are in progress. The ability to calculate the
amount of time it takes for people to do a job working together instead
of separately relies heavily on algebraic skills, and you have mastered
them.

Now try these work problems, checking your answers on page 175.

6. When you work alone, it takes you 2 hours to mow the lawn
on a rider mower. Your brother can mow it in 4 hours walking
behind a self-propelled mower. How long will it take if you both
work together?
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7. You can vacuum the restaurant’s floor area after closing time
in 10 minutes. Using an older vacuum cleaner that doesn’t work
as well, your co-worker takes 15 minutes. If you both work
together to get the job done, how long will it take?

Answers to Sample Problems
1 change % 84  x

3.

4.

5.

— —— = —— — 8400 = 560x — 84008+ 560 =

" original ~ 100 " 560 100

560x + 560 — 15 = x. The percent of increase is 15%.

O —
change _ % 12 X 15002 48y - —1200 + 48 =

" original ~ 100 ~ 48 © 100

48x + 48 — —25 = x. The percent of decrease is 25% (-25% is a

decrease).

change % 15 25
- L

——= = — 1500 = 25x — 1500 + 25 = 254 + 25 —
original 100  « 100

60 = x. The regular price of the sweater was $60.

Acidic Solution Water New Acidic Solution

40 S 0 > 25 5
o 7 G = e
A40-10+0-2=.25-(10 +x)

4=25-10+.25 -x

4=25+ .25«

4-25=25+.25¢-25

1.5 = 25«

1.5 +.25=.25x+ .25
6=x

6 liters of water need to be added.

Jelly Beans Chocolate New Candy Mix

= o] -
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2.x+5-30-x=4-30
20+ 5-30-5-2=120
20 + 150 = 5x =120

3x + 150 =120

=3x + 150 - 150 = 120 -150
—3x=-30
=Bx+-3=-30+-3

x =10

10 pounds of jelly beans and 20 pounds of chocolate

8- Lyg.L=g
277,

4t +2t =8

6t =8
6t+6=8+6
8 4

6 3
It will take about 1.3 hours to mow the lawn if you both work
together.

t ot
—+—=1
10 15

30| L+L]=1-30
1015

7.

30- 24302 =30
10 15

3t + 2t =30
5t =30
5t +5=30+5
t=6

It will take 6 minutes if you both work together.
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Hour’s Up!

Based on what you’ve learned in Hour 14, do the following problems.
Check your answers with the solution key in Appendix B.

1.

Your water bill last month was $24. The month before that, it
was $20. What is the percent of change?

a. Increase of 10%

b. Increase of 20%

c. Decrease of 16%

d. Decrease of 20%

The monthly rent for your new apartment is $605. You paid
$550 each month for your old apartment. What is the percent of
change?

a. Increase of 9%

b. Decrease of 9%

c. Decrease of 10%

d. Increase of 10%

You bought a pair of boots on sale for $90. The regular price
was $120. What was the percent of change?

a. Decrease of 25%

b. Increase of 25%

c. Decrease of 33%

d. Increase of 33%

Your boss needs you to work more hours next week to help cover
another employee who will be on vacation. This week you are
working 25 hours, and next week you are scheduled for 30 hours.
What is the percent of change?

a. Increase of 17%

b. Decrease of 17%

c. Increase of 20%

d. Decrease of 20%
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How much acid should be added to 20 liters of 25% acidic solu-
tion to make a new solution that is 40% acidic?

a. 5 liters

b. 10 liters

c. 15 liters

d. 20 liters

How much water should be added to 50 liters of 30% saline solu-
tion to make a new solution that is 20% saline?

a. 10 liters

b. 15 liters

c. 20 liters

d. 25 liters

Pecans and walnuts will be combined to make 40 pounds of nut
mixture that costs $6 per pound. The pecans cost $8 per pound,
and the walnuts cost $3 per pound. How many pounds of pecans
and of walnuts will it take to make the nut mixture?

a. 24 pounds of pecans, 16 pounds of walnuts

b. 16 pounds of pecans, 24 pounds of walnuts

c. 20 pounds of pecans, 20 pounds of walnuts

d. 10 pounds of pecans, 30 pounds of walnuts

You can load 600 boxes into the semi-trailer in 30 minutes. Your
co-worker is very fast and takes only 15 minutes to do the same
job. How long will it take if you both load the truck together?

a. 5 minutes

b. 10 minutes

c. 12 minutes

d. 15 minutes

It takes you 40 minutes to wash your car by hand in the drive-
way. Your brother washes it in 30 minutes. How long will it take
if you both wash it together?

a. About 10 minutes

b. About 13 minutes

c. About 17 minutes

d. About 20 minutes
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10.

You can unload and stack a cord of wood in 2 hours. Your
brother takes 3 hours to do the same job. How long will it take
if you both work together?

a. 1.2 hours

b. 2.2 hours

c. 2.4 hours

d. 2.6 hours
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Equations with Two
Variables: Graphing

CHAPTER SUMMARY

In this hour you will learn about ...

* Plotting ordered pairs on a graph * Finding the slope of a line, given two
* Graphing two-variable equations points
using the intercepts * Writing the slope-intercept form of a

linear equation

The real-life applications of ratios, proportions, and percents in the
previous two hours of study brought together your knowledge of poly-
nomials, algebraic fractions, and simplifying expressions. The variety of
real-world problems you can now solve is a perfect example of why it’s
important to understand and use algebra with confidence.

Think back for a moment to solving equations. Your goal in solving all
the equations so far has been to isolate the variable. Each equation had
a single variable, although sometimes it appeared on both sides of the
equals sign. This hour marks a turning point in your study of algebra.
Most of the work from now on focuses on working with two differ-
ent variables in each equation, which will expand your thinking skills
greatly!

Plotting Ordered Pairs on a Graph

The number line lets you graph points anywhere along its length,
whether the number is positive, negative, zero, a whole number, a frac-
tion, or a decimal—each number has its place somewhere on the number
line. An equation with one variable might have one solution, or it might
have no solution, as in the following examples.

Solve: o —2 =3

Solution: x =2 +2=3+2—>x=5
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Graph the solution on a number line:

A
o -@
\

Solve: x + 4 =x+3
Solution: v +4=x+3 5ax+4-x=x+3-x—>4=3
Because 4 cannot equal 3, this equation has no solution.

An equation with two different variables might have many solutions, as
in the next example.

Solve: x +y =6

Solution: With two variables, x and y can be many possible answers,
including x = 1 when y = 5. Instead of having a single answer, this equa-
tion has a pair of numbers as an answer. To graph this solution, you need
a two-dimensional graph.

This new graph begins with the number line you have been using for
plotting points. Through the zero point on that line, a vertical line is
drawn. This new line is labeled with positive numbers above the zero
and negative numbers below the zero.

The horizontal line is called the x-axis, and the vertical line is the y-axis.
The point you are graphing has an x value of 1 and a y value of 5. The
most efficient way to describe these values is as a pair of numbers:

(@y) = (1,5)

Another possible solution to the equation x +y = 6 is x =4 when y = 2,
and that pair of numbers would be written:

(xy) = (4,2)

To graph these two ordered pairs, begin with the first pair, (1,5). Because
x =1, find +1 on the horizontal line (the x-axis). Because y = 5, rise up 5
marks to +5. This point is shown on the following graph.

STRICTLY DEFINED

An ordered pair is a pair of numbers that represents a solution to an equa-
tion with two variables. It is called an “ordered” pair because the location of
(8,4) is not the same as the location of (4,3).
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The second pair, (4,2), is graphed similarly: because x = 4, find +4 on the
x-axis, then rise up 2 marks to +2. These two points have been graphed
in the following figure, with arrows showing the process:

Ordered pairs can also have negative numbers as one or both of the val-
ues. To graph (5,-3), begin at +5 on the x-axis, then go down 3 marks to
=3. If the ordered pair is (-4,3), begin at -4, to the left of 0 on the x-axis,
then go up 3 to +3. This graphing process for each of these points fol-
lows:

10, Y
8
6
-43) 4
T .
=10 -8 —6 -4 -2 0 2 4 6 8 ﬂlx

(5,-3)
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Fyl The point (0,0) is often called the origin because you start at (0,0) when
you graph each ordered pair. An ordered pair can also have 0 as the x or y
value: the point (0,4) is up 4 on the y-axis; the point (-3,0) is 3 to the left on
the x-axis.

Now try graphing the following ordered pairs on the following graph,
checking your answers on page 194.

1. 62
2. (24
3. (55,%)

Graphing ordered pairs helps you find many of the solutions for equa-
tions with two variables, as you will learn in the next section.

Graphing Two-Variable Equations Using the
Intercepts

As you saw in the earlier equation sample, when there are two different
variables in an equation, there are many solutions, shown as ordered
pairs.
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Look again at the equation x + y = 6. Two of the ordered pair solutions
you graphed on the axes were (1,5) and (4,2). Plot them again on the fol-
lowing graph:

With the edge of a ruler, index card, or any straightedge, draw the line
to connect these two points, extending the line up past and down below
both points, going as far as you can in both directions while still staying
on the graph. Did your line go through any other whole-number points?
If you graphed the points correctly and drew the line joining them care-
fully, the line should go through each of these points: (0,6), (2,4), (3,3),
(5,1), and (6,0).

Putting each of these pairs of numbers into the equation x + y = 6 should
make a true equation. For example, the ordered pair (0,6) would become
0 + 6 = 6, which is true. In fact, each point’s x and y values will sum to 6.

This tells you that if you can find just two ordered pairs that make an
equation true, graphing those points and drawing the line that connects
them will show you all the ordered pairs that make the equation true.

Return once again to that sample equation, x + y = 6. The two ordered
pairs that are the easiest to find are when x = 0, so y = 6 and when y = 0,
so x = 6. These ordered pairs are (0,6) and (6,0). Graphing those in the
very beginning and drawing the line that connects them gives you all
the other solutions that are listed above.

185
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In fact, the points (0,6) and (6,0) are so helpful as you try to find the
solutions to the equation that they have special names:

(0,6) is where the line meets the y-axis, so (0,6) is called the
y-intercept.
(6,0) is where the line meets the x-axis, so (6,0) is called the
x-intercept.

Together the points (0,6) and (6,0) are called the intercepts, and they are
not only easy to find from the original equation, but they are easy to
plot on the graph.

Look back at your graph of x + y = 6. The line should have also gone
through other easily named points, including (-1,7) and (-2,8), as well

as (7,-1) and (8,-2). Notice that each of these ordered pairs makes a true
statement when they are put into the equation x + y = 6. They are all cer-
tainly solutions, just as the points listed previously are.

There is actually an infinite number of points on this line that are all
solutions for the equation, and they include all the whole-number pairs
such as (9,-3) and (10,-4). But don’t stop there—all the fractional and
decimal ordered pairs on this same line are also solutions, including
(2.5,3.5), (2.51,3.49), and (-1.3,7.3).

STRICTLY DEFINED

An infinite number of points means that there are so many, they cannot
be counted; the concept of an infinite number indicates that the number
increases without an upper bound or is never-ending.

The list is endless, but the good news is that by drawing the line that
connects any two of the easily found solutions, you are able to show all
the solutions because the solutions are all the points on the line.

Let’s look at another equation and graph its intercepts:

x-y=2

Solution: Let x equal 0 - 0 —y =2

To solve 0 —y = 2, adding y to both sides makes the equation a little
easier to work with:

0-y+y=2+y—>0=2+y—>0-2=2+y-2—>5-2=y
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So (0,-2) is a solution for this equation, and it’s an intercept on the graph.

Now letyequal 0 »x-0=2 - x=2.
So (2,0) is a solution for this equation, and it’s also an intercept on the
graph.

Plot these two key points on the following graph. Connecting them
shows you the line containing every ordered pair that is a solution to
this equation.

Your line should go through (6,4) and (-1,-3), as well as many others.
Each of these ordered pairs makes a true statement when they are put
intox —y=2.

Now try to graph the intercepts of the following equations, draw the
line, and list two other ordered pairs that are also solutions. Check your
answers on pages 194-195.

4. x+y=5
5. x+y=-6
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1: y
6
-10 -8 —6 —4 -2 ;;) 2 4 6 8 10 X
-4
E
‘: y
6
=10 -8 -6 -4 -2 ;;) 2 4 6 8 10 5'e
—4
5

The graphs of the two equations in previous problems 4 and 5 resulted
in lines that are not horizontal or vertical. Comparing the lines, you see
that both slant downward to the right. Your skills with ratios will help
you analyze these and other lines in the next section.
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Finding the Slope of a Line, Given Two Points

Consider the lines in the two following graphs. Line A connects the
points (0,0) and (4,4), and line B connects the points (0,0) and (1,4). Each
line has been extended above and below the points a short distance.

! (4.4)

9 (1.4)

As you read the following facts about lines A and B, refer to the previous
graphs.

Both lines are slanted, and they both rise to the right, with the second
line rising more steeply.

Both lines go through (0,0), with line A going through (4,4), while line B
rises more steeply and goes through (1,4).
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In algebra, the word that describes a line’s slant is slope. The slope of a
line is the ratio of a line’s rise to its run. You'll use a formula to find this
ratio, but let’s look at two examples first:

Lines A and B have been drawn again on the following graphs,
and this time the rise and run of each line are labeled.

STRICTLY DEFINED

A line’s slope is the steepness of the line as you move from one point to
another along the line. Slope is based on how much the line rises compared
to its horizontal change, which is the ratio of rise to run.

(4.4)

Rise =4

Run=4

5 4 3 2 1 23 4 3 ¢

9 (1.4)

Rise =4

3 -2 1 2 3458

“~Run=1




Equations with Two Variables: Graphing 191

. . . . 4
Line A’s ratio of rise to run is 4:4, or 7 =1.

. . . . 4
Line B’s ratio of rise to run is 4:1, or 1 =4.

Line B is rising more steeply than line A. Line B’s slope is 4, which is
much higher than line A’s slope of 1. This is consistent with the slopes
of all graphed lines: the steeper the line, the higher the absolute value of
the slope.

Now try to find the slope of the following lines that are graphed here,
checking your answers on page 195.

6. 7.

(23)
(4.2)

Rise = 6

Rise = 6

When an equation is graphed, you have a visual image of the line’s slope.
In the previous graphs, the rise and run are labeled for you, so finding
the ratio of rise to run is easy. Also, both lines A and B are rising to the
right, and their slopes are positive, which is true for all lines that rise to
the right.

STRICTLY DEFINED
E;] The rise of a line is the difference of the y values of two ordered pairs on
that line. The run of a line is the difference of the x values of two ordered
pairs on the line.
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Looking at the graphed line does allow you to find the rise and run by
counting. But there’s also a way to find the rise and run without even
seeing the line—all you need to know are the two ordered pairs that are
on the line.

The rise is found by subtracting the y values of the two points, and the
run is found by subtracting the x values of the same two points.

Try this method with a line that you already know the slope of, such as
the line that goes through (0,0) and (1,4):

The y values of the ordered pairs are 0 and 4, so the rise is 0 — 4= —4.
The x values of the ordered pairs are 0 and 1, so the runis 0 - 1 = -1.
Slope is the ratio of rise to run — —4 to -1 —>)il} =4.

You know the slope is 4 from using the rise and run labeled on the graph.
You found the same slope by calculating the rise and run with the sub-
traction method.

Knowing two points on a line enables you to find the slope of that line
without having to graph the line, and the subtraction method is in for-
mula form here:

rise difference of y values

Slope = run  difference oaf values

PROCEED WITH CAUTION
Be careful to use the y values of the ordered pairs as the numerator and the
X values in the denominator when finding the slope of a line: the ratio of 4 to
3 is not the same as the ratio of 3 to 4.

For example, if the points (2,3) and (6,8) are on the line, to find the slope
of this line, find the rise and run as follows:

Slope = rise  difference of y values 3-8 -5 5

run difference of xvalues  2—6 -4 4

The slope of the line containing (2,3) and (6,8) is % .

What if you listed the same two points as (6,8) and (2,3)? Will the slope

be the same?
rise  difference of y values 8 -3 5

Slope = =

difference of xvalues 6 — 2 4
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Yes, the slope is the same. If you graphed these two ordered pairs and drew
the line connecting them, there is only one line—it doesn’t matter which
point you happen to graph before the other, so of course the slope is the
same number, no matter which point you may choose as the “starting
point.”

All the slopes in this section have been positive, but slopes can be nega-
tive. Lines that fall to the right have negative slopes, as in the following
example:

Find the slope of the line containing the points (3,5) and (7,0):
rise difference of y values  5-0 5 5

Slope = mn  difference of vvalues  3-7 4 4
Graphing these two points would show you that the line does fall to the
right, but using the slope formula confirms it. The slope of the line

containing the points (3,5) and (7,0) is —%.

The final example shows how to find the slope when one or more of the x
or y values in the ordered pairs are negative:
Find the slope of the line containing the points (-2,6) and (-5,-3):

Slope = mise difference of y values _ 6 — (—3) _6+3 _9_3

run difference of v values -2 —(=5)  -2+5 3 1

If you are careful with the subtraction process and watch the negative signs
of the terms, your algebra skills will get you through this more complex-
looking problem easily.

Now try to find the slope of the line containing the following points,
checking your answers on page 195.

8. (0,8 and (10,0)
9. (-5,3) and (-2,-1)
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Answers to Sample Problems
1,2.,3.

4.

x+y=5
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5. x+y=-6

6
6. The slope of the line is the ratio of rise to run. — 7=

N W

7. The slope of the line is the ratio of rise to run. — g =

8. (0,8) and (10,0) — Slope =
rise difference of y values 8 — 0 8 4
5

mn  difference of xvalues 0 — 10 -10
9. (-5,3) and (-2,-1) — Slope =
tise difference of y values 3 — (}1 3+1 4 4
3

mun  difference of x values -5 — ()—2 T 542 30

Hour’s Up!
Based on what you’ve learned in Hour 15, do the following problems.

Check your answers with the solution key in Appendix B.

For problems 1 through 4, graph the intercepts of the following equation,
and draw the line connecting the intercepts. Choose the ordered pair in
each problem that is on the graphed line.
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x+y=-3
a. (2,5
b. (3,0)
c. 2,-5)
d. (1,-5)

x+y=7
a. (8,1)
b. (8,-1)
c. (1,8)
d. (1,-8)

S0 -8
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v+y=4
a. 2,-3)
b. (3,2)
c. 3,-2)
d. 2,3)

x-y=4
a. (-1,-5)
b. (-5,-1)
c. (1,-5)
d. (0,4)
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Find the slope of the line in the following graph:

a. 3
b. -

c. ——

Run =9

(6,6)

Rise =3

6 -5 -4 -3 -2

Find the slope of the line graphed next:

Rise =8




10.
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Find the slope of the line containing the points (2,4) and (6,10).

3
a.

2
b. =
3
7
c. —
6
a -3
2

Find the slope of the line containing the points (-3,8) and (5,2).

4
a. ——

3
b.

o
B w|

d -2
4

Find the slope of the line containing the points (-1,-7) and
3,7

199






Equations with
Two Variables:
Equations of Lines

CHAPTER SUMMARY

In this hour you will learn about ...

e Finding the equation of aline from the ¢ Finding the equation of a line from
slope and y-intercept two points on the line
e Finding the equation of aline from the ¢ Solving direct variation problems

slope and a point on the line e Solving inverse variation problems

Last hour’s graphing of points and lines from equations with an x and
a y variable showed you one way to find many ordered pairs that are true
for a given equation. Plotting the intercepts allowed you to draw the line
that contains each equation’s solutions.

This hour you will learn how to use a line’s slope and key points to
write that line’s equation—in some ways, the reverse of the process you

learned last hour—along with how to solve real-life problems about
direct and inverse variation.

Finding the Equation of a Line from the Slope and
y-Intercept

The graph of the equation y — 2x = 6 follows. When x = 0, y = 6, and
when y = 0, x = -3. These two key points are the ordered pairs (0,6) and
(=3,0). (0,6) is the y-intercept, and (-3,0) is the x-intercept.

JUST A MINUTE

Ordered pairs are always written as (x,y) points and are graphed with the
first number as x and the second number as y. The ordered pair (2,3) is

graphed by moving two units to the right of (0,0) and then moving three
units up.
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The slope of this line is the ratio of rise to run — 6 to 3 — 2.

(0,6)

(=3,0)

The preceding graph came from the equation y — 2x = 6.

If you move some of the terms and isolate the y variable, the equation
would be this:

y—-2x=6
y-2x+2x=6+2x
y=06+2x
y=2x+6

JUST A MINUTE

To “isolate the variable y” is the same as to “solve the equation for y.” The y
variable needs to be alone on the left side, and the x variable and the num-
ber, or constant, term need to be on the right side of the equals sign.

When the equation is written as y = 2x + 6, the 2 is the slope and the 6 is
the y-intercept of the graph.

Looking at the intercepts and slope of the next two graphs might help
you see this is not a coincidence—there’s definitely a close connection
between the numbers in the equation and the slope and y-intercept:

lineA:y=x+3 lineB:y=-2x+6
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0.3)
/

k (0,6)

Y

y-intercept: 3 y-intercept: 6
rse 3 rise 6
——— = = =——=—=-2
slope= p—— 1 slope 3
Line A’s equation: Line B’s equation:
y=x+3 y=-2x+6

Did you notice that the slope and the y-intercept from each graph also
appear in the equation? (The x-intercept is helpful for graphing, but it
isn’t included in the equation.)
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In each equation, the y is isolated on the left side of the equals sign. The
x with its coefficient is on the right side, followed by a number, called a
constant. The slope is the coefficient of the x term, and the y-intercept is
the constant. This leads to the slope/intercept formula for the graph of a
line:

y =mx + b, where m equals the slope of the line and # equals the
y-intercept
The following graphs give additional examples of possible 7 and & values,
as shown by the slope and y-intercepts of these lines:

line C:y=3x-1 line D: y=%x+2

(1.2)

(0,-1) (

(4.3)
0.2)
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Fyl The key information you need from each graph is the slope of the line and
the y-intercept—the x-intercept cannot be directly read from the equation of
aline.

From the equation for line C, y = 3x — 1, you can see that m =3 and b =
—1. The graph of line C does have a y-intercept of -1 and a slope of 3.

From the equation for line D, y = %x + 2, you can see that 7 = 1 and
b = 2. The graph of line D does have a y-intercept of 2 and a slope of % .

The important part of this connection between the line and the equation
is that if you know the slope and y-intercept for any line, you can write
the equation for that line.

You might know the line’s slope and y-intercept from examining the
graph of the line, or you might simply be told what the slope and
y-intercept are. Either way, the equation for the line is based on
y=mx +b.

For example, the equation for the line with slope of 4 and y-intercept of
-3 is:

y=4x-3

And the equation for the line with slope of —% and y-intercept of % is:
2

= x4+ —
y=T3ETy

(This line would be rather difficult to graph, but it could be done.)
Now try to write the equation based on y = mx + b for each of the fol-

lowing lines, using their slope and y-intercept for 7 and b. Check your
answers on pages 216-217.

205
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Equation of line E:

(34)

ooy

Equation of line F:

©03)
1,0 /

3. The slope of line G is -5, and the y-intercept is 8. Write the

equation of line G.

The equation of a line can easily be written when you can find the slope
and y-intercept from the graph or when you are told the values of the
slope and y-intercept. Your algebra skills can also help you write the
equation when the information you have is not quite so complete.
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Finding the Equation of a Line from the Slope and a
Point on the Line

If you know a line’s slope () and y-intercept (4), you can write its equa-
tion with the help of y = mux + b. However, if all you know is the slope of
the line and a random point on that line, how do you know the 4 value
and the y-intercept?

You have at least two choices:

1. Graph the line, using the point and the line’s slope.
2. Letalgebra help you find the 4 value.

In the first choice, graphing is certainly possible, but it depends on your
abilities with graph paper, straightedges, and so on. This could be chal-
lenging if the slope is a fraction or if the given point is something like
(-8,28).

The second choice—using algebra to help you find the b value—makes
perfect sense because you have been spending many hours learning
algebra, and now it can be put to a good use. Let’s try it.

Consider the following information about a line:

The slope of the line is 3 and a point on the line is (4,6). What is
its equation?

You know that your goal is to find the values of 7z and & for this
line and then put these values into y = mx + b. You already know
that 2 = 3.

You also know what « and y are: if the ordered pair (4,6) is on
the line, then x = 4 and y = 6 in the equation y = mx + b. The
process for finding the equation of this line follows:

Begin with y = mx + b.

Of these variables, you know from the point (4,6) that x is 4 and y is 6.
You are also told that the slope is 3, so 7 is 3. Put these values in for y, ,
and x:

y=mx+b

6=3-4+b
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Solve this equation for &:

6=3-4+b

6=12+b

6-12=12+b-12
—6=b

You now know that b = —6. Put b = —6 along with 7 = 3 into y = mx + b,
and you have the equation you are looking for:

y=3x-6

TIME SAVER

Graphing your equation is one way to check your work, but another, more
efficient way, is to put the given point’s x and y values into your equation.
Does 6 equal 3 - 4 — 67 Yes, so your equation is correct.

You could verify this by graphing this equation, and you would see that a
line with y-intercept of —6 and slope of 3 does contain the point (4,6), but
this verification isn’t necessary. Your algebra skills will serve you well in
this and many other equation-writing problems.

Follow the solution steps on the next example. Find the equation for the
line that goes through the point (1,4) and has a slope of -2.

In this problem, the ordered pair (1,4) tells you that x = 1 and y = 4. The
slope is =2, so 2 = 2. You need to find the 4 value. Put the values you
know into y = max + b:

4=-2-1+b
4=-2+b
4+2="2+b+2
6=0b

Because 72 = -2 and b = 6, the equation for the line is y = -2x + 6.

Now try to write the equation for each of the following lines, checking
your answers on page 217.

4. Find the equation of the line that has a slope of -8 contains the
point (-3,2).

5. Find the equation of the line that contains the point (5,-6) and
has a slope of -3.
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When you know the point on a line and the line’s slope, substituting
the values for &, y, and m into y = mx + b gives you a way to know what b
equals, and that leads you directly to knowing the equation of the line.

You can now write the equation of a line from two different methods:
analyzing its graph to find its slope and its y-intercept or knowing a
point on the line and the line’s slope. Depending on what you know
about any given line, one of these methods can work. However, what if
you only know two points that are on a line? Again, your algebra skills
will help you find the equation.

Finding the Equation of a Line from Two Points on
the Line

Consider the line that goes through the points (1,2) and (3,6). Can you
find the equation that describes this line?

You know the slope-intercept formula is y = 72x + b, where (x,y) is a point
on the line, 72 is the slope of the line, and 4 is the y-intercept of the
line. But knowing two of the points on the line doesn’t really seem that

helpful.

JUST A MINUTE

Recall that the slope—the ratio of rise to run—of a line can be found by sub-
tracting the y values of the two ordered pairs for the rise and subtracting the
x values for the run.

However, you can find the slope by using the rise-to-run ratio from
Hour 15. With the two given points—(1,2) and (3,6)—the rise is 2 — 6 =
-4, and the runis 1 —3 = -2:
slope = me j:2 —m=2iny=mx+b

run -2
Because you are given two of the points on this line, choose one point
and put its x and y values into y = mx + b. Let’s choose the point (1,2).
The equation that can be solved to find & follows:

y=mx+b
2=2-1+0
2=2+1b
2-2=2+b-2

0=0b
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With m = 2 and b = 0, the equation for the line containing the points
(1,2) and (3,6) is y = 2x + 0 or simply y = 2.

JUST A MINUTE

You can use either of the two given points when substituting the x and y
values into y = mx + b. Any line has only one slope, and both points will lead
you to the same b value (y-intercept) for the line.

What if you had chosen the point (3,6)? The slope is still 2, and the
equation would be this:

y=mx+b
6=2-3+b
6=6+b
6-6=6+b-6
0=b

With either point on the line, the equation is the same: y = 2x + 0 or y =
2.

Follow the solution steps in the next example.
Find the equation of the line that contains the points (-1,4) and (3,-8).

Solution: Find the slope of the line and then choose one of the given
points for the x and y values in y = mx + b:

rise difterence of y values 4 —(-8) 4 +8

slope = run  difference of x values (—1) -3 -4
R
== —>m=—

Choose the point (-1,4). The equation becomes:

y=mx+b
4=-3--1+b
4=3+b
4-3=3+b-3
1=b

With 7 = -3 and & = 1, the equation for the line containing the points
(—1,4) and (3,—8) IS_)/ =3x+ 1.
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Fyl Graphing the ordered pairs (-1,4) and (3,-8) confirms that the line going
through these two points does have a y-intercept of +1.

A good way to verify this answer is to put the point you didn’t choose,
(3,-8), into the equation:

y=-3x+1—--8=-3-3+1->-8=-9+1—>-8=-8

The point (3,-8) does make the equation true and validates your answer.

Now try to write the equation for each of the following lines, checking
your answers on page 217.

6. Find the equation of the line that contains the points (-3,-1) and
©.3).
7. Find the equation of the line that goes through (-1,8) and (2,-4).

Next you’ll finish this hour by seeing some real-life applications of equa-
tions that include both x and y variables.

Solving Direct Variation Problems

In one of the earlier examples, the equation for the line that contains the
points (1,2) and (3,6) is y = 2x + 0 or y = 2x. The ordered pair (1,2) shows
that when x = 1, y = 2; the other ordered pair (3,6) shows that when x = 3,
y=0.

Can you predict the y value for the ordered pair if x = 5? The equation y
= 2w certainly helps you see that if x = 5, then y = 10, because putting 5 in
for x gives the following equation:

y=2x—>y=2-5-y=10

Think about the real-life situation of paying $2 per jar for strawberry
jam at the farmer’s market. You know without doing any heavy algebra
that three jars will cost $6, four jars will be $8, and so on.

Buying jars of this jam is a perfect example of direct variation. The cost
(y) rises constantly as you buy more jars (x), and it rises at a constant
rate—each additional jar you buy, you pay $2 more. Another way to say
this is that y varies directly as «.
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STRICTLY DEFINED

E;l A direct variation equation is based on the slope-intercept formula y = mx
+ b, and b is always O. Every direct variation equation can be written as y =
mx. The effect is that as x increases, y also increases, and as x decreases,
so does y. This “direct change” relationship between x and y is the reason
for calling this siutation direct variation.

The cost of the jam is based on the algebra equation y = 2x, where x is
the number of jars and y is the total cost, and there is no price break for
volume purchases here.

Buying jars of jam can be described as an example of “y varies directly as
x” because as x increases, so does y; as x decreases, so does y.

Think of the algebra side of this story: the equation y = 2x has a slope
(m) of 2 and a y-intercept (b)) of 0. The graph of this equation would go
through (0,0). With a slope of 2, the line would rise two units for every
one unit of run because slope is the ratio of rise to run.

The line would rise to the right because the slope is positive, and the
line would never end. There is an end to the number of jars the farmer
can sell—when they’re sold out for the day—but the graphed line goes
on infinitely, in both directions.

The graphed line also includes all the ordered pairs between the whole
number values, such as (2.5,5) and (3.4,6.8). In reality, you can’t buy 2.5
jars of jam, but if you could, you would have to pay $5. A more realistic
graph of the cost of the jam would be a series of dots beginning with the
ordered pair (0,0)—if you buy no jars, you pay no money—and then (1,2),
2,4), (3,6), and so on.

When you can say that y varies directly as «, the general form of the
equation is y = kx. When k is 5, the graphed line will be steeper than
when £ is 2, and y will increase more rapidly when % is 5 than when £ is 2.

JUST A MINUTE

Recall that when a line’s equation is in slope-intercept form—y = mx +
b—the value of m for a line with a steeper slope will have a larger absolute
value than the value of m for a line with a less steep slope. A line that is
close to being horizontal has a slope between 0 and 1.

In many areas of research, business, and finance, direct variation plays
an important role. For example, the weekly payroll costs for a company
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vary directly as the total number of full-time employees who are work-
ing that week. Last week, the payroll was $31,500 for 45 employees who
are each paid on the same pay scale. To meet the expected increase in
orders for their product next week, five people who had been laid off
during a slowdown are called in to work. What will the payroll costs be?

To set up this situation as a direct variation equation y = kx, you need to
know what the % value is. You know that when « is 45, y is 31,500. Put
these values into the equation and solve for k:

y=kx

31,500 = k - 45

31,500 =45 =k - 45+ 45
700 = k&

The equation for this situation is y = 700u.

To find the payroll costs for five additional people, the x value will be 50:

y =700 - 50 — y = 35,000

The payroll costs for the 50 employees next week will be $35,000. This
direct variation example depends on each employee receiving equal pay,
which is not typical.

A more common direct variation problem is the cookie recipe example.
The amount of chocolate chips in a batch of cookies varies directly with
the number of cookies. For a large party coming up, you are going to
bake 150 cookies, but your recipe will make only 60 cookies and calls for
2 cups of chocolate chips. What amount of chips will you need for the
party recipe?

This is a direct variation problem, but be careful of the order. The chips
vary directly with the number of cookies, so use y = kx, where y = 2 and
x = 60. Solve for k:

2=k-60
2:60=Fk-60 =60
2_

60

1

%z

213
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The equation you will now use is y = ix . Put 150 in for «:

1
y= g 150
150
7730
y=S5

You'll need 5 cups of chips for the 150 cookies.

Fyl Another way to say that one item varies directly with another is to say that
one is directly proportional to another. The same equation is used: y = kx.

Now try the following direct variation problems, checking your answers
on page 218.

8. The amount you pay for a handyman to shovel snow from your
sidewalks varies directly with the time it takes him to finish the
job. If you paid him $30 for 20 minutes of his time, what will
the bill be after a bigger snowstorm that takes him 50 minutes
to clear?

9. The number of items that can be produced by a factory line
varies directly with the number of hours the line is running. If
the line can assemble 18 items in 4 hours, how many can be pro-
duced in 14 hours?

In many real-life situations, as one thing increases, another decreases.
The following examples give you algebraic equations that apply in this
type of variation problem.

Solving Inverse Variation Problems

When you order a large pizza to share with friends, the more people who
want a piece, the smaller each piece will be. This is a great example of
inverse variation. As the number of people increases, the size of the slice
decreases, which is not at all like direct variation.

STRICTLY DEFINED

E;] An inverse variation equation is based on the equation xy = k and is often
written as y = k/x. As x increases, y decreases, and as x decreases, y
increases.
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Consider the following plans for setting up the chairs for an outdoor
wedding. In each row, the space between the chairs gets smaller as the
number of chairs in the row increases. If 30 chairs fill the row when they
are 12 inches apart, how many chairs can be in the row when they are 8
inches apart?

The inverse equation is xy = k. In this example, x is the number of chairs
(30) and y is the space (12) between the chairs. Put 30 in the equation for
x, 12 for y, and solve for :

xy =k
30-12=#
360 =k

With k = 360, the equation for the chairs/spaces problem is xy = 360. Put
8 in for y to find the number of chairs:

xy =360

x -8 =360
x-8+8=360+8
x=45

There can be 45 chairs in each row if they are 8 inches apart.
Another example of inverse variation follows:

The speed of a car varies inversely as the time it is traveling.
The faster the car’s speed, the less time the trip takes. If your
trip home from your friend’s house takes 2 hours and you are
going 50 miles per hour, how long will it take you to make the
same trip if you go 60 miles per hour?

The inverse variation equation is xy = k. In this example, x is the speed of
your car (50) and y is the time (2). Put 50 in the equation for x and 2 for
y, and solve for &:

xy=*k
50-2=k
100 = %

215
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With % = 100, the equation for the problem is xy = 100. Put 60 in for x to
find the time for the trip if you go 60 miles per hour:

60y = 100
60y + 60 = 100 + 60
y = 1.7 (rounded up)

If you go 60 miles per hour, it will take you about 1.7 hours, and 1.7 - 60
is 102 minutes, so the time will be about 18 minutes less than the two
hours it takes when you go 50 miles per hour.

Although the graph of the direct variation equation is always a straight
line, the inverse variation graph is a curve. So the two types of variation
not only apply to different situations, but their equations and graphs are
also different.

Now try to solve this inverse variation problem, checking your answer
on page 218.

10.  When you use a crowbar to move an object, the force you apply
varies inversely as the length of the crowbar—the shorter the
crowbar, the more force you will need to apply.

If you must use 2 Newtons of force on a crowbar that is 6 feet long, how
much force will it take if the crowbar is 4 feet long?

Answers to Sample Problems

L s Cline E rise  difference of y values 4 - (=2) _
’ ope OTHNe £ ="in ~ difference of x values 3-0
4+2 6 ) . .

3 T3 foms 2; the y-intercept is -2 — b = -2;
putting 7z = 2 and b = -2 into y = mx + b — equation of line E is
y=2x-2

- fline F rise  difference of y values  3-0
’ Ope OTHNE X'="un ~ difference of x values 0 — (-1)
3 3
2 _2_3 _3 ; ; =3
0+ (+1) 1 — m = 3; the y-interceptis 3 — b = 3;

putting 7z = 3 and b = 3 into y = mx + b — equation of line F is
y=3x+3



Equations with Two Variables: Equations of Lines

Slope of line G = -5 — m = -5; y-intercept is 8 — b = 8; putting m
=-5and b = 8 into y = mx + b — equation of line Gis y = -5x + 8
The ordered pair (-3,2) tells you that « = -3 and y = 2. The slope is
-8, so m = -8. To find the b value, put x = -3, y = 2, and m = -8 into

y=mx+b:
2=-8-3+b
2=24+10
2-24=24+b-24

-22=b
m =-8 and b = =22 — equation of line is y = —8x — 22
The ordered pair (5,-6) tells you that x = 5 and y = —6. The slope
is =3, so m = -3. To find the b value, putx = 5, y = -6, and m = -3
into y = mx + b:

-6=-3-5+1b

-6=-15+b

—6+15=-15+b+15

9=b
m =-3 and b = 9 — equation of line is y = —3x + 9
Find the slope (#2) and y-intercept (b): slope =
difference of y values  -1-3 -4 1

rise 1
run  difference of x values (—3)—9 -12 3

1
—m ==
3

from the point (9,3), ¥ =9,y =3 — puttingx =9,y = 3, and m = %
into y = mx + b:
3=1-9+b
3
3=3+14
3-3=3+0b-3
0="0
m= % andb:O—>equati0n0fthelineisy=%x+0 or
1
773

Find the slope (72) and y-intercept (5): slope =

rise  difference of y values _ 8 —(-4) _ 8+ (+4) _ 12 _
ran  difference of xvalues  -1-2 -3 -3
— m = —4; from the point (-1,8), x = -1, y = 8 = putting x = -1,
y=8and m = -4 intoy = mx + b:

217
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10.

§=—4--14+b
8=4+0

8- 4=44+b-4
4=b

m =—4%and b = 4 — equation of the line is y = -4« + 4

Amount you pay (y) varies directly with worker’s time (x) — y =
ka:

30=+k-20
30+20=4-20+20
1.5=+F

The equation is y = 1.5x; put 50 in for x:

y=15-50=75— you will pay $§75 if it takes him 50 minutes to
clear the snow.

Number of items (y) varies directly with number of hours (x) —
y = kx:

18=k-4
18+4=Fk-4+4
45=k

The equation is y = 4.5x; put 14 in for x:

y=4.5"14 =63 — 63 items can be assembled in 14 hours.
The force (x) varies inversely as the crowbar’s length (y). The
inverse variation equation is xy = k. Put 2 in the equation for x
and 6 for y, and solve for k:

xy =k
2:6=k
12=*4

With k = 12, the equation for the problem is xy = 12. Put 4 in for
y to find how much force you must apply:

x-4=12
x4+4=12+4
x=3

3 Newtons of force are needed on a 4-foot crowbar.
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Hour’s Up!

Based on what you’ve learned in Hour 16, do the following problems.
Check your answers with the solution key in Appendix B.

1.

(2,6)

]

(1.3)

) ©,1)

1. The equation of the line in graph 1 is

a.y=4x-5
b.y=5¢x-4
c.y=5x+4

d.y=4x+5
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The equation of the line in graph 2 is

a.y=3x+2
b.y=3x+1
c.y=2x+1
d.y=2x+2

The equation of the line with a slope of -6 and y-intercept of 9
is

a.y=%-6

b.y=06x+9

c.y=—6x-9

d.y=-6x+9

The equation of the line with y-intercept of -5 and a slope of 3 is
a.y=-5¢+3

b.y=3x+5

c.y=3x-5

d.y=5x+3

The equation of the line that goes through the point (3,5) and
has a slope of -2 is

a.y=-2x+11
b.y=2x+13
c.y=2x-11
d.y=-2x+13

The equation of the line that goes through the point (-2,8) and
has a slope of 6 is

a.y=06x+20
b. y = 6x—50
c.y=-6x+20
d. y =—6x-50

The equation of the line that contains the points (2,4) and
(1,-5) is

a.y=-3x-2
b.y=3x-2
c.y=3x-10

d.y=-3x-10
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The gross amount of your weekly paycheck varies directly with
the total dollar amount of sales you make in a gift shop. If your
gross paycheck was $600 based on sales of $4,000, what should
your paycheck be if you have $5,000 in sales for the week?

a. $650

b. $675

c. $700

d. $750

Your new car has been going about 360 miles on each 12-gallon
fill up of gas, and the number of miles varies directly with the
number of gallons of gas. How many miles can you expect to go
on 10 gallons of gas?

a. 300

b. 320

c. 340

d. 280

The time it takes you to drive to your friend’s house varies
inversely as your average driving speed. (It will take more time
to get there if your speed is slower.) The trip takes 3 hours if
you drive an average speed of 45 miles per hour. How long will
it take if you drive an average of 36 miles per hour due to rainy
weather?

a. 3.50 hours, or 3 hours, 30 minutes

b. 3.75 hours, or 3 hours, 45 minutes

c. 4.25 hours, or 4 hours, 15 minutes

d. 4.50 hours, or 4 hours, 30 minutes
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Solving Systems of
Equations: Three Methods

CHAPTER SUMMARY
In this hour you will learn about ...
e Solving a system of equations by * Solving a system of equations by
graphing the lines addition

¢ Solving a system of equations by
substitution

The world of two-variable equations that you entered in Hour 15 opens
up possibilities of solving problems about direct and inverse variation,
as well as being an efficient way to solve many problems that until now
were limited to a single variable. This hour you'll see how to use your
graphing skills to find any solutions that two equations may have in
common. You'll also learn two algebraic methods that are very efficient
alternatives to graphing. Let’s begin with the graphing method.

Using Graphs to Solve a System of Equations

The equation y = 4x — 2 is graphed in the following figure and labeled
line A. A second equation, y = —2x + 4, is also graphed on the same set of
axes and labeled line B.

All of the points on each line represent the solutions for each of the
equations. Notice the point (1,2), where the two lines cross. Because it
is on both lines, the ordered pair (1,2) is a solution for both of the equa-
tions. Check this by putting x = 1 and y = 2 into each equation:

LineA:y=4x-2—-52=4.1-2-52=4-2->52=2
LineB:y=-2x+4—-52=-2-1+4-52=-2+4—>52=2
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©-2)

This confirms that (1,2) is a solution of both equations, and this will be
helpful when you try to solve real-life problems that have two or more
equations to describe a situation. The system of equations in this example
is made up of y = 4x — 2 and y = —2x + 4, and you solve the system by
finding the point where the two lines intersect: (1,2). This system has
one solution because the lines meet at exactly one point.

STRICTLY DEFINED

E;] A system of equations is two (or more) equations that have two (or more)
variables. The systems in this book have two equations in two variables.
Three or more equations and variables are higher-level algebra topics.

Now consider the following system of equations and the graph of each
line.

line A: y =4x -2 and line C: y = 4o + 3

The same line A is graphed on the following page, along with line C.
Notice that there is no point where the two lines cross. When two lines
have the same slope and different y-intercepts, they will not meet and are
called parallel lines. If the lines don’t cross, no point is on both the lines,
so this system has no solution. No single ordered pair will work in both
of these equations.

So far, you have seen an example of a system of equations that has one
solution and a system with no solution. This third system might surprise
you.
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0.3)
/ (1:2)

(0-2)

This system of equations is shown in the following graph:

line A: y =4x -2 and line D: 12x -3y =6

JUST A MINUTE

To write an equation with x and y variables in slope-intercept form, you need
to isolate the y variable or solve the equation for y. The properties of addi-
tion, subtraction, multiplication, and division help you move the terms so that
you can see the m and b values and graph the line.

(1.2)

©0-2)
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Again, line A is graphed here. On the graph, line D appears to be the
same line. How can it be exactly the same line? Follow the steps of mov-
ing the terms in the equation for line D so that it is in slope-intercept
form, or y = mux + b form, which is the easiest way to graph an equation’s
line:

line D: 12x -3y =6

12x-3y=6
120 -3y - 12x =6 - 12x
-3y=6-12x

By +-3=(6-12x)+-3
y=6=+-3-12x+-3

y=-2+4x
y=4r+(-2)
y=4x-2

As it turns out, the equation for line D, 12x — 3y = 6, is the same as line
A:y=4x-2. When the equations for lines A and D are graphed, the
result is one line. All the points on the one line are solutions for each
equation, so this system of equations has an infinite number of solutions.

Fyl [f solving an equation for y and writing it in slope-intercept form gives an

equation that is identical to another equation, their graphs are the same line.
Knowing that this system has an infinite number of solutions doesn'’t tell you
about the solutions themselves. Graphing the line will show you many of the
ordered pairs that are solutions to the system.

Now try solving the following system of equations by graphing. Check
your answers on page 236.

1. Draw lines E and F on the following graph. Line E: y = 2x - 4
has a y-intercept of —4, has a slope of 2, and includes points
(1,-2) and (2,0). Line F: y = _1x + 3 has a y-intercept of 3, has
a slope of —1/3, and includes the points (3,2) and (6,1). Find the

solution of this system of equations, if there is a solution.
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Solving a system of equations by graphing the lines and finding where
the lines cross—if they do cross—makes good use of your graphing
skills. It gives you a visual representation of the system and its solution,
whether there is one, many, or no solution.

However, there are some disadvantages to the graphing method. You
might not have graph paper for drawing the lines. The equations might
not have convenient slopes or y-intercepts that fit on the graph paper.
The point where the two lines meet might not be whole numbers or
might exist somewhere beyond the limits of your graph paper and be off
the page so you can’t see it.

For all these reasons, there are algebraic methods you can always count
on to help you solve a system of equations. You’ll learn about two of
these methods in the next sections.

Solving a System of Equations by Substitution

When you are solving a system of equations, your goal is to find the
solution, the ordered pair that makes both equations true. Graphing the
two lines might show you the answer, but it is not very efficient, and you
know by now that algebra is all about efficiency.
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One of the basic principles of algebra is used so often that you might not
realize it has a formal name. Every time you solve an equation and put
the solution back into the original equation to verify that it is correct,
you are using the substitution property.

STRICTLY DEFINED

The substitution property states that equal algebraic expressions can be
substituted into (or used in place of) other algebraic expressions. For exam-
ple,ifa=4,thena+7=4+7;ifx=b+c, then 6x = 6(b + c).

Consider the following system of equations:

y=3x+2and 2x+y=12
You could graph the lines that represent these two equations to see
where the lines meet, if they do meet. An alternative is to realize that the

x and y variables appear in both equations, and the x in one is the same
as the v in the other; the same is true of the y variables.

The substitution property lets you create a new equation based on the
two equations in this system. The solution steps follow.

The two equations are y = 3x + 2 and 2x + y = 12. In the first equation, y
equals 3x + 2. Therefore, 3x + 2 can be substituted for y in the second
equation, like this:

0+ (Bx+2)=12 The () just emphasize the substitution.

Now you can solve this new equation to find x:

20+ (Bx +2) =12

Sx+2=12
Se+2-2=12-2
S0 =10
Sx+5=10+5
x=2

Putting 2 in for x in either equation lets you find y. (The first equation
is a little easier to use since the y term is already isolated, so use the first
equation.)

y=3x+2—-y=3-2+2>y=6+2—>y=8
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Now that you found x = 2 and y = 8, you know the ordered pair where
the lines would intersect if you graphed them, and you know the solution
to the system: (2,8)

To check your answer, put 2 in for x and 8 in for y in the second equa-
tion:

2x+y=12—-52-2+8=12-54+8=12->12=12

This confirms that (2,8) is the solution to the system of equations y = 3x
+2and 2x +y=12.

Follow the substitution process as it efficiently finds the solution of this
next system of equations.

Eyl The equation with an isolated variable will be substituted into the other
equation—it might be the first or second equation, and you might need to
isolate a variable. For example, in the system 6x + y = 18 and y — 3x = 9, the
second equation can become y = 3x + 9 if you add 3x to both sides, and 3x
+ 9 could be substituted for y in the first equation.

If S + y = =3 and y = x — 9, solve this system.

In the second equation, y equals x — 9. Substitute x — 9 in the place of y
in the first equation:

S+ (x—-9)=-3
6x—9=-3
66—9+9=-3+9
6x =6
6x+6=6+6
x=1

Put 1 in for « in either equation (the second one is in an easier form, so
use it) and solve for y:

y=x-9—-y=1-9—>y=-8

x=1andy=-38, so (1,-8) is the solution to the system of equations 5x +
y=-3andy=x-9.
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GO TO «
Subtraction can be
changed to addi-
tion if you change
the signs of all the
terms in the second
expression (see
Hour 3).

When both equations have either isolated y variables or isolated x vari-
ables, the substitution method works especially well, as you see in the
next example.

If x = 3y + 6 and x = 2y — 9, solve this system.

From the first equation, you know that x equals -3y + 6, so you can put
=3y + 6 in the second equation where the x is, creating this new equation
that can be solved for y:

SBy+6=2y-9
By+6+3y=2y-9+3y
6=5y-9
6+9=5y-9+9

15 =95y

15+5=5y=+5

3=y

Put 3 in for y in the second equation and solve for x:
x=2-3-9>5x=6-9—>x=-3

x=-3 and y = 3, so (-3,3) is the solution to the system of equations x =

3y+6andx=2y-09.

The final example that follows shows a slightly more complex situation,
but the process is still exactly the same.

If y = 4x — 2 and 6x — y = 8, solve this system.

In the first equation, y equals 4x — 2. Substitute 4x — 2 in the place of y
in the second equation:

6x—(@x-2)=8 The () emphasize the subtraction!
Watch the signs as you subtract the binomial 4x — 2. You must change

the signs of both the 4x and the -2 when the subtraction changes to
addition: subtracting 4x — 2 is really adding —4x + 2.

6x—(@4x-2)=8
6x+(-4x)+2 =8
20+2=38
2042-2=8-2
20=6
20+2=6+2

x=3
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Put 3 in for « in the first equation to solve for y:

y=4r-2->y=43-2->y=12-2—-y=10

x =3 and y = 10, so (3,10) is the solution to the system of equations y =
4x—2and 6xr—y=8.

Now try to solve these systems of equations using the substitution
method. Check your answers on page 236.

2. Ify=3x-4andx +y= 16, solve this system.
3. If4x-y=3andy=-5x- 12, solve this system.

When you are solving a system of equations that includes an equation
with one of the variables isolated, as in the previous examples, substitu-
tion works very well. If the two equations have no isolated variables,
there is still a great alternative to graphing the lines. Let’s finish this
hour with another algebraic method.

Solving a System of Equations by Addition

Back in Hour 5, you learned that the addition property is helpful when
you want to solve an equation like x — 5 = 3. Without much hesitation,
you would add 5 to both sides and solve for x:

x—=5+5=3+5
x=8

The addition property of equality states that adding the same number to
equal expressions gives equal sums. This property isn’t limited to help-
ing you move numbers from one side of an equation to the other to iso-
late a variable, as in the previous simple equation.

Remember that the equals sign is the powerful symbol that connects two
expressions that are equal to each other. The addition property says that

when you add equal items to equal expressions, you have expressions that
remain equal.

JUST A MINUTE

Terms can be combined with adding and subtracting when they are like
terms. They must be the same variable with equal exponents (in these equa-
tions, all the variables have exponents of 1). Their coefficients (the number
in front of each variable) are then combined. Exponents never change when
terms are added or subtracted.
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For example, if v + y = 8 and 5x + 2y = 6, the addition property allows
these equations to be added together. The expressions on the left side

of the equals sign are combined to produce 6x + 3y, and the expressions
on the right side of the equals sign are combined to produce a sum of 14.
Therefore, 6x + 3y = 14 is the result when adding these two equations
together. The like terms are combined, and no terms are moved or re-
arranged in any way. In this particular example, it isn’t really of great
help that the two separate equations created the new one—6x + 3y = 14
is still an equation with two variables, just as the two equations were to
begin with.

However, adding certain equations together will result in a very conve-
nient new equation, as in the next example:

Consider the system of equations x + y = 30 and x — y = —6. You can
graph the two lines to see where they cross, but the first equation has

a y-intercept of 30, so the line won’t fit on a typical coordinate graph
numbered from -8 to +8. Substitution would also work, but you would
have to isolate one of the variables first. There is a better way, and it’s all
about addition.

You need to add these two equations, and the clearest way to see the add-
ing process is to stack the equations vertically, as they are shown here:

x+y=30

+x—y=-06
20+ 0=24

The y variables sum to 0, and the new equation has only the x variable.
Solving for x is easily done: divide both sides by 2, and the rest of the
solution follows the same process as in the substitution method.

2x =24
20+2=24+2
x=12

Put 12 in for x in the first equation and solve for y:

12+4y=30>12+y-12=30-12 > y=18

x =12 and y = 18, so (12,18) is the solution to the system of equations x +
y=30andx-y=-6.
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TIME SAVER

You have learned how to use three methods for solving systems of equa-
tions: graphing, substitution, and addition. Decide which is most efficient
based on the type of equations in each system.

You have three options when you are solving systems of equations, and
addition is the perfect choice when the coefficients of either the x or y
variables are opposites.

Adding opposites always results in 0, so this is an effective way to elimi-
nate one of the variables in a system of equations. The following example
shows detailed solution steps in a system of equations with opposite coef-
ficients on the x variables:

If -3x — 2y = =19 and 3x — 5y = 5, solve this system.

Solution: —3x and 3x are opposites. Stack the equations vertically and add
them to make a new equation with only the y variable:
-3x-2y=-19

+3x=5y=35
-Ty=-14

Dividing both sides of this equation by -7 — y = 2.

Put 2 in for y in the second equation:
30-=5y=5->3x-5-2=5->3x-10=5—>53x-10+10=5 +
10 53x=15>3x+3=15+3 5x=5

x=5andy =2, so (5,2) is the solution to the system of equations —3x — 2y

=-19and 3x - 5y = 5.

Now try to solve the following systems of equations with the addition
method. Check your answers on page 236.

4. Ifx—y=9andx+y=5, solve this system of equations.
5. If3x+ 13y = 9 and -3x + 5y = 45, solve this system of equations.

Fy1 Parallel lines have equal slopes (m) and different y-intercepts (b). If you write
two equations in a system in the slope-intercept form of y = mx + b and
their m values are equal and their b values are not—then you know there is
no solution to the system.
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At the beginning of this hour, the graphing method of solving systems
included a system of equations that had no solution because the lines did
not cross but were parallel. Also, two of the equations made graphs of
exactly the same line, so there were infinitely many solutions—all the
points on that line. It is possible to have no solution or many solutions
when you use the substitution or addition methods, as you will see in the
next two examples.

If y = 3x - 2 and 3x — y = 8, solve the system.

Solution: Because the y variable is isolated in the first equation, use sub-
stitution. Put 3x — 2 in for y in the second equation and solve for x:

3x-(Bx-2)=8
30+ (3x)+2=8
0+2=8

2=8

However, 2 cannot equal 8, so there is no solution to this system of
equations—no ordered pair exists that makes both of these equations
true at the same time. If you do graph these lines, they will be parallel
and will confirm that there is no solution.

JUST A MINUTE

Parallel lines have equal slopes and different y-intercepts, and they never
cross; no ordered pair exists that can make both the equations true if the
equations graph into parallel lines.

If 2x + y =4 and y = —2x + 4, solve the system.

Solution: The y variable is isolated in the second equation, so use substi-
tution. Put —2x + 4 in for y in the first equation and solve for x:

2x + (2x +4) =4. The () show —2x + 4 being put in for y.

0+4=4
4=4
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4 does always equal 4, so this system has infinitely many solutions. If
you graph these two lines, they will form exactly the same line, and the
solutions to the system are all the points on this line. You might also
note that if you solve the first equation for y by subtracting 2x from both
sides, the equation becomes exactly the same as the second equation.
This confirms that there are infinitely many solutions to this system of
equations.

Now try to solve this system of equations. It will have either infinitely
many solutions or no solution. Check your answer on page 237.

6. If 6x +y=8andy=-6x+3, solve this system of equations.
To summarize this hour of solving systems of equations:

Graphing can show the solution to a system, but it is only the preferred
method if both of the equations are in slope/intercept form, you have
access to graph paper, and the slope and y-intercept values are simple and
can fit on your graph.

Substitution is the preferred method if one—or both—of the equations
has an isolated variable, allowing you to substitute what it equals into the
other equation in that variable’s place.

Addition is the preferred method if the coefficients of the x or y variables
are opposites. This allows you to add the two equations, and the oppo-
sites will sum to 0, creating a new equation in one variable that is easily
solved.

In both substitution and addition, remember to put the first known vari-
able’s value back into one of the equations to solve for the second vari-
able. Your goal is to find the ordered pair that makes both the equations
in the system true at the same time, so you need to find both the x and y
values that make the equations true.
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Answers to Sample Problems

1. The lines are graphed in the following, and the solution of this
system is (3,2).

L
0,3

2. Put 3x —4into the second equation for y —» x + Bx - 4) = 16 —
4x-4=16>4x-4+4=16+4>4x=20>4r+4=20+4
— x = 5; put 5 in for x in the first equation and solve for y: y =3 -
5-4—>y=15-4—y=11 Solution is (5,11).

3. Put-5x - 12 into the first equation for y — 4x — (-5 - 12) =3 —
4+ 50+12=3 5.9 +12=3 5% +12-12=3-12 5% =
-9 59 +9=-9+9—>«x=-1; put—1 in for x in the first equa-
tion and solve fory: 4 - -1 -y=3 > -4-y=3 5> -4-y+4=3
+4—>-y=7—>-y+-1=7+-1-y=-7 Solution is (-1,-7).

4. x-y=9
tax+y=5

2x=14  Divide both sides by 2 — « = 7; put 7 in for x in the
second equation. Solve fory: 7 +y=5—>7+y-7=5-7T > y=
-2. Solution is (7,-2).

5. 3x+13y=9
+3x+ Sy =45

18y =54  Divide both sides by 18 — y = 3; put 3 in for y

in the first equation and solve for x:3x + 13 -3 =9 - 3x + 39 =
9—53xr+39-39=9-39 53x=-30 53x+3=-30:3 5x=
-10. Solution is (~10,3).
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6. Use substitution: put —6x + 3 into the first equation for y and
solve for a: 6x + (~6x +3) =8 — 0 + 3 =8 — 3 = 8. However, 3
cannot equal 8, so this system has no solution.

Hour’s Up!

Based on what you’ve learned in Hour 17, find the solutions for the fol-
lowing systems of equations using the graphing, substitution, or addition
methods. Check your answers with the solution key in Appendix B.

1. lineG:y=x-3andline H:y=-2x +3
The slope of line G is 1 and points include (0,-3) and (3,0); the
slope of line H is =2 and points include (1,1) and (0,3).

10 Y

. (1,-2)

. 2,-1)

. Infinitely many solutions
. No solution

o 0 T o
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2. linel:y=2x+3andlineJ:y=2x-1
The slope of line I is 2 and points include (0,3) and (-1,1); the
slope of line J is 2 and points include (0,-1) and (2,3).

a. (1,0)
b. (0,3)

c. Infinitely many solutions
d. No solution

3. y=-2x+2and3x+y=>3
a. (3,4
b. 3,4
c. Infinitely many solutions
d. No solution

4. x-3y=8andx=2y+7
a. (5,-1)
b. (2,3)
c. Infinitely many solutions
d. No solution

5. y=S5r+landSx-y=3
a. (-1,3)
b. (3,-1)
c. Infinitely many solutions
d. No solution



10.

4r+y=6andy=6-4x

a. (6,6)

b. (0,6)

c. Infinitely many solutions
d. No solution

2x +3y=06and 4x -3y = 12
a. (3,0

b. (0,3)

c. Infinitely many solutions
d. No solution

3x—2y=1land 3x+2y=7
a. (0,8)

b. (8,0)

c. Infinitely many solutions
d. No solution

2x—y=5and —x +y=-3

a. (1,-2)

b. (2,-1)

c. Infinitely many solutions
d. No solution

3x—2y=-6and 2x + 2y =2
. (453)

. (3-4)

. Infinitely many solutions
. No solution

o

o 0 T
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Solving Systems
of Equations:
Combined Operations

CHAPTER SUMMARY

In this hour you will learn about ...

* Solving a system of equations with a e Solving practical problems with sys-
combination of multiplication and tems of equations
addition

The three choices for solving a system of equations give you the flex-
ibility to decide which is most appropriate for each system. If graphing
equations as lines helps you see the solution in a clearer way than the
algebraic options do, use your graphing skills. As you look at the two
equations in a given system, the most efficient option will often be obvi-
ous. The substitution and addition methods let you use your algebra
skills to solve these rather complex problems, but you can decide which
of the three might work best in a given system.

Some systems of equations don’t really fit well with graphing, substitu-
tion, or addition. The fourth and final option is a variation of the addi-
tion method, and it completes your package of skills for solving just
about any system of equations.

Solving a System of Equations with the
Multiplication/Addition Method

Being able to analyze a situation, consider possible actions, choose

the best plan, and then carry out the plan correctly are all skills you
develop as you study algebra. Each new layer of complexity builds on
your knowledge, sometimes using very basic arithmetic skills alongside
very sophisticated algebraic concepts. In this hour, you will see how fun-
damental arithmetic operations are helpful in solving complex algebra
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problems, and at the end of the hour, you will be able to apply these new
skills to solve real-life problems quite efficiently.

Consider the following system of equations:

2x—y=-8and 3x —y=-12
Graphing is not an efficient option here. Substitution could work, but
neither of the equations has an isolated variable. Addition won’t help,
either, because none of the coefficients are opposites. Of the three

choices, addition comes the closest to being the best choice—you just
need to adjust one of the equations slightly.

Begin by stacking the equations vertically:

2x—y=-8
+3x—y=-12

JUST A MINUTE

The coefficients of either the x or y variables must be opposites for the vari-
ables to sum to O when added together. This allows you to solve the new
equation for the other variable and find the solution for the system of equa-
tions.

Adding these two equations gives a new equation, but both the x and y
variables are still there:

Sx—2y=-20

This new equation isn’t helpful.
Look again at the stacked equations:

2x—y=-8
+3x—y=-12

It would be very helpful if one of the y variables could be changed from
—y to +, because the y variables would be opposites and sum to 0, cre-
ating a new equation that could be solved for x. Multiplying — y by —1
equals + y, which is the goal.

Although you can’t simply multiply one term in an equation by —1, the
multiplication property allows you to multiply a number times both
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sides of any equation, and the equation will still be true. The following
steps show the process of applying the multiplication property to the
first equation in the system—although either equation could be used.
The -1 multiplier is shown on the arrow after the first equation. The
new first equation is —2x + y = 8. The second equation has no changes, so
a multiplier of 1 is above its arrow, and the equation is simply copied.

JUST A MINUTE
Recall that your goal in solving a system by addition or substitution is elimi-
nating one of the variables so that the new equation has only one variable in
it. If the new equation still has two different variables, you need to multiply
one of the equations by a number before adding the equations together.

Jr—y=-8 —— —2x+y=8

+3x—y=-12 5 +3x—y=-12
x=-4

By multiplying all the terms in the first equation by -1, you get an equa-
tion that can be added to the second one, and the y variables sum to 0.
In this problem, the new equation is already solved for x. (This doesn’t
always happen—you usually have to solve the new equation for x.)

To find the y value, put —4 into one of the original equations and solve it
for y:
2.4-y=-8—->-8-y=-8—>-8-y+8=-8+8—> y=0

x=-4and y =0, so (-4,0) is the solution to the system of equa-
tions 2x —y = -8 and 3x —y = -12.

This process of solving a system of equations is a variation on the addi-
tion method you learned last hour. Multiplying an entire equation by a
number that causes the x or y variables to sum to 0 when the equations
are added is called the multiplication/addition method.

Let’s look at another example of a system that can be solved with this
new method:

3x—2y=-22andx +4y=2

Stacking the equations may help you see more clearly what needs to be
done:
3 -2y =-22

+x+4y= 2
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Adding these equations as they are will not eliminate the x or y variables.
What number can you multiply by one of the equations to make the x or
y variables become opposites?

PROCEED WITH CAUTION

In many of the multiplication/addition systems, you will have more than

one option of what multiplier makes the x or y variables sum to 0. List the
choices and use the one that leads to fewer sign changes. You are less
likely to make a careless error if you multiply by a positive number, but atten-
tion to detail is very important in all these problems.

You have two options: multiplying the second equation by -3 will make

the x variables become opposites, and multiplying the first equation by

2 will make the y variables become opposites. It is your decision—either
option will work.

When given the choice, however, you may want to choose multiplying
by a positive number, just to avoid possible errors with the sign changes
from multiplying by a negative number. The solution steps that follow
show multiplication of the first equation by 2 and the second equation by
1, because it doesn’t need to be changed:

30 —-2y=-22 —5 6x—4y=-44
+x+4y=2 - +x+4y =2
Tx=-42
Dividing both sides by 7 solves the equation, and x = —6.

Put -6 in for x in the second equation—it is a slightly simpler equation
than the first one, but either can be used—and solve for y:

—-6+4y=2
-6+4y+6=2+6
4y =8
4y+4=8+4
y=2

x=-6and y = 2, so (-6,2) is the solution to the system of equations 3x —
2y=-22andx + 4y =2.

Consider the next system of equations and what you can do to solve it:

3x+4y=12and -x-2y=8
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Stacking them reveals the options:

3x+4y=12
+-—x—2y=38

You can multiply the second equation by 3 to make the x terms become
opposites or by 2 to make the y terms become opposites. Either choice is
about the same difficulty. Choosing the first option gives the following
results:

3x+4y=12 —> 3x+4y=12

+—x—-2y=8 —3—>—3x—6)[=24
-2y =136

Dividing both sides by -2 gives y = -18.

PROCEED WITH CAUTION

Always put the known value of the variable back into an original equation to
solve for the other variable. Don’t use one of the newer equations, since they
may contain an error.

Putting in —18 for y in the first equation lets you avoid the negatives in
the second equation:

3e+4--18=12
30-72=12
30-72+72=12+72
30 =84
3x+3=84+3

x =28

x =28 and y = -18, so (28,-18) is the solution to the system of equations
3x +4y =12 and —x — 2y = 8. This is a great example of a problem that
would not be easy to graph because of the larger numbers, but the
multiplication/addition method works very well.

Now try to solve the following systems with the multiplication/addition
method. Check your answers on page 254.

. 2x-y=-4and-Sx-y=3

2. 2x+y=5and3x-2y=4
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In all of the systems so far, you have been able to choose between two
options in multiplying one of the equations by a number to make either
the « or y variables sum to 0. The next system varies slightly from the
others.

Solve the following system of equations:

Sx+2y=14and 7x + 6y = 10

Begin by stacking them:
Sx + 2y =14
+7x+6y=10

With all positive coefficients, you must multiply by a negative number to
eliminate one of the variables. In all the earlier examples, both the x and
y variables had common factors in their coefficients, giving you some
choices. 5 and 7 have no common factors, but 2 - 3 equals 6, so multiply-
ing 2 by -3 will eliminate the y variables in this system:

JUST A MINUTE

Finding the common factors of the coefficients helps you decide what mul-
tiplier will eliminate a variable. All numbers have a common factor of 1, but
you are looking for common factors other than 1 to use as a multiplier.

Sx+2y=14 —— —15x -6y =-42
+ 70+ 6y=10 —— +Zx+ 6y=10
—8x =-32

Dividing both sides by —8 gives x = 4.

Put 4 in for « in the first equation:

5-4+2y=14
20+ 2y =14
20+2y-20=14-20
2y=-6
2y+2=-6+2
y=-3

x=4%and y = -3, so (4,-3) is the solution to the system of equations 5x +
2y =14 and 7x + 6y = 10.
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Consider the following system of equations and its solution:

3x—4y=-3and 2x - 3y =-1

Look for common factors in the coefficients:

3x—4y=-3
+20-3y=-1

Similar to the last example, the x coefficients are both positive, and the
y coefficients are both negative. Also, the coefficients of the x variable, 2
and 3, have no common factors, and —4 and =3 have no common factors.

The other examples have been simpler, in that one of the equations could
be copied—multiplied by 1. This type of system needs multipliers other
than 1 for each of the equations, to eliminate either the x or y variables.

Both equations will change, and you have two basic choices, but a nega-
tive multiplier is necessary in either choice. The choices for solving this
system follow:

eyl In most multiplication/addition problems, you can choose from several
options that will make the variables sum to zero. All the choices, if used
correctly, will give the same ordered pair solution. It is a good idea to check
your solution in both of the original equations in the system.

To eliminate the x variables, multiply the first equation by -2 and the
second one by 3.

To eliminate the y variables, multiply the first equation by -3 and the
second one by 4.

Both options are the same difficulty. If you choose the first and elimi-
nate the x variables, the solution follows:

3x—4y=-3 —2 —6x+8y=6
+20—3y=-1 5 6x—9y=-3
¥=3

Dividing both sides by -1 gives y = -3.
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Put -3 in for y in the first equation and solve for x:

3v-4--3=-3
3x+12=-3

3o+ 12-12=-3-12
3x=-15
3x+3=-15+3
x=-5

x=-5and y = -3, so (-5,-3) is the solution to the system of equations 3x —
4y=-3 and 2x - 3y =-1.

Now try to solve the following systems of equations, checking your
answers on pages 254-255.

3. x+y=5and3x+2y=12
4. 2x+3y=-1and3x+5y=-2

You can choose among the four methods for solving a system of equa-
tions. The algebra skills in this process combine with your ability to
analyze a given problem and decide on a plan of action. The systems you
have learned how to solve can also be based on real-life problems, as you
will see in the final part of this hour.

JUST A MINUTE

Systems of equations can be solved by four methods: graphing, substitution,
addition, and multiplication/addition. Choose the best one by analyzing the
equations in the system.

Solving Practical Problems with Systems of
Equations

The mixture problems that you set up with barrels and solved with a sin-
gle variable in Hour 14 can also be written as a system of two equations.
Look again at the produce department’s granola mixture problem:

A store’s produce department sells granola in bulk and makes its own
custom mixture from a combination of granola and nut clusters. The
granola costs $2 per pound, and the nut clusters cost $5 per pound. They
want to make 60 pounds of the custom mixture that will cost $3 per
pound. How much of the granola and of the nut clusters will it take?
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The systems you have been solving all have x and y as their variables.
When you are setting up a system for a real-world problem, x and y will
always work, but using more meaningful letters helps you keep track of the
solution more easily.

In this granola mixture problem, let g represent the pounds of granola and
n represent the pounds of nut clusters. Setting up the system is just a mat-
ter of changing the sentences into equations, but a few helpful hints make
the job easier:

Fyl Mixture problems based on combining two items can be written as a system
of two equations. One is usually the “counting” equation and involves summing
the different variables. The other usually is the “value” equation and uses the
individual price or weight of each item as the coefficient of each variable.

You will be writing two equations: one equation is about the amount being
put into the mixture, and the other is about the value of the mixture. If
you always do them in this order, the equation-writing process will be
easier.

Here are the important facts in this problem:

The granola costs $2 per pound, and the nut clusters cost $5 per pound.
They want to make 60 pounds of the custom mixture that will cost $3 per
pound. How much of the granola and of the nut clusters will it take?

The amount equation comes from this information:
They want to make 60 pounds of the custom mixture that is made
of granola plus nut clusters. — g + 7 = 60

The first equation is g + 7 = 60.

The value equation comes from these sentences:
The granola costs $2 per pound, and the nut clusters cost $5 per
pound. The custom mixture will cost $3 per pound.

Each pound of granola costs $2, so g pounds will cost 2g.

Each pound of nut clusters costs $5, so # pounds costs 57.

All together, the new mixture will cost $3, so 60 pounds costs 3 - 60, which
is 180 — 2g + 5n = 180.

The second equation is 2g + 57 = 180.
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GO TO «

Refer to the opera-

tions and symbols
chart and their
common English
phrases in Hour 1.

TIME SAVER

Use variables for real-life problems that come from the actual information. If
the problem is about bananas and apples, use b and a instead of x and y to
make the variables more meaningful to the situation.

Solve the system of equations: g + 7 = 60 and 2g + 57 = 180

Graphing and substitution are not the easiest methods for this system, so
stack the equations to analyze their coefficients:

g+mn=060
+2g+ 51 =180

The multiplication/addition method will work perfectly. Your options
are to multiply the first equation by -2 to eliminate the g variable or to
multiply by -5 to eliminate the » variable. The following solution steps
show the first option:

g+n=060 — -2g +—2n =-120
+ 20+ 572 =180 —l—>72g+5n= 180
3 =60

Dividing both sides by 3 gives z = 20.

Put 20 in for 7 in the first equation:

g+20=:60
g+20-20=60-20
g=40

40 pounds of granola and 20 pounds of nut clusters will be in the new
mixture.

Another typical algebraic problem about finding two unknown num-
bers is easily solved with a system of two equations, as in the following
example.

The sum of two numbers is 80. One number is 8 more than 2 times the
other. Find the numbers.

Let one number be x and the other number be y.

['he first equation comes from the first sentence, “The sum of two num-
q ,
bers is 80.” — x +y = 80
y
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The second equation comes from the second sentence, “One number is 8
more than 2 times the other.” — x =8 + 2y

Solve this system of equations:
x+y=80and x =8+ 2y
With the x variable isolated in the second equation, substitution is an

easy method to use for this system. Put 8 + 2y into the first equation
for ax:

(8 +2y) +y = 80 The parentheses emphasize the substitution.

8+3y=80
8+3y-8=80-8
3y=172
3y+3=72+3
y=24

Put 24 in for y in the first equation and solve for ux:

x +24 =80
x+24-24=80-24
x =56

The two numbers that meet the given conditions are 56 and 80; 56 and
24 sum to 80 and 56 is eight more than twice 24.

A slight variation of the number-search problem follows. One number
is 18 more than another number. The sum of the smaller and twice the
larger number is 45. Find the numbers.

In this problem, you need to specify which variable is the larger number
and which is the smaller. It might help you to keep track of the numbers
if you let x be the smaller and y be the larger—x is before y in the alpha-
bet.

PROCEED WITH CAUTION

When one of the two numbers in the problem is larger than the other, set
up the equation carefully. You must add to the smaller number to get the
larger one. The common mistake is to add to the larger number because of
the sentence’s phrasing. Recall that “is” always means “equals,” so put the
equals sign in the place of “is” and write the rest of the equation around it.
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The first equation comes from the first sentence, “One number is 18
more than another number.” — y =18 + x

The second equation comes from the second sentence: “The sum of the
smaller and twice the larger number is 45.” — x + 2y = 45

Solve this system of equations:

y=18+xandx +2y =45
Substitution will work very well in this system, because the y is isolated
in the first equation. Put 18 + x into the second equation for y:

x+2 (18 +x) =45
x+2-18+2.x0=45

x+36+2x=45
3x+36=45

30 +36-36=45-36
3x=9

3+3=9+3

x=3

Put 3 in for « in the first equation and solve for y:

y=18+3 —y=21

The numbers are 3 and 21, because 21 is 18 more than 3, and 3 plus two
times 21 is 45.

Back to the real world—to calculate the air removed by ductwork in an
HVAC system, use a system of equations.

Two air ducts together remove 600 cubic feet of air per minute. One
duct removes 30 cubic feet of air per minute more than twice the air
removed by the other duct. How much air per minute does each duct
remove?

The complexity of this problem comes from the wording and your fear
that you can’t keep all the information straight. Take it one step at a
time.

Decide what variables to use—ux and y are fine. Begin with the first sen-
tence, and write the first equation:

Two air ducts together remove 600 cubic feet of air per minute.
—>x+y=0600
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The second equation comes from the second sentence: “One duct
removes 30 cubic feet of air per minute more than twice the air removed
by the other duct.”

Fyl Underlining or highlighting the key words in a story problem helps you focus
on the math terms and removes the extra words that are not used to create
the equation.

This sentence is the difficult one, but work through it a few words at a
time. The italicized words are the key math words:

One duct — x

removes — =

30 cubic feet of air per minute mzore than twice the air removed by
the other duct — 30 more than twice the other duct — 30 + 2y

Put the sentence back together to write the equation:

x=30+2y

The system of equations for this problem is:

x+y=600and x =30+ 2y

Substitution is a good method because « is isolated in the second equa-
tion. Put 30 + 2y into the first equation for x:

(30 +2y) +y =30+ 3y =600
30 + 3y —30 =600 -30

3y =570
3y+3=570+3
y =190

Put 190 in for y in the second equation and solve for «:

x=30+2-190 5> x=30+380 > x =410
One of the ducts removes 410 cubic feet of air per minute, and the other
removes 190 cubic feet of air per minute.

Now try to solve the following problems, checking your answers on page
255.
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To complete a job estimate, you need to combine one material
costing $2 per cubic foot with another material costing $6 per
cubic foot to get 140 cubic feet of final product that will cost $3
per cubic foot. How much of each material should you use?

The current enrollment at a school is 860 students. There are 52

more girls than boys. How many boys are enrolled?

Answers to Sample Problems

w—y=—4 —5 2x+y=4
+Sr—y=3 —> Sx-y=3
—Tx =17
Dividing both sides by -7 gives x = —1.
Put -1 in for x in the first equation, and solve for y:
2. 1-y=-4

2-y=-4
2-y+2=-4+2
—y==2
—-y+-1=-2+-1
y=2

(=1,2) is the solution to the system of equations.
2r+y=5—1o4x+2y=10
+3rx-2y=4—1 3x-2y=4

=14
Dividing both sides by 7 gives x = 2.
Put 2 in for « in the first equation, and solve for y:
2-2+y=5

4+y=5
4+y-4=5-4
y=1

(2,1) is the solution to the system of equations.
x4y=5 —25 2xw-2y=-10
+3x+2y=12 — 54 3x+2y=12
x=2
Put 2 in for x in the first equation, and solve for y:
2+y=5
24y-2=5-2
y=3
(2,3) is the solution to the system of equations.
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2w+3y=-1 —— —6x-9y=3
+3r+5y=-2 —29) + 6x + 10y =—4
y=-1
Put -1 in for y in the first equation, and solve for «:
20+3--1=-1

20 -3 =-1
20—3+3=-1+3
20=2
20+2=2+2
x=1

(1,-1) is the solution to the system of equations.
x is the material costing $2 per cubic foot.
y is the material costing $6 per cubic foot.
x+y =140 —— 2x—2y=-280
+20+6y=3.140 —— 2x+ 6y =420
4 =140
Dividing both sides by 4 gives y = 35. Put 35 into the first equa-
tion for y, and solve for x:

x+ 35 =140
x+35-35=140-35
x =105

You will need 105 cubic feet of the $2 material and 35 cubic feet
of the $6 material.

b represents the number of boys, and g represents the number of
girls

b+g=860and g=10+52

Substitution method: put & + 52 into the first equation for g, and
solve for b:

b+ (b+52) =860

2b + 52 = 860
2b+52 - 52 =860 - 52
2b = 808
2b+2=808+2

b =404

There are 404 boys enrolled at the school.
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Hour’s Up!

Based on what you've learned in Hour 18, find the solutions for the fol-
lowing systems of equations using the graphing, substitution, addition,
or multiplication/addition method. Check your answers with the solution
key in Appendix B.

1. 3x+y=9and-Tx+y=-21
a. (-3,0)
b. (0,3)
c. (3,0)

d. No solution

2. 2x+y=3and3x+y=4
a. (1,0
b. (1,1)
c. (C1,-1)

d. No solution

3. Sx-3y=6and 3x+y=-6
a. (3,0
b. (1,1)
c. 3,3)
d. No solution

4. 3x+2y=35and4r-5y=16
a. (3,6)
b. 9,4
c. 4.9

d. No solution

5. 3x-2y=-land4w-3y=-3
a. (3,5)
b. (-7,7)
c. 3,-9)

d. No solution

6. 3x+4y=-25and2x-3y=6
a. (3,4
b. (3,5)
c. (3,4
d. No solution
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Solving Systems of Equations: Combined Operations

A community theater production sold adult tickets for $6 each
and child tickets for $4 each. They sold a total of 620 tickets for
a total of $3,160. How many child tickets were sold?

a. 340

b. 280

c. 620

d. 380

To make 150 pounds of a nut mixture that will cost $5 per
pound, how many pounds of cashews that cost $6 per pound and
pecans that cost $3 per pound will it take?

a. 30 pounds of cashews and 120 pounds of pecans

b. 50 pounds of cashews and 100 pounds of pecans

c. 100 pounds of cashews and 50 pounds of pecans

d. 75 pounds of cashews and 75 pounds of pecans

The enrollment at a school is currently 620 students. There are
16 more boys than girls. How many girls are enrolled?

a. 318

b. 302

c. 298

d. 294

One number is 32 more than another number. The sum of the
larger number and twice the smaller number is 59. What are the
numbers?

a. 9 and 41

b. 8 and 40

c. 7 and 39

d. 6 and 38
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Solving Inequalities:
Graphing

CHAPTER SUMMARY
In this hour you will learn about ...

e Solving and graphing inequalities * Solving and graphing combined
inequalities

Learning how to solve systems of equations takes you into the two-
dimensional world of ordered pairs and graphed lines with slopes and
y-intercepts. The choices of how you find the solution for a system put

you in charge, giving you the power to make a decision based on analyz-
ing your options.

This hour, you return to solving problems with just one variable, but it’s
not really a step backward. It’s taking the basic properties that help you
solve equations and applying these same properties to solve problems
you were introduced to in Hour 2—inequalities.

Solving and Graphing Inequalities

Many situations in life require an exact answer, including “How much
acid should I add to 30 liters of 20% acidic solution to make it 40%
acidic?” At other times, knowing a range of answers is more helpful,
such as “What’s the least amount of money I must deposit to be sure my
checking account isn’t overdrawn?”

In the acid solution example, setting up and solving an equation helps
you find the answer. An equation always has an equals sign. If there is a
variable in the equation, your job is to find the value of the variable that
makes the equation true.
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GO TO «
The acid solution
problem is solved
as an example in
Hour 14.

In the checking account example, setting up and solving an inequality is
the key. An inequality can have any of the following signs:

<, S, >, 2

If there is a variable in the inequality, your job is to find the value(s) of
the variable that make(s) the inequality true.

Fortunately, solving inequalities is similar to solving equations. Many of

the same properties are used, with just a few variations that are not dif-
ficult to master.

Let’s begin by reviewing the four inequality symbols, shown here in
word and symbol examples:

Word Phrase Inequality Expression
x is less than 5 x<$
x is less than or equal to 5 x<S
x is greater than § x>5
x is greater than or equal to 5 x5

JUST A MINUTE

An easy way to remember < means “less than” is to notice that < looks like
an L and “less than” begins with an L.

When you saw these symbols in Hour 2, they appeared in expressions
like the following:

2 > -3 Is this a true statement? (yes)
3 23 Is this a true statement? (yes)
—4 > 4 Is this a true statement? (no)

These inequalities can be visualized and better understood when they
are graphed on a number line:

A

JUST A MINUTE

The real number line extends from negative infinity on the left side to positive
infinity on the right side. Zero separates the positive and negative numbers,
and zero is the same distance from -1 as it is from +1.
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2 > -3 is true because 2 is to the right of -3.

3 >3 is true because “greater than OR equal to” allows the numbers to
be equal.

—4 > 4 is false because —4 is to the left of 4; therefore,

—4 < 4 is the true statement.

Your introduction to equations in Hour 5 included three types of equa-
tions:

True ->2+3=5
False 52 +3=6

Open — x + 3 =5 — Open equations can be true or false,
depending on what number is put in for the variable.
Inequalities have similar types:

True -2 +3<5
False -2 +3<5

Open — x + 3 < 5 — As with equations, an open inequality

might be true or false, depending on what number is put in for
the variable.

Let’s begin by considering more closely the example of the open inequal-
ity:

x+3<5

If it were written as an open equation, it would be this:
x+3=5

Solving it mentally is easy — « = 2.

The algebraic solution step involves the subtraction property:

JUST A MINUTE

The subtraction property lets you subtract the same amount from both sides
of a true equation to create a new equation that is also true.
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To check, put 2 in for x in the original equation:

2 +3=5—5=35; therefore, x = 2 is the solution.

Solving the inequality relies on the same subtraction property:

x+3<5
x+3-3<5-3
x<2

To check, put a number that is less than 2 in for x in the original equa-
tion:

1 +3 <5 — 4 < 5; therefore, x < 2 is the solution.
The subtraction property seems to apply to solving equations and

inequalities. What if the inequality symbol is reversed? Try solving x + 3
> 5 with the subtraction property:

x+3>5
x+3-3>5-3
x> 2

To check, put a number greater than 2 in for x in the original equation:
3 +3>5— 6> 5; therefore, x > 2 is the solution.

Yes, the subtraction property does apply to solving equations and

inequalities.

Consider another open inequality:

x—-3>5

If it were written as an open equation, it would be this:

x-3=5

Solving it mentally is easy — « = 8.
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The algebraic solution step involves the addition property:

x—-3=5
x—3+3=5+3
x=8

JUST A MINUTE

The addition property lets you add the same amount to both sides of a true
equation to create a new equation that is also true.

To check, put 8 in for x in the original equation:

8 -3 =5 — 5 = 5; therefore, x = 8 is the solution.

Solving the inequality relies on the same addition property:

x—3>5
x-3+3>5+3
x>8

To check, put a number that is greater than 8 in for x in the original
equation:

9-3>5— 6> 5; therefore, x > 8 is the solution.

The addition property applies to solving equations and inequalities.

A logical question at this point is how you know what number to put in
for the variable when you check the inequality solution. The solution to
the last inequality was x > 8, and 9 was chosen as the number. Would 10
have worked, or 11.8?

Yes, 10 -3 > 5 and 11.8 — 3 > 5. When the solution is an inequality, such
as x > 8, any number that is greater than 8 will be a solution. Looking at
the graph for this solution may help you see this more clearly:

(e, >

] ] ] ] ] ] ] ] ] ] ] ] >
1 1 1 1 1 1 1 1 -
+3 +4 +5  +6 +7 48 +9 +10 +11 +12 +13 +14

The solution is “all the numbers that are greater than 8.” An open circle
on the +8 shows that you are not including 8 in the solution. The arrow
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to the right shows all those numbers—integers, fractions, decimals—that
are to the right of 8. You can choose any of those numbers to put in the
inequality for x, and each one will give a true inequality.

Fy! Inthe same way that equations like x + y = 6 create a line with an infinite
number of solutions on the (x,y) graph in Hour 15, inequality solutions create
a line or ray on the real number line and show an infinite number of solutions.

Equation solutions can also be graphed on a number line. You know
that the solution to the equation x — 3 = 5 is x = 8. Its graph is a single
point—+8 on the number line:

< ! ! ! ! ! Py ! ! ! ! ! ! 3>
-~ 1 g 1 1 T 1 1 T >
+3 +4 45 46 +7 +8 49 +10 +11 +12 +13 +14

A final example of an inequality that is solved with the addition property
includes the < symbol:

Solve:x -3 <4

Solution: Adding 3 to both sides isolates the .
x-3<4

x-3+3<4+3

x<7

To check, put a number less than or equal to 7 into the original inequal-
ity for x. 7 is less than OR equal to 7, so use 7:

7-3<4—4<4True:4is less than OR equal to 4.

TIME SAVER

The number you choose to check your solution can be any number in the
inequality: to check if x > 8 is the solution, choose 10 as the number to put
in for x—it’s greater than 8 and probably easier to work with than 9 is.

Now try 6, because 6 is less than or equal to 7:

6-3<4—3<4True: 3 is less than or equal to 4.



Graph this solution to see the answer more easily:

Solving Inequalities: Graphing

The graph is a line that begins solidly at +7 and goes to the left, because
it includes all the numbers less than or equal to 7. The numbers on this
solution line include all the integers, fractions, and decimals from 7 to

negative infinity.

Now try to solve the following inequalities. Graph the solution on the

number line, and check your answers on page 271.

. x+5<7
< l l l l l l l l l l l l »
<« T T T T T T T T T T >
-5 -4 -3 -2 -1 0 1 2 3 4 5
2. x-32>2-7
< 1 1 1 1 1 1 1 1 1 1 1 1 »
<« T T T T T T T T T T >
-5 -4 -3 -2 -1 0 1 2 3 4 5

The inequalities you solved so far have used the addition and subtraction
properties. Before you work on solving inequalities that include multi-
plying or dividing, look at the following basic inequalities.

Consider the true inequality:

6 < 12 — It is true that 6 is less than 12.

What if you multiply both sides by 3?
6-3<12-3 ->18<36 = True

What if you divide both sides by 3?
6+3<12+3—>2<4—>True

Multiplying or dividing both sides of this true inequality by positive 3

makes new inequalities that are still true.
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JUST A MINUTE

The ordering of negative numbers can be confusing: recall that -2 < -1 and
—10 > -20. Putting these numbers on a number line may help because num-
bers are always increasing as you move to the right along the number line
and decreasing as you move to the left.

What if you multiply both sides by -3?

6--3<12--3 - -18 <-36 — False!

Dividing both sides by -3:
6+-3<12+-3 - -2 <-4 — False!
When you multiply or divide an inequality by a negative number, the
inequality must be reversed to make it true.
Begin again with 6 < 12.

You can multiply both sides by -3, but you must switch the inequality.
“Less than” becomes “greater than,” as follows:

6 <12 — True
6--3>12--3 —>-18>-36 - True
The < reversed to > to make a true inequality.
You can also divide both sides by =3, as long as you switch the inequality:
6 <12 = True
6+-3>12+-3—>-2>-4—-"True
The < reversed to > to make a true inequality.

This rule is very important in specific situations. If you are solving an
inequality and either multiply or divide both sides to isolate a variable,
you must watch for this reversal process.

You must switch the inequality symbol if you multiply or divide by a
negative number.

The inequality symbol stays the same for all adding and subtracting, and
for all multiplying or dividing by a positive number.

Let’s consider an inequality that involves multiplication:

S0 <10
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You can easily solve this with mental math: x < 2
The algebraic solution step uses the division property:

Sx < 10
Sx+5<10+5
x<2

JUST A MINUTE

The division property lets you divide both sides of a true equation by the
same number to create a new equation that is also true. It also applies to
inequalities, as long as the number you divide by is positive.

To check, put a number less than 2 in for x in the original inequality.
Use 1:

5.1<10 = 5 < 10; therefore, x < 2 is the solution.

Notice that you divided by positive 5, so the < symbol stayed the same.
Follow the solution steps for the following inequality:
—3x < 18

Don'’t try solving this mentally, because the -3 needs to be divided on
both sides, and the inequality must switch.

—3x< 18
-3x + -3 > 18 + -3 Dividing by -3: switch to >
x>-6

To check, put a number greater than —6 into the original inequality for
x. Use -5:

-3.-5<18—=15<18 = True

Therefore, x > -6 is the solution. It’s important that you switch the
inequality symbol only as you work to isolate the variable. The original
inequality doesn’t change. It can be difficult to keep track of these signs.
Fortunately, it occurs only in the limited situation of multiplying or
dividing by a negative number, but you must be aware of the importance
of the effect.
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The following inequality includes two operations, and the solution steps
follow:

2x—-82>-14

Solution: Your goal is to isolate the variable. Move the 8 by add-
ing 8 to both sides, and then move the 2.

2x—8+82>-14+8

2x>2-6

x+22-6+2

x=-3

(The inequality didn’t switch—you didn’t divide by a negative number.)

To check, put a number greater than or equal to -3 into the original
inequality for x. Use 0:

2.0-82-14—->0-82-14 5 -82>-14 — True

Therefore, x > -3 is the solution.

Now try to solve the following inequalities. Graph the solutions on the
following number lines, and check your answers on pages 271-272.

3. 6x-3<21
< ! ! ! ! ! ! ! ! ! ! ! ! >
<« T T T T T T T T T T >
2 -1 0 +1 42 43 +4 +5 46
4, Bx+7<25
< ! ! ! ! ! ! ! ! ! ! ! ! >
<« T T T T T T T T T T >
-8 -7 -6 -5 -4 -3 -2 -1 0 1 2
5. 9+ 2x>-11
< ! ! ! ! ! ! ! ! ! ! ! >
<t : >

: T T T T T T T T T
-2 -1 -10 -9 -8 -7 -6 -5 -4 -8 -2

The solutions to all the inequalities so far have been graphed lines that
go to either positive or negative infinity from a specific beginning point.
They give a visual picture of inequalities like x < 5, a very efficient way
to say “all the numbers less than 5.”



Solving Inequalities: Graphing 269

Sometimes you need to refer to a range of numbers. If you suspect you
have a fever, you probably don’t need to be concerned if your tempera-
ture is between 97.5° and 100.5°. You might need to see a doctor if it’s
above or below that range. The “safe range” can best be expressed with a
new type of inequality, as you'll see in the next section.

Solving and Graphing Combined Inequalities

Describing a variable as having a value between two numbers can most
efficiently be written as an interval, with inequality symbols setting the
boundaries. The example of a non-emergency body temperature range is
shown with the following statements and inequalities:

“It is acceptable for your temperature to be above 97.5” can be written
like this:

t > 97.5; this can be reversed and be written 97.5 < z.

PROCEED WITH CAUTION

The direction of an inequality reverses when the sides are reversed: 2 < 10
—>10>2;x<3—>3>x

“It is acceptable for your temperature to be below 100.5” can be written
like this:
t < 100.5

When you combine these inequalities, the result is this:
97.5 <t < 100.5
In this combined form, the variable—your temperature—can be

between 97.5° and 100.5°.

Graphing this interval makes it clear that  is between the two numbers
on the graph, as well as in the combined inequality:
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In the temperature example, the solution is the interval itself, because
the # is already isolated.

Consider the following combined inequality:

8<x-4<15
To solve this interval, isolate the x by adding 4 to all three parts of the
inequality:

8+4<x-4+4<15+4

12<x<19
To check, choose a number between 12 and 19 to put into the original
inequality for x. Use 15:

8<15-4<15—-58<11<15 - True
Therefore, 12 < x < 19 is the solution (all the numbers between 12 and 19,
including 12 and 19).
The graph follows:

As with simpler inequalities, multiplying or dividing by a negative num-
ber reverses the inequality symbols:

-6<-2x+4<16

Solution: Isolate the variable by subtracting 4 from all three
parts, and then divide all three results by —2.

-6<-2x+4<16
-6-4<-2x+4-4<16-4
-10<2x< 12
“10+-2>-2x+-2>12+-2
5>x>-6

The preferred order for these interval solutions is to have the smaller
number on the left side and the larger on the right—the same way the
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number line is displayed. So each of the terms can be reversed as long as
each inequality symbol is also reversed:

-6<x<5

The solution: “all numbers between —6 and 5”

In this problem, the inequality symbols were reversed because of the
division by -2, and then they were reversed again to put the smaller
number on the left side of the expression. You have lots to keep track of
here, but the process is always consistent, which is one of the certainties
of algebra.

Now try to solve these combined inequalities, graphing the solutions and
checking your answers on page 272.

6. -4<2x+6<10

< ! ! ! ! ! ! ! ! ! ! ! ! >
<« T T T T T T T T T T >
6 5 -4 83 -2 -1 0 +1 +2 +3
7. -6<-3x-9<12
< ] ] ] ] ] ] ] ] ] ] ] ] >
<« T T T T T T T T T T | ——
-8 -7 -6 -5 -4 -3 -2 -1 0 +1 +2
Answers to Sample Problems
. x+5-5<7-5—>x<2
< O
< ! ! ! ! ! ! 1 ! ! ! ! ! 3>
<« T T T T T T T T T T I
4 3 2 -1 0 +1 +2 +3 +4
2. x-3+32-7T+3>x2>2-4
[ >
< ! ! ! ! ! ! ! ! ! ! ! ! >
<« T T T T T T T T T T >
-5 -4 -3 -2 -1 0 1 2 3
3. 60-3+43<21+3>560<24>60+6<24+6—>x<4
< O
< ] ] ] ] ] ] ] ] ] ] ] ] >
<« T T T T T T T T T T I ——
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4. Bue+7-7<25-7->3x<18>53x+-3218+-3 5x=2-6

® >
< l l l l l l l l l l l l 3>
<« T T T T T T T T T T —>
-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3
5. 9+2x-9>-11-9>524>-20252x+2>-20+2 -5 x>-10
(e, >
< ! ! ! ! ! ! ! ! ! ! ! ! 3>
< T 1 T T 1 T 1 T T T —>
-2 -1 10 -9 -8 -7 -6 -5 -4 -3 -2
6. —4<2x+6<10
-4-6<2x+6-6<10-6
-10<2x<4
-10+2<2x+2<4+2
-5<x<2
[ ®
< l l l l l l l l l l l l 3
<« T T T T T T T T T T —>
-6 -5 -4 -3 -2 -1 0 1 2 3 4
7. -6<-3x-9<12
-6+9<-3x-9+9<12+9
3<-3x<21
3+-323x+-3221+-3
-1 >x>-7 (Reverse all terms and symbols.)
-7<x<-1
[  J
< ! ! ! ! ! ! ! ! ! ! ! ! 3>
< 1 T T T T T T T T T —>
-8 -7 -6 -5 -4 -3 -2 -1 0 1 2



Hour’s Up!

Solving Inequalities: Graphing

Based on what you've learned in Hour 19, find the solutions for the
following inequalities. Check your answers with the solution key in
Appendix B.

1.

-5>3
x>8
. x<8
x>-8
x<-8

a0 oo =

x+3<9
x>-6

oo
=

"
[@)

Q0
] R
ININ
(o]
(o)

2x+6<14
a.x>-4

b. x >4
c.x<-4
d x<4
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10.

SBx-2<13

a.
b.
c.
d.

x<5
x<-5
x>-5
x>5

7+2x>9

a.
b.
c.
d.

x<1
x < -1
x> -1
x> 1

3-2x>11

a.

b.
c.
d.

x<4
x <-4
x >4
x>4

4r+1<-19

a.

b
c.
d

x<-5

. x<S

x>5

.25



Solving Inequalities:
Absolute Value

CHAPTER SUMMARY
In this hour you will learn about ...
e Solving and graphing absolute value e Graphing inequalities with two vari-
equations ables

¢ Solving and graphing absolute value
inequalities

The properties that helped you solve equations were also very useful in
solving inequalities in the previous hour. Graphing the solutions on a
number line made the infinite number of possible values for the variables
easier to see. The number line is also convenient when you are work-
ing with absolute value, an algebraic way of finding how far a number is
from 0.

This hour, you will see how to find the solution of equations and
inequalities that include absolute value. The problems will be limited
to single variable expressions, as they were in the last hour, and you’ll
see that most of the same properties you already know are used in these
higher-level types of equations and inequalities.

Solving and Graphing Absolute Value Equations

The concept of absolute value is based on actual distance—how far a
given point on the number line is from zero—but you'll also see equa-
tions that include the absolute value of a variable or other expression.
Before you learn how to solve these equations, let’s review the basics
about absolute value.
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Recall that the symbol for absolute value is two small vertical lines, | |,
and that typically a number is inside:

[-91 — “the absolute value of negative 9”

JUST A MINUTE

When you learned about adding negative numbers in Hour 3, the absolute
value of the number was used in the algebraic explanation. Example: (-7) +
(-5) = -12 because the sum of two or more negative numbers is the nega-

tive sum of the numbers’ absolute values, or (-7) + (=5) = —(|-7] + |-5]) =
(7 +5) > —12.

Because —9 is 9 units away from 0, [-91 = 9.

1491 is also 9 because +9 is 9 units away from 0.

The simplest way to know a number’s absolute value is to simply remove
its sign:

=91 = 1491 =9

An open equation that includes absolute value follows:

lxl =6
As with all open equations, your job is to find the value of the variable
that makes the open equation a true equation. What can x be in this

open equation? Another way to ask the same question: What number is
6 units away from 0?

The two possibilities are that x can be —6 or +6 because if you put either
-6 or +6 into the original equation, you get a true statement:

=61 = 6 and 1+61 =6
Also, both -6 and +6 are 6 units away from 0. No matter how you look

at it, both numbers are the solution to x| = 6, and this solution can be
written as x = 6 or x = —6.

However, the best way to write this equation and its solution follows.
Solve: lxl =6

Solution: x = £6
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This gives the solution in its most efficient form. You will hear it read
aloud as “x equals positive or negative 6” or as “x equals plus or minus 6.”

Graphing the solutions to this equation on a number line is simply put-
ting a darkened circle on the points —6 and +6—there would be no heavy
line shading because the solutions are two individual points.

Fyl The graph of the solutions for absolute value equations can be shown on a
real number line. Both solution values may not fit on the line unless the inter-
vals are adjusted, as in the case of =14 and +14. Instead of numbering each
mark with whole numbers, the line could have a scale of 5 with each mark
labeled as 15, —10, -5, 0, +5, +10, and +15. This allows —14 and +14 to be
shown as darkened circles slightly to the right of =15 and to the left of +15,
respectively.

A similar absolute value equation and its solution follow:
Solve: Icl =14
Solution: ¢ = +14
Again, the graph is two darkened circles on —14 and +14.
Now consider a more complex equation:
le+ 81 =10
If this were written in words, it would be asking, “What values of «,

when added to 8, are 10 units away from 0?” That is a rather confusing
question, but the answer is easy to find with algebra.

The algebraic method relies on what you learned in the easier equation,
so look at it again:

The solution of lx| = 6 is ¥ = +6, which can also be written as x = —6 or
x = +6, and this is the form that helps you solve the more complex equa-
tion.

Solve: lxl =6

Solution: x = —6 or x = +6

Apply this same process to lx + 8 = 10.
Solve: lx + 81 =10
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Solution: x + 8 =10 or x + 8 = +10

Notice that the expression inside the absolute value symbol is set equal
to the positive and negative values of 10. You now have two equations

to solve, and each gives a solution of the original problem. The solution
steps follow:

Solve: lx + 81 =10
Solution: x + 8 = —10 or x + 8 = +10

Solving each equation gives the two solutions:

x+8=10
x+8-8=10-38
x=2
or:x+8=-10
x+8-8=-10-8
x=-18

To check, put each value of x into the original equation:
lx+8l =10 — 12 + 81 =10 — 110l =10 — 10 = 10;
lx+8l =10 — 1-18 + 81 =10 — 1-10l = 10 — 10 = 10;

Therefore, x = 2 and x = 18 are the solutions to the equation. The graph
on a number line would be darkened circles at —18 and +2.

PROCEED WITH CAUTION

The checking process must be done carefully with absolute value equations.
Be sure you substitute each of the two solutions into the original absolute
value form because you might have made an error in the first step when you
created the two new equations.

The solution to a simple equation like l#l = 5 is # = +5, which can be
done mentally, but if what is inside the absolute value bars is a more
complex expression, always show the steps, beginning with the creation
of the two equations. Another example of the more complex type is
shown here:

Solve: 1d-71 =5
Solution: d -7 =5o0rd-7 =-5
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Solving each equation gives the two solutions:

d-7=5
d-T7+7=5+7
d=12
or:d—7=-5
d-T7+7=-5+7
d=2

To check, put each value of 4 into the original equation:
ld-71=5—>112-71 =515l =5>5=5;
ld-71=5—>512-71=5—>1-51=5->5=5;

Therefore, d = 12 and d = 2 are the solutions to the equation. Graphing

these solutions would be darkened circles at +2 and +12.

Now try to solve these absolute value equations, checking your answers

on page 290.
L. lal =4
2. 1b+51=8
3. lx-4l=6

PROCEED WITH CAUTION

Every absolute value equation has two solutions, and the more complex the
variable side of the equation is, the more steps you need to show in finding
the solution. Resist the temptation to do a lot of the work mentally. Solving
two equations can be confusing, so show as many of the small steps as
possible, to avoid careless errors.

Solving absolute value equations follows the same rules as solving any
basic equation, with the important first step of writing the two new
equations and then solving each one to find the two solutions. As you’ll
see in the next section, solving absolute value inequalities builds upon
the skills you already have for solving basic inequalities.

Solving and Graphing Absolute Value Inequalities

Moving on up the ladder of solving problems that include absolute value,
the next step brings you to inequalities. Let’s begin with a basic absolute
value inequality and its solution:

lxl <7
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In words: “The absolute value of «x is less than 7.
In other words: “What values of x are less than 7 units away from zero?”

This problem can most easily be solved with the visual help of a graph
on the number line. There won’t be just two points on this graph—there
are many solutions to this inequality. In fact, all the numbers from 0 up
to +7 and all the numbers from -7 to 0 will work. The following graph
shows this solution:

0
~—10

Each of the numbers on the graphed line segment makes this inequality
true. The circles are open on =7 and +7 because they are not included in
the solution: 1-71 is equal to 7, not less than 7, so =7 must be excluded,
and the same is true for 1+71. But every number—all the fractions, deci-
mals, integers—from just above -7 up to +7 will work and are therefore
on the solution graph.

Even though the graph shows you the answers to this simple inequality,
the algebraic method is, of course, the better way to solve any absolute
value inequality. The process is much like the one you know for solving
absolute value equations, so you are really just refining those skills. And
the solution will be written in algebraic form, which is far more efficient
than “all the numbers between —7 and +7.”

Let’s solve the same absolute value inequality using algebra:
lxl <7
If this problem was an absolute value equation, such as lxl = 7, you'd

know the drill: the two new equations are x = =7 and x = +7, and the pre-
ferred form for the solution is x = 7. You can do that mentally.

With an absolute value inequality, you also solve two new inequalities,
but you must be careful how you write them:

One will be x < 7; the other will be x > —7.
This makes sense if you look back at the graphed solution line. But it is

a process that you need to learn and use without hesitation and without
having to make the graph.
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Fyl Explaining the process of writing the two new inequalities is much more
complex than the process itself. Practice it a few times, and you'll see that
it’s not difficult.

The easiest way is to memorize and follow this plan:

To create the two new inequalities, first write the problem “as it
is,” but without the | | symbol, and then write the problem with
the inequality reversed and the sign of the number on the right
side reversed.

Here’s the process, worked out with an explanation:
Solve: lxl <7

Solution: x < 7 and x > -7 are the new inequalities. Because both of these
inequalities must be true at the same time, the solution is written in
interval form, based on combining both inequalities:

x> -7 can be written as -7 < x. Because x < + 7, these both com-
bine to make the interval -7 <& < +7, and this is the final solu-
tion.

Looking at the graph of this absolute value inequality, the interval solu-
tion -7 < x < +7 exactly matches the graph and can be read as “~7 is less
than x, which is less than +7.”

The following example includes only the solution steps:

lal <3

PROCEED WITH CAUTION

Be careful as you write the new inequalities—especially the second one,
with its reversed inequality symbol and its reversed sign on the number
on the right side of the inequality. The wrong sign or symbol will lead to a
wrong solution.

Solution: # < 3 and # 2 -3 are the new inequalities; the combined
inequality solution is =3 < # < 3 and the graph follows:

\/

©1@
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When the inequality includes a more complex expression within the
absolute value symbol, the new inequalities are created with the same
process. Solving these new problems just takes a little more work, but it
is very similar to the inequality work you did in Hour 19. Some examples
follow:

lx—31<5

Solution: x — 3 < 5 and x — 3 > =5 are the new inequalities, solved in the

following:

x-3<5
x-3+3<5+3
x<8

and

x—-3>-5
x—=34+3>-5+3
x>-2

Combining the two solutions, -2 < x < 8.

JUST A MINUTE

Remember that an open circle on the endpoint of a graph means that the
number is not included in the solution. A darkened circle means it is a part
of the solution, along with the rest of the darkened line: < and > have open
circles; < and > have darkened circles.

The following is the graph:

Y

A

—+o
®10

Now try to solve these absolute value inequalities. Graph their solutions,
and check your answers on page 290.

4. lxl <5
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5. la-41<3

Y

All the absolute value inequalities so far have included either < or < as
their relation. A variation in the final solution process comes into play
when the > and > inequalities are used, as you'll see in the next examples.

Beginning with a basic inequality, you use the same process to write the
two new inequalities:

lxl > 5
Solution: x > 5 or x < =5 are the new inequalities, and they need no fur-

ther work. However, when you graph these solutions, something looks
different:

\ 4

Y

|

o4
®
~
®
©

Fyl The solution of > and > inequalities have two parts that are both inequalities,
and they are most easily seen if you graph them on a number line.

The solution has two parts on the graph, and between these is open
space. Choose a point in that open space—let’s use 2—and put it into
the original inequality:

12 >5 —2>5 — False

This shows that all the numbers in the open space are not solutions of
the inequality. If you put any number from either of the graphed lines
into the original problem, you will get a true statement because those
lines do represent the solution to this inequality.

The following slightly more complex inequality will have a similar solu-
tion that can be graphed with two separate lines.

lx =41 >3
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Solution: The new inequalities are created as before, and for this prob-
lem, they are x — 4 > 3 or x — 4 < -3. The solution steps follow:

x—4>3
x—4+4>3+4
x>7

or

x—4<-3
x—4+4<-3+4
x<1

When the solutions are graphed, the lines form two separate sets of
numbers that are solutions of the original inequality:

Fyl The open space between the two graphed lines shows the numbers that are
not solutions of the original inequality.

Now try to solve these absolute value inequalities. Graph their solutions,
and check your answers on page 291.

6. lxl =2

A
Y

7. lb+4l >4

A

-0 9 -8 -7 -6 -5 -4 -3 -2 -1 0 i

Your ability to solve equations and inequalities that include absolute
value expressions pushes your algebra skills to an advanced level as it
expands your mind’s ability to process increasingly complex ideas. Just as
this hour has built upon your equation-solving abilities, the next section
exposes you to new ways of looking at graphing lines on the (x,y) coordi-
nate axes that you first saw in Hour 15.
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Graphing Inequalities with Two Variables

The graphs of single-variable equation solutions can be drawn on a num-
ber line, as you have been doing for the past few hours. When equations
have two variables—typically x and y—that are part of a general type of
equation like y = mx + b, their solutions can be graphed as ordered pairs
and the line that connects these ordered pairs.

For the final part of this hour, let’s look at solving some two-variable
inequalities, such as the following:

y<2x-4
In the same way you began when learning how to solve other inequali-
ties, look at this problem written instead as an equation:

y=2x-4
It is in the slope-intercept form of y = mx + b, where m is the slope and

b is the y-intercept. The slope of this line is 2, and the y-intercept is -4.
The following graph on the x- and y-axes shows this equation’s line:

(2,0)

(1-2)

(0.-4)

Every point on this line is a solution of the equation y = 2x — 4, and there
are an infinite number of solutions because there are an infinite number
of points on the line. This review of graphing the solution of an equa-
tion helps you see all those solutions (ordered pairs) more easily.

GO TO «

Recall that y = mx

+ b is the slope-
intercept form of a
line that has a slope
m and a y-intercept
b. The line y = 2x

+ 6 has a slope—
the ratio of rise to
run—of 2 and a
y-intercept of 6.
The intercepts are
(0,6) and (-3,0). See
Hour 15 for a review
of graphing lines.



286

Hour 20

Now return to the inequality y < 2x — 4.

Its graph is based on the graph of the line y = 2x — 4. However, the
inequality includes even more points than are on the line. Your goal

is to find all the (v,y) values that make this inequality a true statement.
Because < means “less than or equal to,” you know that the line shows all
the “equal to” points.

Where are the “less than” ordered pairs?

The best way to find them is to choose a specific point that is not on the
line and check it in the original inequality. If it makes a true statement,
all the points in that region of the graph will make a true statement.

Let’s use the ordered pair (5,0). It lies to the right of the line. Does
it make a true statement? Put 5 in for x and 0 in for y in the original
inequality:

y<2x-4—->0<2-5-4-50<10-4—->50<6—> True

Fy| If an ordered pair from one side of the graphed line makes a true statement
when put into the original inequality, then all the ordered pairs on that side
of the line will also make a true statement. They are all solutions of the
inequality.

Yes, the ordered pair (5,0) is a solution for this inequality. All the ordered
pairs to the right of the line will make a true statement when put into
the original inequality. None of the ordered pairs on the left side will
make a true statement. Let’s confirm this using a chosen point, (0,3). Put
0 in for x and 3 in for y in the original inequality:

y<2x-4—-53<2-0-4—-53<0-4—-3<-4— False
To show the graph of all the ordered pairs that are solutions of the

inequality, you shade in the area of the graph lightly to the right of and
below the graphed line, as shown in the following:



lea)
(0,-4)

0)

Solving Inequalities: Absolute Value

The final example shows the solution of another inequality with two

variables:

y>x+3

First, graph the line from the equation y = x + 3. This line has a slope of
1 and y-intercept of 3, with key points (0,3), (1,4), and (-3,0); the graph is

shown here:

B

¥03)

(-30)y"”
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FYI

In the graphs on the real number line for inequalities such as x > 3, the open
circle on +3 shows that 3 is not a part of the solution, but the heavy line
extending to the right of +3 shows all the numbers that are the solution. In
the same way, lines on (x,y) graphs are dashed, not solid, if the inequality is
< or >. This shows that the ordered pairs on the line are not part of the solu-
tion, but the shaded area is the solution.

Notice that the line is not drawn as a solid line, but is dashed. This is
because the original inequality was >, not 2, so the ordered pairs on this
line are not actually part of the solution.

Now choose a point to the right of the line, such as (0,2), and put 0 in for
x and 2 in for y in the original inequality:

y>x+3—>52>0+3>2>3 — False

This shows that all the ordered pairs on the right side of the line will
make false statements, so the shading should go on the left side. To con-
firm this, choose an ordered pair on the left, such as (-2,4), and put -2 in
for x and 4 in for y in the original inequality:

4>-2+3>54>1->True

This confirms that all the ordered pairs to the left of and above the
dashed line are solutions, so that region should be shaded, as follows:
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Now try to graph the solution of the following inequalities, checking
your answers on pages 291-292.

8.  y<3x-6;slope is 3 and y-intercept is —6

9. y 2 2x + 6; slope is 2 and y-intercept is 6

-4

=6
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Graphing the lines at the heart of two-variable inequalities gives you the
boundary that separates the two regions of the (x,y) ordered pairs; one
area has all the solutions, and the other area has none. This allows you
to easily identify whether any specific ordered pair is a solution of the
inequality.

Answers to Sample Problems

1. lal=4—>a=14
2. 1b+51=8—>b+5=8o0rb+5=-8

b+5=8
b+5-5=8-5
b=3
b+5=-8
b+5-5=-8-5
b=-13
b=-13 or3
3. lx-4l=6>x-4=60orx—4=-6
x-4+4=6+4
x=10
x—4+4=-6+4
x=-2
x=-2or 10
4. lxl £5 > x<5andx2>-5 — combine to give the interval
—S5<xs<S
[  J
D e S S e S e A
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5

5. la-41<3—-a-4<3anda—-4>-3

a-4+4<3+4
a<7
a-4+4>-3+4
a>1

2>1and 2 <7 combine to give the interval 1 <z <7

O
1
T

1

~—10



6.

Solving Inequalities: Absolute Value

lxl 22 5> x2>22o0rx<-2

|

l
-5 -4 -3 -2
7. b+4l >4 —>b+4>4o0rb+4<-4
b+4-4>4-4
b>0
b+4-4<-4-4
b<-8
! ! !
< T T >
40 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1
8. y<3x—06;slope is 3 and y-intercept is —6
r'
551(1,—3)
-5 ¢
¥
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9. y 22w+ 6;slope is 2 and y-intercept is 6

14

(=8,0)

Hour’s Up!

Based on what you’ve learned in Hour 20, find the solutions for the fol-
lowing absolute value equations and inequalities. Check your answers
with the solution key in Appendix B.

1.

lxl =9
a.x=9

b. x=-9
c.x=19

d x<9

le—61 =7
a.c=1or-13
b. c=-1or 13
c.c=1lor13
d.c=-1or-13
lx+21 =8

a. x=-10or -6
b.x=10o0r6
c.x=100r-6
d.x=-100r6



10.

lxl <4
a.x<4
b. x <-4

c. 4<x<4
d4<x<-4

la+71 <3
a.4<a4<-10
b. -10<2<-4
c.2<10

d. 2<-10

le =31 <1

a.2<x<4
b. 2<x<4
c.2<x<-4
d -2<x<4

la-21 <7
a.5<a<9
b. 5<a<-9
c. 5<a<9
d S<a<-9

lel >3
a.c<-3orc>3
b.c<3orc>-3
c. 3<c<3
d.c<-3

lx -8l =6
a.x<-2orx2>14
b.2<x<14
c.x>2orx<14
dx<2orx>14

lx+ 21 >4
a.-6<x<?2
b.x<6orx>2
c.x<—-6orx>2
dx<-2orx>6

Solving Inequalities: Absolute Value
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Square Roots: Simplifying
and Solving Equations

CHAPTER SUMMARY

In this hour you will learn about ...

e Simplifying square roots of numbers ¢ Solving equations that include a
o Simplifying square roots that include squared variable
variables

As you begin this fourth and final part of studying algebra, it’s appro-
priate that you’ll be learning about quadratic equations. The word
quadratic is based on quadratum, the Latin word for “square,” a shape
with four equal sides. If the length of each side is x, the area is x times

x, 2%, or “x squared.” The tie-in is that every quadratic equation has a
variable—typically an x—that is squared, and there are several ways to
find the solution. You will also see the connection between algebra and
the real world in formulas from research, finance, and geometric shapes.
Focusing briefly on a square shape, the length of each side of that square,
and the square’s area leads to the main topic for the next two hours.

Simplifying Square Roots of Numbers

Visualize the following square shape: it has four sides, all equal in
length, and four right angles. If each side of this square is 3 inches
long, you could draw 9 little 1-inch squares within this 3-by-3 square.
Make a sketch to see it more clearly. If each side of another square is 4
inches long, there will be 16 little 1-inch squares inside it. So the area
of a square can be found by drawing the square and counting the little
squares inside it, or you could just multiply the length of a side times
itself, which is much more efficient.
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Based on each of these squares, you know that a 3-by-3-inch square
contains 9 square inches, and a 4-by-4-inch square contains 16 square
inches. Rather than drawing and counting all the squares, the algebraic
shortcut lets you write it this way:

In words In algebra
3 squared is 9 -  3¥=9
4squaredis16 —  4=16

You are familiar with the four basic operations of adding, subtracting,
multiplying, and dividing. Now a fifth operation is added to your alge-
bra toolbox: squaring. It’s based on the area of an actual square shape,
but its applications are almost endless.

Formulas of all types include variables that are squared, and general
equations that have squared variables are so common, they have their
own name—quadratic equations. As with solving absolute value equa-
tions, finding the solutions of quadratic equations is based on all the
equation-solving skills you already have, pushed up to a slightly higher
level, but it’s a step-by-step process that can be learned easily. You have
to learn some basic work with squared numbers and variables first.

In much the same way that subtraction is the opposite operation of
addition, 2 + 3 =5 — 5 -3 =2, the opposite operation of squaring is
called the square root. The following examples show how to find the
square root of a number:

Fyl The number inside the square root symbol comes from multiplying a num-
ber times itself—a number squared. Your job is to find the numbers that,
when squared, give the number inside the square root symbol.

Because 3% = 9, the square root of 9 is 3. The algebraic symbol for
square root is V' (often called a radical sign or simply radical), and this
example can be written as follows:

=9 5 J9=3

It can be spoken as, “The square root of 9 is 3 because 3 times 3 is 9.”

Similarly, 4> =16 — 16 = 4
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“The square root of 16 is 4 because 4 times 4 is 16.”

However, other numbers multiplied times themselves give 9 and 16:
from your work with negative numbers, you know that -3 - -3 = 9 and
-4 .-4 =16, or (-3)* =9 and (-4)* = 16.

These examples can be written as follows:

()—3 27 =9 9 = =3 because -3 times -3 is 9.
(}4 * =16 — /16 = — 4 because 4 times —4 is 16.

Because there are two ways to get a product of 9 by multiplying a num-
ber times itself—3 - 3 and -3 - —3—there are two answers to \/-9g .

Vo =30r o =-3

The most efficient way to write these as a single expression is to use the
+ symbol:

J9 =43 — “The square root of 9 is positive or negative 3.”

Similarly, J16 = +4 — “The square root of 16 is positive or negative 4.”

In common usage, only the positive answer is shown, and it is called the
principal square root. Most formula applications that include the square
root symbol require only the positive answer, so generally you will see
J9 = 3. If both answers are needed, the problem is usually written as
9 = +3.

What is /0 ? You know that 0 - 0 = 0, so Jo=0 , without the * because 0
isn’t positive or negative. Keep in mind that the square root of any posi-
tive number does have two possible answers, if both are needed.

Fyl What about the square root of a negative number? What is the square root
of -9? Because no number times itself gives a negative product (a positive
times a positive gives a positive, and a negative times a negative also gives
a positive), no real number can be the square root of -9. Square roots of
negative numbers are called imaginary numbers, which is a topic for higher-
level algebra courses and is included in Hour 24.

299
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Because square roots are based on squared numbers, it is helpful for you
to memorize the following:

0’=0->/0=0
P=1-5+1=1
P=4->4=2
3=959=3

4 =16 516 = 4
=255 25=5
6=36 - 36=6
7 =49 > 49 =7
8 =64 — 64 =8
92 =81 — 81 =9
10? = 100 — 100 = 10

Working with square root problems is much easier if you recognize the
“perfect squares” from the list; they are shown here:

0,1, 4,9, 16, 25, 36, 49, 64, 81, 100

When you take the square root of a perfect square, the answer is a whole
number. In the same way that knowing the basic multiplication facts for
the numbers 0 through 10 lets you focus on more complex algebra prob-
lems, knowing that a number is a perfect square saves valuable time and

energy when you are simplifying square root problems.

Consider the following examples of finding square roots:

J49 =7 (@9 is the perfect square of 7)
J81=9 (81 is the perfect square of 9)

These two problems are easy, since 49 and 81 are perfect squares.

FYI It will be helpful to factor the number inside the square root symbol if it
isn’t on the perfect square list. Remember that factoring is simply writing
a number as the product of two or more numbers: examples include
900 =9 - 100 and 144 = 4 x 36. Use factors that are perfect squares when-
ever possible: 144 = 2 - 72 is true, but the perfect square factors 4 - 36
allow you to find the square root of 144.
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V400 is not so easy, because 400 isn’t on your list of perfect squares.
Your factoring skills and the list of perfect squares help you work around
this problem:

Think about 400. Are there any numbers in the perfect square
list that are factors of 400? Yes: 4 and 100.

J400 = J4 - 100

This factoring process lets you break down 400 into manageable pieces.
A square root problem can always be written as the product of two (or
more) square roots. This means that the factors of 4 and 100 can be
separated into two multiplied square roots:

JA00 = 37100 = 4 - Ji00

You know that V4 = 2 and+/100 = 10. The simplified answer follows:

V400 = /4100 = V4 - 100 = 2 - 10 = 20

You might have been able to find V400 = 20 mentally, but the algebra
steps of factoring 400 and using the product of the two square roots gets
you the answer without a lot of work. If you show only the first step of
factoring and keep the numbers inside the extended square root symbol,
that is fine, too.

The square root of a fraction can be simplified in a very similar way, as
shown here:

16 . V16
— can be written as because the square root of a
25 V25

quotient is equal to the quotient of the square roots.
i6 _Jis _+4
25 J25 S
Eyl The number inside the square root symbol is the radicand. The square root

symbol itself is often called the radical. You may hear the phrase “radical 16,”
which is another way to say “the square root of 16.”
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Now try to simplify the following square root problems, checking your
answers on page 310.

1. 64 =
2. 2500 =

The square root problems so far have all included radicands that are
perfect squares or perfect square factors. Their simplified answers have
no square root symbols because the square root of a perfect square will
always be a whole number. Even the examples that contained a fraction
simplified to have whole number numerators and denominators.

Consider the following radical:

Simplify: V20

Because 20 is not a perfect square, try factoring it into two numbers.
The possible factors are shown here:

m=\/ﬁorm=\/2~10

The problem is that, in the first solution, 5 is not a perfect square, and,
in the second solution, neither 2 nor 10 is a perfect square.

When this happens, choose the solution that has at least one perfect
square factor and simplify it as much as possible:

V0= T 5 =F-5=25

FYl The order of the factors inside the square root symbol does not affect the
final answer. The perfect square factor will simplify to a whole number,
regardless of whether it is the first or second factor.

A square root expression is in simplest form when all the perfect square

factors have been changed to their whole number answers, so this prob-
lem is finished. It can be read as “The square root of 20 is two times the
square root of five,” or as “The square root of 20 is two root five.”
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Knowing all the numbers that are perfect squares from 4 to 100 will cer-
tainly help you simplify square root problems, as shown in the following
examples:

Simplify: J50

The factors of 50 are 5 - 10 and 2 - 25. Use the second pair, because 25 is
a perfect square—5 and 10 are not perfect squares.

50 =225 =542

Note that the two earlier examples had similar answers, but 205 s very

different from 52 —the first is 20 , the second is J50.

In fraction problems, simplifying the fraction first, if possible, usually
makes the problem easier. By factoring out the common factor from
both the numerator and denominator, the remaining numbers might be
perfect squares, as shown here:

Rt T oh
LA

ry1 All fraction radicands do not simplify to create perfect square numerators
and denominators. That type of problem is presented in higher-lever algebra
courses.

Now try to simplify the following square root problems, checking your
answers on page 310.

4. J28=
5. 75 =

6 (=
80

A L
27

When a radical expression is a combination of a whole number multi-
plied by a square root, the process of simplifying is a bit more complex.
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Consider the following problem:
Simplify: 836

Because this problem is just “8 times the square root of 36” or “8 root
36,” simplify the radical and multiply the result by 8:

836 =8 -6 = 48

The perfect square radicand made that problem an easy one.
Simplify: 3v32
Find the perfect square factors of 32, if there are any:

3W32=3-J16-2=3-V16 V2=3-4.2=12{2

An alternative method is shown here:

332=3-\4.8=3-V4-8=3.2-8=6\8

However, because 2 - 4 = 8, you need to continue to simplify the prob-
lem:

6N8=6-\4-2=6-V4.2=6-2.2=1242

The previous example shows clearly how important it is to factor the
radicand into the largest perfect square factor possible. It saves a lot of
time and potential errors.

When 16 and 2 were used for 32, the process took half as many steps as
when 4 and 8 were the factors.

Now try to simplify the following square root problems, checking your
answers on page 310.

8. 581=
9. 12440 =

A similar process is used when variables are inside the square root sym-
bol, with a variation that helps you simplify the terms with exponents.
The number part of each expression is simplified as in all the problems
so far. This will prepare you for solving the equations at the end of the
hour.
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Simplifying Square Roots That Include Variables

The final simplification process applies to square root problems that
have variables in the radicand, as in the following examples:

2547

The radicand can be separated into the product of two radicals and then
simplified:

V2sa? =25 et = 5Vt

PROCEED WITH CAUTION

Remember that your job in simplifying radicals is to find the numbers (or
variables) that, when squared, give the number (or variables) inside the
square root symbol. Pay close attention to the exponents of the variables in
the square root.

V2507 =25 - fx? = Y’ Is Ja? in simplest terms? No, because

the &? term inside the square root symbol is x - x, so vx* must be x.
Continuing to simplify gives this:

5\/x_z=5-x=5x

With more complex radicands with variables, use the same steps for sim-
plifying nonvariable problems, paying attention to how the numbers and
the variables are affected by the square root symbol.

Simplify: 3v12x"

Work on finding the perfect square factors of 12, if there are any, and on
finding the square root of the variable. The square root term will move
to the end of the simplified terms:

WP =343 o’ 0 =323 2T = 64’3
Simplify: V'
Factor the x term into clusters, which for an exponent of 7 is shown here:

\/x—7=\lx6~x=\lx3~x3~x=x3~\/;=x3\/;

Because x° - 2 = 2%,V =2’ . The Vx term cannot be simplified and
stays at the end as a multiplier.
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Simplify: 5v754°

In this problem, the exponent on the x term is a 3, so the factors of the
variable term look like this:

V750 =525 5w x =525 5 e Jr=5-5-
\/E'xw/;:ZSx\/S_x

Simplify: 7,122°y’z
7\[129583/5z=7~\/4“3-364~x4~yz'y2~y~z=7'2~x4 Sy
3z = 14xty’ Bz

PROCEED WITH CAUTION

When variables with the same base are multiplied, the exponents are added.
Be careful to not take the square root of the exponent. Cluster the variables
with exponents so you can see the terms multiplied by each other. These
terms move out of the radical to become a single term, in much the same
way that perfect squares move out.

Now try to simplify the following square root problems, checking your
answers on page 310.

10.  10V94°0% =
1. 2402y =

Your skills in simplifying square roots make it possible to solve a simple
quadratic equation, as you will see in this hour’s final section.

Solving Equations That Include a Squared Variable

If an equation has a squared variable, isolating that variable requires
something other than the properties of addition, subtraction, multiplica-
tion, or division. The only way to isolate a squared variable is to take its
square root, and that is exactly how you can solve a basic quadratic equa-
tion.

Consider the following quadratic equation:

Solve: ¥? = 25
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Solution: None of the basic operations will help you find the value of
that will make this a true statement, which is your goal in solving this
equation. If a variable x is squared, taking its square root will equal x. By
taking the square root of both sides of this equation, the variable will be
isolated. The solution steps follow:

¥t =25
Ja? =25
x=%5

Fyl [f you take the square root of a number, both the positive and negative
answers are the solution, because squaring each of these gives the number
in the radicand. Check both solutions in the original equation.

To check, put +5 and =5 in for «x in the original equation:
¥ =25 (§5 =25 25=25and
=255 (F5 =25525=25
Therefore, both +5 and =5 are the solutions to the equation x? = 25.

You need to isolate the squared variable term before taking the square
root of both sides of the equation, as in this example:

¥’ =36=0
¥’ =36+36=0+36
x* =36
Vx? = V36
x=x6

To check, put +6 and —6 in for x in the original equation:

x'=36=0—(+6)’-36=0—-36-36=0—>0=0
and
x*-36=0—>(-6)-36=0—->36-36=0—->0=0

Therefore, both +6 and —6 are the solutions to the equation x> — 36 = 0.

If the squared variable term has a coefficient other than 1, use the divi-
sion property to isolate the squared variable, and then take the square
root of both sides of the equation:
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2x' =18
2% 18
2 2
¥'=9
Vet =0
x=%3

To check, put +3 and -3 in for «x in the original equation:
20°=18—>2.-(+3)’=18—-2.9=18—>18=18
and
2x°=18—>2.(3=18—52-9=18—>18=18

Therefore, both +3 and -3 are the solutions to the equation 2x? = 18.

Similarly, isolating the squared variable term in the next example allows

you to find the solutions by taking the square root of both sides of the
equation:

36x = 49

3637 + 36 =49 = 36
, 49

" 36

i ¥
I =\

7
6

X

x ==

To check, put +§ and —% in for x in the original equation:
, 7Y 49
36x° =49 — 36 - +3 =49—>36-%=49—>49=49

and 5
36x2=49%36~(—%J :49—>36~%:49—>49:49

2

Therefore, both +% and —% are the solutions to the equation 36x* = 49.

The next example shows the solution steps for a quadratic equation with
a coefficient other than 1, along with a number subtracted from the vari-
able term. Moving the subtracted term and then isolating the squared
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variable allows you to take the square root of both sides and find the
solutions:

254 —81=0
254 —81+81=0+ 81
25x% = 81
ZSxZ_Q

25 25
oo

25

WJSI

25

x:ig

5

To check, put +2 and 22 in for x in the original equation:

2
25x2—81=0—>25~(+2) —81=0—>25~g—81=0—>

25
81k 8k 0» 0= 0

and 9} 81
25x2—81:0%25~(—§J—81=0—>25-Zfs—8120%
81 8 0> 0= 0

Therefore, both +2 and -2 are the solutions to the equation
) 5
25x7—81 = 0.

Although the last two equations were more complicated than the earlier
examples, these quadratic equations are considered basic because they
all use the same solving techniques as nonquadratic equations. The only
difference is at the very end of the solution steps, when you must take
the square root of both sides to get the final solutions.

Now try to solve this quadratic equation, checking your answer on
page 310.

12. 3x?-20=28

The equations have become more sophisticated, but your strong algebra
skills will help you move successfully to the next hour’s quadratic equa-
tions and new solution methods.
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Answers to Sample Problems

1.
2.

3.

10.

11.

12.

8
V2500 = /25100 = 25 - 1100 =5 - 10 = 50
81 _ 81 _9

49 J49 7

V28=\J4-7=\4 J1=27

V75 =25 3 =425 -3 =53

20 00 UVt

80 \20-4 N4 J3 2

12 _ 34 _j4_v4_2

27 \3-9 N9 Jo 3
5\V81=5-9=45

1440 =12+ 410 =12 - 4 - 10 =12 - 2. V10 = 24410
N9 =109 - 2> b b & - e=10-3-a-b - -
Je = 30ab* e

2405y =2 41020 2Py y=2-2.40 .y 10y =

4’y [10y

3x? =20 =28
302 =20+ 20=28+ 20
3x? =48
3x 48
33
2 =16
Vi’ =16

x =14
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Hour’s Up!

Based on what you’ve learned in Hour 21, simplify the following square
root expressions. Check your answers with the solution key in Appendix B.

1. V3600 =
. 60
600

aooe
—
o

wlowvinoiv wieo QT o

o 5
©wimw ol— 8|3

e
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c p
;‘m;‘mw-us-mm‘.d\é‘
I

o

e

d. 5

8. 6420 =
a. 30
b. 120
c. 1245
d. sJ12

9. SV16ab’’ =
a. 417[2\/;
b. 20ab%5
c. 4ab*5c
d. 20bNac

10. Solve 4x? + 5 = 41.
a. x=+3
b. x =+3
c.x=-3
d. x =19



Square Roots:
Four Operations and
Radical Equations

CHAPTER SUMMARY

In this hour you will learn about ...

Multiplying, dividing, and simplifying e Solving simple radical equations
square roots

* Adding, subtracting, and simplifying
square roots

In last hour’s introduction to square roots, you used multiplication and
division as you simplified the radical terms. When you learned about
polynomials—how to combine like terms and use the FOIL method for
multiplying binomials, along with other operations—you worked from
your knowledge of basic algebraic properties. In a similar way, work-
ing with more advanced square root expressions is based on many of

the same methods you used to simplify basic radicals. By the end of this
hour, you will be able to solve equations that include square roots, which
some people would call a “radical” goal. The first step is to learn how
the basic operations affect square root expressions.

Multiplying, Dividing, and Simplifying Square Roots

The method you used last hour to simplify radicals helps you understand

how to multiply square roots. Look again at the simplifying steps from
this earlier example:

J400 = /4 - 100 = v/4 - 100 = 210 = 20

You factored 400 into two perfect squares, split them into two radicals,
simplified each one, and then multiplied to get 20. This is really just a
multiplication problem, and the part you need to focus on now follows.
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JUST A MINUTE

Remember that the radicand is the number or variable inside the radical, or
square root symbol.

The factors of V4 and v/100 can be multiplied, and the result is V400,
Multiplying two or more radical expressions simply means multiplying
their radicands and putting the product inside the square root symbol. If
there are numbers or variables in front of a radical, they act much like
coefficients—they are multipliers. The following examples show how to
multiply radicals.

Vio -3 =430

The factors of 30 (2 - 15, 3 - 10, and 5 - 6) are not perfect squares, so
\/3—0 is the final answer.

256420 = 124100 = 12 - 10 = 120

The numbers in front of the radicals are multiplied, and the radicands
are also multiplied. Because J100 simplifies to become 10, with no rad-
ical, the final answer is the product of 12 times 10. The final result of
multiplying radicals might or might not include a radical in the answer.

In some problems, it is more efficient to simplify the radicals before you
multiply the radicands. The following example is worked out with each
of these methods:

312 - 4428

You can multiply 3 times 4 to find the number outside the radical and 12
times 28 to find the number inside it. You then simplify the large radi-
cand, if possible, as shown here:

3V12 - 4428 = 124336

JUST A MINUTE

Square root expressions are simplified when all the possible perfect square
factors of the radicand have been changed into numbers in front of the radi-
cal and the final radicand has no perfect square factor.

There is probably a perfect square factor of 336, but it is rather difficult
to find.
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A more efficient alternative is to factor the original radicands before you
multiply:

V12 428 =124 -3 - 44 -7 =12- 23 -4 - 7 = 19421

This second method is usually the easier way to get the final answer
because you are working with smaller numbers, but both methods even-
tually lead to the same final answer.

Now try to multiply the following radicals, simplifying each answer fully.
Check your answers on page 327.

1. J7-J10=
2. V6B =
3. 6J12-3J8 =

Radicals that include fractions can also be multiplied, and the process is
similar to multiplying other radicals. However, their final answers need
to be simplified into a specific form. The following examples show the
solution steps for multiplying fractional radicands.

Multiply and simplify: \/g . \/g

The two fractions can be brought together in a single radical and then
multiplied, as shown here:

\P.ﬁz/z.iz\ﬁzﬁ
3 V2 V3 12 V36 6

JUST A MINUTE

Fractions can be multiplied when they have different denominators, but they
do need equal denominators when they are added or subtracted.

The factors of 10 (2 - 5) are not perfect squares, so this radical is simpli-

fied.

Special rules affect radicals with fractions. The final answer cannot have
a fraction under the square root sign, and there cannot be a radical in
the denominator of a fraction. It is acceptable for only the numerator to
be inside the radical. The following examples show how to work with a
fractional answer within a radical so that it meets these special require-
ments.
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Multiply and simplify: \/g . \/z

This problem can be combined easily by simply multiplying the frac-
tional parts under one radical, as shown:

Because the factors of 35 (5 - 7) and the factors of 6 (2 - 3) are not perfect
squares, the radical is simplified. However, a fraction cannot be within
the radical, so this answer still needs a little work.

The steps that follow show how to force the denominator 6 to become a
perfect square and, therefore, move out of the radical:

\/3:5_ 35-6 (210 V210
6 \6-6 \N36 6

JUST A MINUTE

Any number divided by itself equals one. If you multiply a fraction by x/x,
where x is any nonzero number, the new fraction is still equal to the old one
because you multiplied it by 1.

Multiplying both the numerator and the denominator by 6 is the same
as multiplying the fraction by 1, and 6 - 6 = 36, which is a perfect square.
The final answer is totally simplified now because only the numerator of
the fraction is inside the radical.

Another example of simplifying radicals that include fractions follows,
with an alternate method of multiplication.

Multiply and simplify: \/% . \/g

This problem combines the method from the previous section with the
need to leave no denominator inside the radical. Two solution steps are
shown, with both as excellent options.

In this solution, the fractions were multiplied and then factored and
simplified. The denominator 2 needed to be multiplied by V2 to move
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the 2 out of the radical, so the entire fraction was multiplied byT2 s
which is equal to 1. 2

Fyr [neach problem where the denominator contains a radical, the entire frac-
tion must be multiplied by a new fraction equal to 1. You can always use
the denominator term as the multiplier, as long as you multiply both the
numerator and the denominator by it, effectively multiplying by a fraction that
equals 1.

A second solution process can also be used on this problem, as follows:

This is only slightly easier than the previous method, but it does simplify
the fraction within the radical at an earlier point, keeping the numbers
smaller and possibly easier to use, with fewer errors.

With either method, the end result is the same and requires moving the
denominator outside the radical. As you see in the prior examples and in
the next problem that follows, this complex algebraic process demands
an understanding of square roots and fractions in the same problem, and
it forces you to think of a logical process that can most efficiently meet
your goal of simplifying the radical.

Multiply and simplify: \/g . \/§

The 8 in the numerator and the 4 in the denominator have a common
factor of 4, so they simplify easily, making this problem less complex.
The denominator still needs to be moved out of the radical to be totally
simplified:

\/@\ﬁ_/u_/uz_\@_ 10 3_V30
34 V3 47V 3 4 V3 N3 37 3

Now try to multiply and simplify the following radicals, checking your
answers on page 327.

3 V12

317
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3 i

N Sy
5 \2

6. S [N
7 V3

Many radical problems include a combination of multiplication and addi-
tion or subtraction, so let’s look at some basic adding and subtracting
examples before putting them all together.

JUST A MINUTE

Recall that when adding or subtracting polynomials, only like terms can be
combined: they must have the same variable and exponent. The coefficients
are combined, with no change to the variable or exponent. Adding or sub-
tracting radicals is very similar to polynomials, but instead of variables with
exponents, you have square root expressions.

As you saw in the earlier problems, you don’t need to have like terms to
multiply radicals. In fact, you can put multiplied radicals together into
one large square root symbol and simplify the problem from there.

When you are adding and subtracting radicals, there are a few more
limitations, but your ability to simplify polynomials gives all the ground-
work you need, as shown in the following examples:

Add and simplify: W2+ 52

Both terms in this addition problem have the same V2 radical. If this
problem were 3x + 5x, you would know the answer is 8x. Similarly, you
can just combine the coefficients in the problem, and it’s done.

W2+ 52 =82

As long as the radical is the same for the terms, the addition or subtrac-
tion can be simplified into a single term, as shown here:

635 + 55 — 5 =945

and

7B+ -B =8B

In the previous example, the last term does not have a coefficient show-
ing, but as with terms like x or , these all have a coefficient of 1, which
is seldom written.
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Fy! Notice that the radicands never change in addition or subtraction, but they
do in multiplication and division. This is similar to how terms behave in poly-
nomials, too.

When there are unlike radicals in an addition or subtraction problem,
combine any that are the same and write the simplified answer with
separate radicals, as in the next example:

V2 + 746 - 82 - 243 =

The two like terms can be combined, but be careful—the radicands of 6,
2, and 3 are definitely not like terms.

SV2+7J6 82 - 23 =-3J2 - 23+ 76

Two of the terms were combined, and the answer was written with
ascending radicands, but any order is acceptable, as long as each term’s
sign is correct. The nice part about adding and subtracting radicals is
that their rules are similar to the rules for polynomials, and you already
know them.

The final examples of adding and subtracting use your skills from sim-
plifying radicals.

Consider the following addition problem:

V24348 + 243 - 118 =

All these radicands are different, so it looks like this problem cannot be
simplified. However, look more closely. The second and fourth radicals
both have factors that are perfect squares, so they need to be simplified
before any adding or subtracting can happen. The solution steps are
shown in the following:

V24308 + 23 - 218 =
ﬁ+3\/ﬁ+2ﬁ—2\/r:
V243 22+23-2-32=
V2462 +23-62=
V24283
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Fyl Check each radicand for factors that are perfect squares so they can be
moved out in front of the radical. This often gives new radicals that can be
combined with others in the problem.

If you are able to take a few shortcuts, this process can be streamlined.
Be aware that simplifying square roots can introduce mistakes, so show
the work as needed. The following example includes larger radicands
that need to be simplified:

2450 + 4332 - 2475 - 5190 =
Simplify each radical term and combine those that are like terms.

250 + 4432 - 2475 - 590 =
225 2+4J16-2-225 3 -5J9-10 =
2-5V2+4-42-2-53-5.3J10 =
1072 + 162 = 1043 = 15410 =
26v2 - 1043 - 1510
This last example is more difficult than most radical addition and sub-

traction problems, but even the complex radicals follow the same basic
rules as the easier ones.

Now try to add and subtract the following radicals, checking your
answers on page 328.

7. W5+7B3 -5 -5 =
8. 20 + 412 - 227 =

The next step is to combine your adding and subtracting skills with what
you learned about multiplying radicals.

JUST A MINUTE

The distributive property makes it possible to simplify a sum multiplied by
a number. It’s the same as adding the product of the terms: a - (b + ¢) =
@-b)+(@-c
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Consider the following sum of two radicals multiplied by another radical:

\/g()/g+5 =

The terms inside the parentheses cannot be combined because they are
not like terms. However, the radical in front of the parentheses needs to
be distributed, or multiplied, to both inner terms, as shown here:

\/5()5+5 =B BB 5=3+50

This example includes a shortcut that applies any time a radical is mul-
tiplied times itself: the radicand becomes the simplified answer. The fol-
lowing example shows the different ways this can be written:

\/§»f=(}/§z=\@=3

A final distributive problem has a similar process but needs more simpli-
fying of the radicals.

(- -

As the outer number multiplies by each of the numbers inside the paren-
theses, the resulting radicals have perfect square factors and need to be
simplified, as shown here:

Jo(M2 -3 =2 - VI8 = 43— 0 2=23-3\2

PROCEED WITH CAUTION

These combined operation problems are perfect examples that need each
step of the solution shown in detail. The changing radicals and their factors,
along with the simplified radicals, are easily lost if you skip too many steps.

Now try to simplify the following radicals that have combined opera-
tions, checking your answers on page 328.

0. V2f-v2 =
10, B(15 -6 =
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You have seen that radicals are affected by the basic operations—
addition, subtraction, multiplication, and division—in much the same
way polynomials are. When radicals appear in an equation, your goal

is the same as in any equation—to isolate the variable. Your familiarity
with radicals during the previous hour and this one makes the next step
an easy one.

Solving Simple Radical Equations

The final goal this hour is a familiar one. So many of the topics in alge-
bra keep coming back to solving equations, and this hour is no different.
Many formulas in physics and geometry include radicals as terms. The
ability to solve radical equations opens your mind to new analytical abili-
ties, which, after all, is one of the main reasons to study algebra. Your
skills with squaring terms and simplifying radicals merge here as you
learn how to solve radical equations.

Let’s begin with a basic equation:

Jr=6

To isolate this x variable, it needs to be moved outside of the square root
symbol. In all the other equations you learned how to solve, the four
basic properties helped you move terms from one side of the equation to
the other, and eventually you could isolate the variable.

In this problem, none of the four operations will help. In the same way
that you can add, subtract, multiply, or divide both sides of an equation
by a number or variable, there’s one more operation you can perform on
both sides of this equation: you can square them both. And the solution
steps follow:

Jr=6
e

x =36

Fyl Squaring a radical removes the square root sign and moves the radicand
outside the radical, so there is no radical remaining.
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To check, put 36 in for x in the original equation:
Jr=6-5B6=6->6= 6 ; therefore, x = 36 is the solution.

The shortcut you saw in the last section is a huge help in this kind of
equation. Squaring both sides of this basic equation makes finding the
solution very easy.

Now consider another radical equation:

e =9
Isolating the x will again be easy if you square both sides of the equation:
e =9

3¢ =81
3¢ 81
33
x =27

To check, put 27 in for x in the original equation:

Br=9-5.27=9-581=9-59=9

Therefore, x = 27 is the solution.

Even rather complex radicands become easy to work with after the radi-
cal is squared. An equation that at first looks very difficult might actually
be easy to solve, as in the next example:

2x—-3=7

PROCEED WITH CAUTION

Be sure to square both sides of the equation before you try to move the
terms inside the radical to the other side; the radicand’s terms cannot be
moved until after the square root symbol is removed by the squaring pro-
cess.
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Square both sides of this equation to help isolate the variable:

2 -3=7

2
(Mv=3 =7
2x —3=49
2 —3+3=49+3
2x =52
20+ 2=52+2
x =26

To check, put 26 in for x in the original equation:

e -3=752-26-3=752-3=7549=757=7

Therefore, x = 26 is the solution.

Consider the following equation:
Sx-4-3=6

Isolating this variable requires squaring both sides, but the -3 needs to
be moved to the right side before you can square any of the terms:

JSr—4-3=6
JSr—4-3+3=6+3

S0 —4=9

2
()/sx—4 -9
Sy — 4 =81
Sy—4+4=81+4
5 =85
Sx _ 85
55
x =17

PROCEED WITH CAUTION

Some of the addition and division property steps shown here can be done
mentally to make the solution more compact, but always check the signs of
the terms as you work and check that the correct operation is used for iso-
lating the variable. Taking shortcuts is fine but may lead to careless errors.
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To check, put 17 in for x in the original equation:

Sr-4-3=65-17-4-3=6>85-4-3=6>

J81-3=659-3=6->6=6=

Therefore, x = 17 is the solution.

All the detailed steps are shown in the previous example, but you would
probably be able to omit some of them. Solving radical equations is
exactly like solving most of the equations so far, with the added step of
squaring both sides of the equation to remove the square root symbol.

The following equation has a coefficient with the radical, and its solution
steps show how to move the coefficient in a method very similar to solv-
ing the equations you learned about in Hour 5:

2y2x—6+4=8

Looking at the radical as an entire variable helps you see that you must
move the 4 and the coefficient 2 before you can square the radical and
then isolate the x.

2\J2x -6 +4=8

2 -6+4-4=8-4

2J2x -6 =4
N
2 T2

Sr—6=2
Obx—ézzf

2y —6=4
2x—6+6=4+6
2x =10

2¢ 10
72

x=5

To check, put 5 in for x in the original equation:
22— 6+4=8-202.5-6+4=8-2/10-6+4=8—

WN4+4=8-522+4=8->8=8
Therefore, x = 5 is the solution.

325
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Many of the com-
mon algebraic sym-
bols and operations
that represent word
problem expres-
sions are listed in
Hour 1.

Square root problems can be solved when they are written as equations,
but it can be difficult to know what terms are inside the radical, what
parts are acting as coefficients, and what terms are added or subtracted
outside the radical. The following word problems include different
phrases and their algebraic translations.

If 4 times the square root of a number is 12, what is the number?

To write this as an equation, focus on what needs to be in the square
root symbol. The key phrase is “the square root of a number” If you use
x as the variable, x will be inside the radical, and the rest of the problem
is easily translated:

=12
e 12
4 4
Ve =3
b
x=9
To check, put 9 in for x in the original equation:

4y =125 49=1254.3=12512=12

Therefore, x = 9 is the solution.
Look for the key phrase in the following problem:

If the square root of 4 times a number is increased by 7 to give a result
of 17, what is the number?

The key phrase in this equation is “the square root of 4 times a number.”
So 4 - x will be inside the radical, as shown here:

Jax +7=17
Vax +7-7=17-7
Jax =10

4x =100
4 _ 1000
4 4

x =25
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To check, put 25 in for x in the original equation:

Var +7=17> J4 25 +7=17 > J100 + 7 =17 —
0+7=17>17=17

Therefore, x = 25 is the solution.

PROCEED WITH CAUTION

Pay close attention to the placement of the terms in a radical equation: “4
times the square root of a number” is very different from “The square root of
4 times a number,” and each gives very different results.

As in all word problems, being able to write the equation involves know-
ing what algebraic symbols and operations match the word phrases. You
began this process in Hour 1, and it has expanded to include everything
from polynomial expressions to radicals.

Now try to solve the following radical equations, checking your answers

on page 328.
1. 2Jx=6
12. x+2=6
3. V=6

Answers to Sample Problems

L 7-J10=7-10=+70
5V6 - 243 =106 -3 =10V18 =109 -2 =103 -2 = 3042
3. 6V12-38=18-V12 . 8=18- 4 3. J4+. 2=

184 4-3-2=18 4J6 =726

4 ,.ﬁ_/z.i_\/@ﬁ
' 12 V3 12 V36 6
3

(3]

w | N

N z.z_ﬁ_ [3 10_ 350 50
’ s N2 Vs 2 N10 V1o 10 Vioo ~ 10
s 6. [10_ Q.Q_Ju,&_\/g 10 _ [20
N7 N3 N7 3 N7 3TN T7 o1 N7 T
45 7 _2f35
7 7 7
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7. W5+ B3-V5-5B=V+23

8. 20 +412-2027 =4 5+4f4.3-203=205+
8v3 - 643 = 25 + 23

9. V2(}-+2 =32-2-V2=32-2

10, B15 -6 =315 -3 V6 =45 - V18 = o5 -
Jo-2=345-32

11. 2\/;:6—>&:g—>\/;=3—>(>/; =¥ 5 x=9

2
12. x+2:6—>()/x+2‘:62—>x+2=36—>x+2—2:
36 -2 x=34
2
13. @:6—>()/Z =6z—>2x=36—>27x=%—>x=18

Hour’s Up!

Based on what you’ve learned in Hour 22, simplify the following square
root expressions and solve the radical equations. Check your answers
with the solution key in Appendix B.

1. fB-7=
a. Sﬁ
b. V21
c. 7\/3
d. V10

2. 2276 =
a. 56\3
b. 912
c. 146
d. 28\3

3. 320 18 =
a. 3@
b. 8410
c. 1810
d. 10410



V2-43-V2-23=
a. V2-683
b. 42 - 63
c. 42+6\3
d. 5\/§+6\/§

W12 - 3420 + 2427 =
a. —/8 + 2427
b. 1045 - 643
c. 2B3-6J5
d. 1043 - 65

Square Roots: Four Operations and Radical Equations
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8. B(j-\3 =
.53 -3
. 43
A5 -3
NG

9. Solve: 3J/x =18
a.x=6
b. x =36
c.x=18
d. x =54

10. Solve: Jx =3 =7

a.x=21
. x =49
. x=52
.x=46

o 0 T o

o 0 T



Quadratic Equations:
Solving by Three Methods

CHAPTER SUMMARY
In this hour you will learn about ...
* Solving quadratic equations by find- e Solving quadratic equations by com-
ing square roots pleting the square

e Solving quadratic equations by fac-
toring

Knowing about square roots and radicals, how they are affected by the
four basic operations, and how to solve radical equations prepares you
for these final two hours of study. Solving an equation that has a squared
variable relies on your ability to find the square root of a number and to
simplify radical expressions. Factoring a polynomial will also come in
handy.

To learn how to solve complex quadratic equations, you will be combin-
ing skills from many of the past 22 hours, especially the polynomial
factoring in Hour 10 and the basic equations you solved in Hour 21. As
with so many of the concepts in algebra, you will be expanding your
mind’s ability to see a problem, consider your options, and carry out a
plan to find the solution. This has been the strategy all along: you began
with basic math concepts and have progressed to sophisticated algebraic
concepts, such as quadratic equations, which come in various forms and
therefore have different solution options.
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GO TO «

Recall that equa-
tions with a squared
variable are called
quadratic equations;
see Hour 21 for the
origins of the term
quadratic.

Solving Quadratic Equations by Finding Square
Roots

At the beginning of Hour 21, you learned about square roots, and by the
end of that hour, you were able to solve equations like the following:

¥t =25

Vit =25
x==%5

and

3x? =48

3 _ 48
3 3

¥’ =16

Ja? =16
x=x4

JUST A MINUTE

Every quadratic equation has two solutions because taking the square root
of a number gives both a positive and a negative result.

These two quadratic equations are perfect examples of why it’s impor-

tant to be able to take square roots and work with radicals. The second
problem needs an extra step, but solving each equation involves taking

the square root of both sides to isolate the variable x and then simplify-
ing the radical to find the two solutions.

Now consider an equation that is quadratic, but the expression being
squared isn’t a simple «x:

(x-37=25

The binomial x + 3 is squared, so this equation is very similar to «? = 25
and is solved in much the same way, as shown here:

()-3"=25
Jiy =37 = s

x—3=4%£5
x—3+3=%5+3
x=3%5
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When you take the square root of 25, which is +5, and then isolate the
x by adding 3 to both sides of the equation, the solution is 3 + 5. This
needs to be simplified further to show the two solutions:

x=3x5>x=3+5=80rx=3-5=-2

To check, put 8 in the original equation for x:

(-372=25 > (8-37=25—>5=25525=25

Put -2 in the original equation for «:

(x =30 =25—>(=2-3)=25—> (=57 =25 > 25 = 25; therefore,
x = 8 and x = -2 are the solutions to (x — 3)* = 25.

PROCEED WITH CAUTION

If a binomial is squared in the equation, there will be two solutions, but do
not assume that the final answers are opposites of each other.

The previous example includes a binomial—x — 3—that is squared.
You learned how to multiply this expression with the FOIL process in
Hour 8, but by leaving the binomial in its squared form, you can take
the square root and quickly isolate the variable. FOILing the binomial
would not be helpful in this problem.

Follow the solution steps for a more complex quadratic equation that
includes a squared binomial term:

3(r+2) =108

To begin this problem’s solution process, the 3 must be divided on both
sides, and then you can take the square root of both sides.

3(}+2° =108
3()c+22_@
33
(k+27=36
Je+27 =36
x+2=1%6

x+2-2=426-2
x==-2%6

333
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The solution step can be written as +6 — 2 or -2 * 6, but the second form
is easier to use when finding the two solutions, as follows:

x=-2+t6—>x=-2+6=40orx=-2-6=-8

JUST A MINUTE

Remember that a number in front of a squared expression in parentheses
is not squared; only the expression inside the parentheses is squared, and
then the number in front is multiplied but not squared.

To check, put 4 in the original equation for x:

3(vr+2) =108 >34 +2)? =108 — 3 - (6) = 108 — 3 - 36 = 108
— 108 = 108

Put -8 in the original equation for x:

3r+ 27 =108 = 3(-8 +2)? = 108 — 3 - (<6)2 = 108 — 3 - 36 =
108 — 108 = 108; therefore, x = 4 and x = —8 are the solutions
to 3(x + 2)° = 108.

The following quadratic equation is solved with the same process as in
the two earlier problems, with an additional step as you find the two
solutions. It shows the importance of being able to simplify a square root
that isn’t a perfect square.

S(k-4" =60
5()4—42_@
5 T s

(k-4"=12
7=

x—4=+412

x—4+4=2V12+4

x=4+12=4+ J4.3=4+283

The two solutions are 4 + 23 and4 — 24/3.
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PROCEED WITH CAUTION

When you square a radical, the result is the radicand—the number or
expression inside the radical. If a number is in front of the radical and inside
the parentheses, this number is squared and then multiplied times the
expression that was under the radicand.

To check, put 4 + 243 in the original equation for «x:
S(k-4" =605+ 254 =605 (I3 =60
S-(F-3 =60—>5-12=60— 60 =60

Put 4-213 in the original equation for x:
S(e-4" =60 5(h-25-4 =605 ()23 =60
S5-(F-3 =60—>5-12=60— 60 =60

Therefore, x = 4 + 23 andx = 4 — 243 are the solutions to S(x—4) =
60.

Although checking the solutions to this type of quadratic equation is
almost as complex as solving the equation, the process for a difficult
problem is no different from an easier one. The algebra skills required
are more advanced, but the basic solution steps remain the same in all
the equations and in their checks.

Now try to solve the following quadratic equations, checking your
answers on page 346.

. (x-8)7=49

2. 2@x+47=50

3. 4(x+22=32
The quadratic equations so far have included binomial terms that are
squared. When the squared binomial is isolated, you can easily take the

square root of both sides and use basic equation-solving skills to find the
solutions.

Solving Quadratic Equations by Factoring

Consider the following quadratic equation that looks different from the
others:

22+ 10 + 25 =49
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When factoring
trinomials, focus
first on the third
term and find all the
number pairs that
multiply to give that
term. Then choose
the pair that sums
to the coefficient

of the trinomial’s
middle term. See
Hour 10 for more
examples of factor-
ing trinomials.

It does have a squared variable x, and the 25 could be subtracted from
both sides, but the 10x term is a problem. If you subtract 10x from both
sides, it will move to the right side of the equation, which stops you from
taking the square root of both sides to isolate the .

A better plan is to recall from your work with factoring polynomials that
it might be possible to factor the trinomial x? + 10x + 25 into two bino-
mials.

The last term in &% + 10x + 25 is 25, and its factorsare 1 - 25 and 5 - 5.
Does one of these pairs sum to 10 (the coefficient of the middle term)?
Yes, 5 + 5 = 10. From this work, you know how to factor x? + 10x + 25, as
follows:

22+ 10x + 25 = (0 + S)(xc + 5)

Because (x + 5)(x + 5) = (v + 5)%, this squared binomial can be used in the
original equation and will help you get to the solution, as follows:

x” + 10x + 25 = 49

(k+5(}+5 =49

(k+5° =49

NCRERENCD

x+5==%7
x+5-5=47-5
x=-5%7

By factoring the trinomial into a squared binomial and taking the square
root of both sides of the equation, you can easily find the two solutions:

x=-5+t7>x=-5+7=20rx=-5-7=-12

To check, put 2 in the original equation for x:

X+ 100 +25=49 5 22+10-2+25=49 -4 +20+25=49 >
49 =49

Put -12 in the original equation for x:

22+ 10x+25=49 — (=12 + 10 - -12 + 25 =49 — 144 + 120 +
25 =49 — 49 = 49; therefore, x = 2 and x = — 12 are the solutions
to a% + 10x + 25 = 49
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JUST A MINUTE

As with all negative numbers that are squared, be sure you put parentheses
around the number and its negative sign. This confirms that the answer will
be a positive number, because multiplying two negatives always gives a
positive result. (<9) - (-9) = +81; -9 - 9 = -81

The solution steps for the next quadratic equation are shown. If you can
factor the trinomial into a squared binomial, you can find the solutions:

2%+ 8x + 16 = 64

The last term in the trinomial is 16, and its factors are 1 - 16, 2 - 8, and
4. 4. Does one of these pairs sum to 87 Yes, 4 + 4 = 8, so the numbers
in the binomials are 4 and 4, as shown in the following, along with the
solution steps:

¥’ +8x + 16 =64
(k+4(k+4 =04
(k+4 =04

i a® = e

x+4=18

x+4-4=28-4

x=-4=%8

x=—-4+8=4 or x=-4-8=-12

To check, put 4 in the original equation for x:
X +8x+16=64>4+8.4+16=64—>16+32+16=64 >
64 = 64

Put —12 in the original equation for x:
2 +8x+16=64— (-12 +8--12 + 16 = 64 — 144 - 96 + 16 =
64 — 64 = 64

Therefore, x = 4 and x = —12 are the solutions to x> + 8x + 16 = 64.

The following quadratic equation has a trinomial with a negative middle
term, but it can be factored into a squared binomial, as follows:

X’ —12x+36 =16

337
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The factors of 36 are 1 - 36,2 -18,3-12,4-9,and 6 - 6. Because 6 + 6 =
12, the numbers in the binomials are 6 and 6, but they need to be —6 and
-6 to sum to —12. The factoring and solution steps follow:

¥ = 12x +36=16
(=6 (y—6 =16
(k-6"=16

Jix—o" i

x—6=14
x—6+6=124+6
xr=614

x=6+4=10 or x=6-4=2

To check, put 10 in the original equation for x:

2 =120 +36=16—>2>-12 .10 + 36 = 16 — 100 — 120 + 36 =
16 - 16 = 16

Put 2 in the original equation for x:

=12x+36=16—-22-12-2+36=16—->4-24+36=16 >
16 = 16

Therefore, x = 10 and «x = 2 are the solutions to x? — 12x + 36 = 16.

JUST A MINUTE

Recall from Hour 2 that the algebraic term for the negative and positive
whole numbers and zero is integers. Another way to describe integers is
that they are zero and all the whole numbers along with their opposites. A
number line often shows intervals that are marked in integers: ..., -3, -2, -1,
0, +1, +2, +3, ...

The final example of a quadratic equation that can be solved by factoring
is very similar to the earlier ones, but its solutions include a radical that
cannot be simplified to a positive or negative integer or zero. Your sim-
plifying radical skills are helpful in this problem.

x*—6x+9=20
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The factors of 9 are 1 - 9 and 3 - 3. =3 + =3 = —6, so use -3 and -3 for the
numbers in the binomials:

2 —6x+9=20
(=3 (k-3 =20
(k-3"=20

o3 -
x—3=i\/ﬁ
x-3=%2/§
x-3+3=2205+3
x:3i2\/§

x=3+25 or x=3-25

The solution steps for this equation follow the same process as the other
quadratic equations in this section, but checking the solutions requires
skills that are more advanced and are not shown here. Your algebra skills
of simplifying radicals do, however, allow you to isolate the variable and
find the two solutions, which is your goal.

Now try to solve the following quadratic equations that include trinomi-
als, checking your answers on page 346.

4. «?—10x+25=81
5. ' —4x+4=12

When a quadratic equation can be written with either a simple variable
x that is squared or a binomial that is squared, taking the square root
of both sides of the equation leads you easily to the two solutions. Let’s
look at your options if the trinomial in the equation cannot be factored
into a squared binomial.

Solving Quadratic Equations by Completing the
Square

Factoring the trinomial in a quadratic equation into two equal binomials
makes it easy to find the two solutions.

However, for the following equation this doesn’t seem to work:

x?+6x+4=11
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The factors of 4 are 1 - 4 and 2 - 2. However, 1 +4=5and 2 + 2 =4.
Neither factor pair sums to 6, the middle term’s coefficient, so neither of
these factor pairs will work as the binomial factors for x? + 6x + 4.

When this happens—as it often does—you need to write the equation in
such a way that the trinomial does factor into two equal binomials. You
need to look at the original equation in a new way.

To understand the new process you’ll be using, it is helpful to analyze
the equations from the last section, when you learned how to solve qua-
dratic equations by factoring.

Look at the trinomials from those equations and see how they were fac-
tored into squared binomials:

2+ 10x+25 > (x+5)x+5) —> (x+5)
X +8r+16 > x+dHx+4) - x+4)
x?—12x + 36 - (x - 6)(x - 6) = (x — 6)?
22 =10x+25 5> x-5)xE-5) > x-5)
2 —6x+9 > (x-3)(x-3) > (x-3)

In each problem, compare the middle term’s coefficient to the last term.
What can you do to 10 to get 25? What can you do to 8 to get 167 What
can you do to —12 to get 36?

You might notice a pattern here: in each case, if you take half the middle
terms’ coefficient and then square that number, you get the last term.
This is not a coincidence.

In fact, it is the key to solving an equation like the one that you are
working on:

X +bx+4=11

JUST A MINUTE

The addition property of equality or the subtraction property of equality
helps you move terms that are added or subtracted to the other side of the
equation. These properties help you move quadratic equation terms to make
their trinomial expressions factorable.
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To begin, move the 4 to the right side of the equation by subtracting 4
from both sides. Leave a blank space where the 4 was and include a +__
after the 7, as shown here:

X+ 6x+4=11
+bxr+4-4=11-4
b+ __ =T+ _

Look only at the trinomial, ignoring the = 7 +__ for now:

X+ 6x +__

Focus on the middle term’s coefficient, which is 6.
Take half of 6 — 3. Square 3 — 9.

In the trinomial x* + 6x + __, put 9 in the blank.
It is now &% + 6x + 9, and you can factor it:

22+ 6x+9=(x+3)(x+3)=(x+3)

When you added 9 to &? + 6x and created a trinomial that factors into

(@ + 3)( + 3), you “completed the square.” Moving the 4 gave you the
space to add 9. What had been a trinomial that you couldn’t factor—

x% + 6x + 4—became a trinomial that factored into a squared binomial—
2+ 6x+9=(x+3)x+3)=(+3)>

Completing the square is a technique that puts you in control of a qua-
dratic equation that otherwise you can’t solve by factoring. Let’s go back
to the equation and solve it. The solution steps that include completing
the square follow:

X’ +b6x+4=11
P bred-4=11-4
b+ __ =7+ __

X +6x+9=7+9

PROCEED WITH CAUTION

The most common mistake is not adding the number to both sides of the
equation. It is easy to add the number that is needed to make the trinomial
factorable into a squared binomial and also easy to forget to add that same
number to the right side. Using the +___ on the right side of the equation
helps remind you to add the number to both sides.
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When you add 9 to complete the trinomial, you must also add 9 to the
other side of the equation, an example of the addition property of equal-
ity you’ve been using since Hour 4. To finish the solution steps:

P H6r+9=7+9
(k+3(k+3 =16
(k+3°=16

Jiy 37 =i

x+3=+4

rx+3-3=%4-3

x=-3%4

x=-3+4=1 o x=-3-4=-7
To check, put 1 in the original equation for x:

¥ +6x+4=11>L+6-1+4=11>1+6+4=11->11=11

Put -7 in the original equation for x:
abr+d=11 (TP +6-T+4=11-549-42+4=11 -
11 =11

Therefore, x = 1 and x = -7 are the solutions to &% + 6x + 4 = 11.

Follow the solution steps for another example of completing the square
to solve a quadratic equation:

¥ -8x+3=12
¥ -8r+3-3=12-3
=8+ _ =9+

¥’ —8x+16=9+16
R

(k-4"=25

=47 -V

x—4=45
x=4+4=%x5+4
x=4=5

x=4+5=9 or x=4-5=-1
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Fy! [f the middle term’s coefficient is negative, when you take half a negative
number, the result is still negative. However, squaring that negative num-
ber will result in a positive number. In all equations solved by completing
the square, you will always be adding a term to both sides of the equation,
regardless of the sign of the middle term’s coefficient.

To check, put 9 in the original equation for «:

-8x+3=12>9>-8-9+3=12-581-72+3=12—>
12=12

Put -1 in the original equation for x:

W -8r+3=12>(1Y-8.--1+3=12>1+8+3=12—
12=12

Therefore, x = 9 and x = —1 are the solutions to x> — 8x + 3 = 12.

What happens if the coefficient of the middle terms is not an even num-
ber? All the examples so far have been even. You still take half of the
middle term’s coefficient and square it to find the term that is added

to both sides of the equation. However, taking half of an odd number
does give a fraction, as you see in the following equation and its solution
steps:

x’+7x-8=10
x’+7x-8+8=10+8
X+ T+ =18+ __

Take half of 7 %% .

749
Square = ——.
2 4

Add % to both sides of the equation to complete the square.
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The remaining solution steps are shown here:

7 7) 18-4 49
x+-||r+s|=—+—
2 2 4 4

To check, put 2 in the original equation for x:

W+ T7x-8=10>Q2)P+7-2-8=10->4+14-8=10—>
10 =10

Put -9 in the original equation for x:

2+ Tx-8=10>(9%+7--9-8=10—>81-63-8=10—>
10 =10

Therefore, x = 2 and x = -9 are the solutions to «? + 7x — 8 = 10.

As with the problems in the earlier section that were solved with factor-
ing, some solutions will not be integers when you complete the square.
The next example shows how to simplify the radical solutions of a qua-
dratic equation solved by completing the square:
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¥ +12x-10=4

¥ +12x-10+10=4+10
A2+ =144+ _
2+ 12x +36 =14 + 36

(k+6 (b +6 =50

(k+6 =50

e =40

x+6=+50
x+6:i\/m
x+6-6=+52-6
x=-6%52

x=-6+5J2 or x=-6-5\2

Checking these solutions requires skills that are more advanced and not
shown here.

Now try to solve the following quadratic equations by completing the
square. Check your answers on pages 346-347.

6. x?+10x-6=5
7. xP—6x+2=42
8. x*+5x-9=35

Your ability to solve quadratic equations enables you to break difficult
problems into manageable steps that lead to solutions. You can apply this
skill to many different areas in life; looking at information from a new
perspective can help you resolve many complex problems in a creative
way.

345
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Answers to Sample Problems

1.

(k-8 =49 ()-8 =49 >x-8=47>

x—8+8=27+8—>x=8x7—>x=8+7=15 or
x=8-7=1 )

2 2 +4° 2
2()c+4‘=50e()6#:?—>()c+4 =255k +4°
=V25 sred=45 sx+4-4=45 -4 5x=—4£5>2=—4
+5=lore=-4-5=-9

2
4(x+2)z:32%@:%%(x+2)2:8—>

Je+r2 =Bors2=28sr+2-2=205-2
x=-2+8ox=-2%+ 4 25x=-22025ux=
“2+222 or x=-2-22

2 =102 +25=81 - (v - 5)(x = 5) =81 > (x = 5) =81 >
Jor=s) =Bl s x—5=49 5 x - 54+5=49+5
x=5t95x=5+9=14 or x=5-9=-

W -dr 4= (x-2)(x-2)=12>(x-2) =12
Jo-2 =V sw-2-4lse-2+2-42425
x=24V25x=2+ 4 35x=2+2B 5=
24243 or x=2-23

¥ +10x-6=5>52"+10x-6+6=5+6—>x" +10x +

=l > 4100 +25=11425 5 (x +5) =36
Jx+5) =36 s x+5=2652+5-5=46-5>x=
~5t65x=-5+6=1 or x=-5-6=-11

X —br+2=42 > —6x+2-2=42-2>x>—-6x+ __
=40+ _ =5’ -60r+9=40+9 > (x-3)(x-3)=49 >

(x—3)2=49—>d(x—3)z=\/E—>x—3=i7—>x—3+3=

+7+3>5x=327—>x=3+7=10 or x=3-7=-4
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8. ¥ +5xr-9=5>2"+5x-9+9=5+9 5" +5x+__ =
14+_—>xz+5x+%5:14+%5—>(x+%J[x+%J:
144 25 5Y 56+ 25 57 81

+— > |r+>| = Slr+z| =—->
4 4 2 4 2 4
5Y st 5 .9 5 5 .9 5
x4+ =\ —>or+=Ft-or+-—=t--=>
2 4 2772 272 T2 2
PP S NP D e B S
272 272 2 2
5 9 -5-9 _14
X=—— === = — -7
22 2 2
Hour’s Up!

Based on what you’ve learned in Hour 23, solve the following quadratic
equations. Check your answers with the solution key in Appendix B.

1.

(x—6)Y =25
a.x=-1lorl
b. x =-11 or -1
c.x=1lorl
d.x=11or-1

3(x - 8)’ =48
a.x=-12or4
b.x=12o0r4
c.x=12or-4
d.x=-12 or -4

4(x +3)° =24

a.x=3+\/g or 3—\/3
b.x=3+\/ﬁ or 3—\/%
c.x=—3+\/g or —3—\/3
d.x=—3+\/ﬁ or —3—@
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2+ 12x+36=49
.x=1or-13

. x=-1or13
x=-1or-13
.x=1or13

o0 oo R

o

2—8x+ 16 =36
x=-10 or -2
. x =10 or -2
x=10or 2
x=-10or 2

a0 Ty

24+ 100 + 25 =16
x=9or-1
.x=9%or1
.x=-9or-1
x=-9orl

—4x +4 =100
.x=12o0r8
x=-12o0r8
x=-12 or -8
.x=12 or -8

0T O R Q00T 08

[}

+8x+ 12 =32
.x=2or-10
x=-2or-10
x=-2or 10
x=2or 10

2+ 10x + 20 =95
.x=-5orl5

. x=-5or-15
.x=5o0r15
.x=5o0r-15

P-6x+3=75
.x=12o0r6

.x =12 or-6
x=-12 or -6
.x=-12o0r6

©
5. 2000y

Q0 T o ¢

10.

20 oo R



Quadratic Equations:
Solving by the
Quadratic Formula

CHAPTER SUMMARY

In this hour you will learn about ...

e Solving quadratic equations with the e Finding the number and type of qua-
quadratic formula dratic equation solutions

* Choosing the best method for solving e Solving practical problems with qua-
quadratic equations dratic equations

It’s appropriate that your last hour of algebra study takes a closer look
at quadratic equations. Equations are the heart and soul of algebra, and
solving different types of quadratic equations brings together almost
every topic you've studied during the past 23 hours. You’ll see one more
way to solve these equations, get some hints on which method is best to
use, and work out practical problems that need quadratic equations to
reach a solution.

The methods of solving quadratic equations that you learned last hour—
finding the square root, factoring, and completing the square—will usu-
ally lead to the solutions. Some quadratic equations just don’t work well
with any of these three processes, so let’s look at one more method.

Solving Quadratic Equations with the Quadratic
Formula

One of the more difficult topics in algebra is solving a quadratic equa-
tion by completing the square of the trinomial expression. You learned
this method last hour and had several opportunities to practice using it
on equations that could not be solved by finding the square root or by
factoring. You probably noticed, however, that the goal of completing
the square is to force the problem to be a trinomial that factors into a
squared binomial. Depending on the terms in the equation, this process
of completing the square is either (a) difficult or (b) very difficult.
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Fortunately, finding the square root or factoring will easily solve many
quadratic equations, as in the following examples:

and

(k-7"=25
k=77 =425

x—7=%5
x=T74+7=%25+7
x=7%5

x=7+5% 12or x=7-5=2

¥’ —8x +16=36
(k-4 =36

o7 =

x—4=1%6
x—4+4=26+4
x=4=%6

x=4+6=10 or x=4-6=-2

JUST A MINUTE
Any quadratic equation that has a single squared variable, a squared bino-
mial, or a trinomial that factors into a squared binomial is easily solved by
finding the square roots of both sides of the equation.

Completing the square of a trinomial that doesn’t factor nicely into
squared binomials can be used to find the equation’s solutions. An alter-
native method—the quadratic formula—is based on completing the
square and works efficiently on quadratic equations that can’t be solved
by either of the first two methods. Even better, it is much easier to use
than completing the square. Let’s look at a few basic facts about qua-
dratic equations to see how this formula works.

Every quadratic equation has a squared variable, typically x. All qua-
dratic equations with a variable x can be written in the following stan-
dard form:

ax’ +bx +c=0
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In this general form, the # coefficient of x? cannot equal 0 because if
a = 0, then ax? would also be 0, and the equation would not be quadratic;
b and ¢ can be any real number.

If you begin with 2x? + bx + ¢ = 0 and follow a lengthy—9 or 10 steps—
process of completing the square to solve for x, the result is:

.o b+ \b* - dac

> — the quadratic formula
a

If you can write a quadratic equation in the general form of ax? + bx + ¢
=0, you can find the solution for x by putting the 4, 5, and ¢ values from
your equation into the previous quadratic formula. The £ sign in the
numerator shows that there are two solutions, which you know to be
true for all quadratic equations.

Consider the following quadratic equation:

x*+6x+4=11

As you try to solve this equation, you should consider all your options.
You cannot take the square root of both sides (the 6x + 4 is in the way,
and moving them to the right side won’t help), and the trinomial doesn’t
factor into a squared binomial (the factors of 4=1-4and 4 =2 -2 don’t
sum to the middle term’s coefficient of 6), so completing the square is
your third option. But if you can make the original equation look like
ax? + bx + ¢ = 0, you can use the quadratic formula.

Can the equation x? + 6x + 4 = 11 be written so that it is in standard
form, with all the terms on the left side of the equals sign and 0 on the
right? If you subtract 11 from both sides, you will have 0 on the right
side:

x*+6x+4=11
X+ 6x+4-11=11-11
x’+6x-7=0

This last equation is in standard form, so the quadratic formula can be
used to find the solutions. It helps to write your equation below the stan-
dard equation so you can see the 4, 4, and ¢ values more clearly:

ax’* +bx +¢c=0
X+ 6x-7=0

GO TO «

All quadratic
equations have a
squared variable
and two solutions.
See Hour 21 for
details about basic
quadratic equations.
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In this equation, # = 1, b = 6, and ¢ = -7. Put them into the quadratic
formula (notice that the sign of the # value changes as it is put into the
formula) and simplify the expression, as shown in the following:

e

X =

2a
64,6 —4-1--7
X =
2-1
-6+ .\36+28
- 2
) -6 + 64
a 2
-6+ 8
X =
2
x__6+8=,=1 or ﬂ=ﬁ=_7
2 2

JUST A MINUTE

Follow the order of operations you learned in Hour 1, working first to com-
bine the terms inside the radical in the numerator.

To check, put 1 in for x in the original equation:

K+br+4=11-51+6-1+4=11>51+6+4=11->11=11

Put -7 in for x in the original equation:

rbr+d=115 (7 +6-T+4=11->49-42 +4=11 >
11 =11

Therefore, x = 1 and x = -7 are solutions of x* + 6x + 4 = 11.
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Fyl The quadratic formula looks difficult, but it is much easier to use than com-
pleting the square to solve a quadratic equation. Putting the a, b, and c val-
ues from your equation into the quadratic formula gives the two solutions.

The quadratic formula looks a little intimidating, but using it is often
simpler than trying to complete the square of a trinomial. With com-
pleting the square, you must figure out what numbers will make the
trinomial factorable as squared binomials, and if the middle term’s coef-
ficient is an odd number, you are very likely to make an error somewhere
in the process.

The next quadratic equation is a perfect example of a problem most eas-
ily solved with the quadratic formula. Move x + 30 to the left side of the
equals sign, and find the 4, b, and ¢ values. The solution steps are shown
in the following:

x’=x+ 30
2 —x-30=x+3-x-30
x’—x-30=0

Find the 4, b, and ¢ values
ax’* +bx +¢c=0

x?—x-30=0

In this equation, 2 = 1, b = -1, and ¢ = =30. Put them into the quadratic
formula, watching the signs carefully, and then simplify the expression:

b+ B’ - 4ac

X =
2a
1 (F17-4-1--30
X =
21
Lo L4120

2

R ERVE

2
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1+11

X =
2

N L R I T
2 2 2 2

PROCEED WITH CAUTION

When the b value of your equation is negative, it will become positive in the
numerator of the quadratic formula. Be careful to put parentheses around
the negative b value when it is squared inside the radical. Squaring a nega-
tive number always gives a positive answer.

To check, put 6 in for x in the original equation:

x*=x+30—>6"=6+30—->36=36

Put -5 in for x in the original equation:

=2 +30 > (5)=-5+3025=25

Therefore, x = 6 and x = -5 are solutions of ¥’ = x + 30.

The solutions to the example equations so far have all been integers, but
this is not always the case. As you use the quadratic formula to solve
equations, simplifying the radical part of the numerator may result in a
radical in the solutions. The following example shows this type of solu-

tion:
x’=3x=1
x=3x-1=1-1
x’=3x-1=0

Find the 4, b, and ¢ values:

ax’ +bx +¢c=0
x’=3x-1=0
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In this equation, # = 1, b = -3, and ¢ = -1. Put them into the quadratic
formula, watching the signs, and simplify the expression:

:—bi\llzz - 4ac

X
2a
33 -4-1--1
X =
2-1
3+ 09+ 4
po I
2
34413
X =
2
3+413 3-413
X = or =

Checking these solutions requires skills that are more advanced, and the
checking process is not shown here.

A final example of an equation solved with the quadratic formula
includes a coefficient of 3 for the squared term. Its solution steps are
shown here:

30 =5x+2
307 = Sx—2=5x+2-5x-2
307 = 5x-2=0

Find the 4, b, and ¢ values:

ax’* +bx +¢c=0
30?7 = 5x-2=0

355



356 Hour 24

In this equation, # = 3, b = -5, and ¢ = -2. Put them into the quadratic
formula, watching the signs, and simplify the expression:

e

X =
6
5+7
X =
6
PR S 5 S B
6 6

1

6 6 3
To check, put 2 in for x in the original equation:

3wl=Sr+2—-3-22=5-2+2-53-4=10+2>12=12

Put -3 in for x in the original equation:

3x2:5x+2%3~(—§J =5 (—;J+2—>

1 5 3 5 2-3 1 5 6 1 1

3. = +2—>5—-= t—— o=t - -=

9 3 9 3 3 3 33 3 3
Therefore, x =2 and x = —% are solutions of 3x? = Sx + 2.

Now try to solve the following quadratic equations using the quadratic
_h+Ab =
formula: x = w . Check your answers on page 365.
a
. 2?+2x=15
2. 6x?=-Sx+4
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The quadratic formula can be used to solve quadratic equations that
don’t fit the other methods. It can also be the method of choice for solv-
ing almost all quadratic equations. Knowing which of the four methods
is the most efficient requires some analysis of the equation, but you’ll

see that some problems are clearly a certain type and that, with others, it
will be your preference.

Choosing the Best Method for Solving Quadratic
Equations

With four different ways to solve quadratic equations, how do you know
which one to use? Look at how the following equations have certain
characteristics. The method you use is based on the terms in the equa-
tion.

Each method is listed, followed by a few examples of equations that are
easily solved by that method.

Method 1: Finding Square Roots

¥ =49

x> +5=86

x*-8=44

Sx? =125
o
3

Each of the previous equations has a single x variable that is squared.
After isolating the squared variable, take the square root of both sides of
the equation to find the two solutions.

(=57 =36
3 —2)? = 48
Sw+3P-7=13
247 + 8 =58
(k+4 ?
V' o_g

2

Each of the previous equations has a variable within a squared binomial.
After isolating the squared binomial, take the square root of both sides
of the equation. Isolate the variable to find the two solutions.
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Method 2: Factoring a Trinomial into Squared Binomials

x’+8x+ 16 = 64
?—4x+4=25

Each of the previous equations has a trinomial that can be factored into
a squared binomial. Taking the square root of both sides of the factored
equation and isolating the variable give the two solutions.

Method 3: Completing the Square

x? +8x+10=30
x’—6x-7=9

The trinomial in each of the previous equations cannot be factored into
a squared binomial. Isolating the x-squared and the x terms, adding the
square of half the x term’s coefficient to both sides, and factoring the

new trinomial into a squared binomial gives an equation that can be
solved with Method 2.

Method 4: The Quadratic Formula

X+ 6x+2=42
X -Sx+2=-4
6x* + 7x+10=13

The trinomials in these three equations cannot be factored. The first
two could be solved by Method 3, completing the square; however, the
second equation’s -5 coefficient on the x term leads to a fraction. The
coefficient of 6 on the third equation’s squared term makes it a per-
fect candidate for the quadratic formula solution method. Unless you
strongly prefer using Method 3, each of the previous equations is most
easily solved with the quadratic formula. Be sure to move all the terms
to the left side of the equals sign, because the trinomial must equal 0
when it is put in standard form: ax? + bx + ¢ = 0. When you know the
equation’s #, b, and ¢ values, put them into the quadratic formula to find
the two solutions:

x:—binz—Mc

2a

Now try to solve the following quadratic equations, using one of the four
methods. Check your answers on pages 365-366.
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3. ¥2-7=4
4. @w-3P2-5=11
5. 3x?-10x=8

Analyzing the terms of a quadratic equation is the key to choosing the
method you’ll use to solve it. The quadratic formula not only helps you
solve complex equations, but it can also give you insight into what type
of solutions an equation will have.

Finding the Number and Type of Quadratic Equation
Solutions
The radical in the numerator of the quadratic formula plays a very
important role in solving a quadratic equation. The radicand inside the

radical is called the discriminant. Focus on that part of the formula in
this next example, taken from the earlier Method 4 section:

6x? + 7Tx + 10 = 13
To find the 4, b, and ¢ values, move the 13 to the left side of the equals
sign:

6x% + 7Tx+10-13 =13 - 13

6x +7x-3=0

In this equation, 2 = 6, b = 7, and ¢ = 3. Put these values into the qua-
dratic formula:

b £ \b* — 4ac

X =
2a
—7+J7?-4-6--3
X =
2-6

The discriminant 4? — 4ac for this problem is 7* — 4 - 6 - -3, which can be
simplified as follows:

P—4ac=7"-4.6--3=49+72=121
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JUST A MINUTE

Recall from Hour 2 that rational numbers are those that can be written as
the ratio of two integers—as a fraction. The whole numbers, integers, frac-
tions, and decimals are rational numbers.

Because 121 is a perfect square—11 - 11 = 121—the radical in the numer-
ator will simplify to be £11, and there will be no square root symbol in
the answer. The * in front of the 11 shows there will be two unique solu-
tions that are rational numbers.

Let’s finish this problem to see its solutions:

71
T2
7+11 4 1 -7-11 -18 3
y¥r=—————=—=— 0o Y= —— = —— = — —
12 1273 12 12 2

1 -3
The two solutions are ¥= 3O == As predicted from looking at

the discriminant, these are two unique rational numbers.

When the discriminant is a positive, perfect square number, the equation
has two rational solutions. When it is a positive number that isn’t a per-
fect square, there will be two irrational solutions.

In all the equations solved in the past two hours of study, the solutions
have all been real numbers. This is not always the case, as you'll see in
the next example’s solution steps:

267 +3x+4=0
This equation is already in ax? + bx + ¢ = 0 form, so the 4, b, and ¢ values
are easy to find:

Puta =2,b=3,and ¢ = 4 into the quadratic formula:

e T

X =
2a
3+3¥-4.2.4
r=—

2.2
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=—3i\/9—32

4

L3N
T4

X

JUST A MINUTE

Recall from Hour 21 that the square root of a negative number cannot be a
real number because a number times itself cannot give a negative answer:
multiplying two positive numbers gives a positive result, and multiplying two
negative numbers also gives a positive. The square root of a negative num-
ber is called an imaginary number.

The square root of —23 is not a real number, since it is not possible to get
a negative number when any number is multiplied times itself. When
you try to simplify this radical, the result is an imaginary number, a
topic you can learn more about in higher-level math courses.

For now, you have to say that the equation 2x? + 3x + 4 = 0 has no real
solutions.

This last example shows clearly how the discriminant can help you work
more efficiently. If you had known before doing all the solution steps
that there is no real solution, you could have saved time and energy for
other problems.

Let’s look at this equation again and check out its discriminant for help-
ful clues:

P-4ac=3-4.2.4=9-32=-23

TIME SAVER

You take the square root of the discriminant each time you use the quadratic
formula, so the discriminant’s value tells you a lot about the equation’s solu-
tions.

Seeing that the discriminant is negative, you know there are no real
solutions to this quadratic equation. When the discriminant is a negative
number, the equation has no real solutions.
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If you begin each solution process with finding the value of the discrimi-
nant, you will know whether there are any real solutions. When the dis-
criminant is a positive number, there will be two solutions, and they will
both be real numbers, not imaginary. They could be rational—when the
discriminant is a perfect square—or irrational—when it is not a perfect
square.

What if the discriminant equals 0?

Look at the following quadratic equation and its discriminant.
Equation: 2> + 12x+ 18=0—>a4=2,b=12,c=18
Discriminant: /> —4ac=12°-4.2.18=144-144=0

The square root of 0 equals 0, and %0 is still 0. So the numerator in the
quadratic formula solution for this equation is simple:

e Pt

X =
2a
-12+0
x=—
2.2
-12+0 -12 -12-0 -12
x=——=—=-3 or x=——=—=-3
4 4 4

The solution to this equation is x = -3.

Fyl Adding 0 to a number or subtracting O from a number doesn’t change the
number. When the discriminant equals 0, the quadratic equation has only
one solution.

By finding that the value of the discriminant is 0, you can quickly see
L —b .
that the solution is simply x = % because the radical part of the numer-
a

ator equals 0 and only -4 remains in the numerator. When the discrimi-
nant equals 0, the equation has one real solution.

Review what the discriminant tells you about an equation’s solutions:

Discriminant > 0 — two real solutions
Discriminant = 0 — one real solution
Discriminant < 0 — no real solutions
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Now try to find the value of the discriminant for each of the following
quadratic equations. Tell how many and what type of solutions it will
have, checking your answers on page 366.

6. x+4x-12=0
7. 3x%+2x+3=0
8. %+ 10x+25=0

Solving Practical Problems with Quadratic
Equations

The applications of quadratic equations to the real world range from
business to medical research, to geometry, and even to baseball, among
many other areas. Your ability to solve a quadratic equation lets you par-
ticipate in solving problems that are far beyond most people’s basic math
skills. Let’s look at two examples from physics to see how the real world
uses quadratic equations.

PROCEED WITH CAUTION

Choose from the four methods when solving a real-world quadratic equation.
If you choose the quadratic formula, be sure to put the equation in standard
from, with the terms on the left side of the equation and O on the right side.

As an object falls (disregarding air friction), it drops at the rate of about
32 feet per second squared. This could be written as the following qua-
dratic equation:

Distance = 16x? (x is the number of seconds it falls)

How long will it take for the object to fall from the top of a 40-story
building, assuming each story of the building is about 10 feet high?

Solution: The top of the 40-story building is about 400 feet high, 40 - 10,
so 400 is the distance. The equation for this situation is:

400 = 1627

Solving for x tells you how many seconds it takes for the object to hit
the ground. This quadratic equation is most easily solved using Method
1: finding square roots. Isolate the squared variable and take the square
root of both sides of the equation, as shown here:
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400 = 164°
400  16x°
16 16
25 = &?
V25 = Jx?
+t5=x

JUST A MINUTE

In many practical problems, only one solution is appropriate—the negative
solution is often not included—even though there are two algebraic solutions
to the equation.

Both +5 and -5 work in the original equation, but since x is the number
of seconds, it can’t be negative, so in this problem the only answer is 5. It
will take about 5 seconds for the object to fall 400 feet.

Now let’s look at how high a ball will be if you throw it straight up in the
air at 64 feet per second, which is about 44 miles per hour. To calculate
the ball’s height after x seconds, use the following equation:

Height of ball = —16x? + 64

Of course, the ball goes straight up, reaches its highest point above the
ground, and then comes back down to you.

Question: Will the ball be 100 feet high?

Solution: Put 100 in the equation for “Height of ball” and write the new
equation in standard form:

100 = —164? + 64

To put this in standard form, move the terms on the right side to the left
side:

100 = —16x7 + 64x
100 + 1627 — 64x = —16x7 + 64x + 16x> — 64«
16x?— 64x + 100 = 0

In this equation, # = 16, b = —64, ¢ = 100.
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Put these values in the discriminant:

b — 4ac = (-64)> —4 - 16 - 100 = 4096 — 6400 = 2304

Since the discriminant is negative, there are no real solutions to the
equation 100 = —16x? + 64x, which is to say that the ball definitely won’t
reach 100 feet in height if you throw it straight up at about 44 miles per
hour. If the discriminant had been zero or a positive number, the ball

would have reached 100 feet of height, or higher, before returning to you.

Now try to solve this problem, checking your answer on page 366.

9. Ifyou increase the speed you throw the ball straight up to 128
feet per second (about 88 miles per hour), will the ball reach 100
feet in the air? Use 100 = —16x? + 128x as the equation. Find the
value of the discriminant to answer the question.

Answers to Sample Problems

. 2 +2=15 5 +2-15=0>a=1, =2 c=-15

b+ \Jb* — 2+ -4-1--
. b 4m_}x: 2442 —4-1 5
2a 2-1
2+ .4+ 60
X = - x

2+ Jo4 2+8
5 - x =

2. 6’ =-5Sx+4 56" +5x-4=0->4a=6, b=5 c=-4—>

o hEP e s -46--4

- x
2a 2-6
_5 4 _ N _
ve 5_1/25+96_>x= 5+ 121—>x= Sill_>
12 12 12
-S5+11 o6 1 -5-11 -16 -4
= =—== or x= == —
12 12 2 12 12 3

3. &% —7=42- Finding square roots — &> =7 +7=42+7 —
x2=49—>\/;:\/@—>x:i7—>x:7 or x=-7

365
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2

(x—")’)z—5:11—)Findingsquareroots—)(x—S) -5+5=
1+5> (x-3) =165 (x-3) =VI6 >x-3=%4
x=-3+3=24+3>5x=3+4>5x=3+4=7 or
rx=3-4=-1

3x? — 10x = 8 = Quadratic formula — 3x° = 10x -8 =0 —

e

a=3 b=-10, c=-8—> x =

2a
10 £J(-10) =4 -3.-8 +
o (-10) _)x=10_1/100+96_>
2.3 6
10 + /196 10 + 14 10+14 24
x = - = - = =—=4 or
6 6 6 6
10-14 -4 -2
X = = — = —

6 6 3
P rdr—12=0—oa=1,b=4 c=-12 > b —dac—4¥-4.1.
-12 =16 + 48 = 64
Since the discriminant is a positive perfect square, there will be
two rational solutions.
30 +20+3=0>4a=3,b=2,c=3 >0 -4ac—>2"-4-3.3=
4-36=-32
Since the discriminant is negative, there are no real solutions.
X+ 10x+25=0—>a=1,0=10,c=25 > b -4ac—> 10°-4 .1 .
25=100-100=0
Since the discriminant equals 0, there is one real solution.
100 = -16x? + 128«
Move the terms to the left side, so the right side is 0:
100 = —16x% + 128x — 164> - 128x + 100 =0 — & = 16, b = 128,
¢=100 — & — 4ac — (-128)* =4 - 16 - 100 = 16384 — 6400 = 9984
Since the discriminant is positive, the ball will reach 100 feet in
height—on the way up to its final height, and also on the way
back down.
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Quadratic Equations: Solving by the Quadratic Formula

Based on what you’ve learned in Hour 24, solve the following quadratic
equations using one of the four methods. Check your answers with the
solution key in Appendix B.

1. x?=32
a.x=16or-16
b. x=4or -4
c.x=4\/§ 0r‘4\/§
d.x=3\/§0r—3\/§
2. x’+10=46
a. x =36 or =36
b. x=6or-6
c.x=5o0r-5
d.x=4or-4
3. x’-8=92
a. x =10 or -10
b. x =8 or -8
c.x=6or-6
d.x=5o0r-5
4. (x-2Y=49
a.x=9%or5
b.x=-9or5
c.x=9or-5
d.x=-9or5
5. 3x-4Y=27
a.x=-7or-1
b.x=7orl
c.x=7o0r-1
dx=-7orl
6. x?—T7x=18
a.x=9or-2
b. x=-9or 2
c.x=9or?2

d.

x=-9 or -2

367
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7. 10x*=13x+3

a x—éorf
) 5
b.x:—%or%
3 1
C.x=—0r——
2 5
d.x——zor—i
2 5
8. 2x+7x=4
1

a.x=-4or -
b.x=4or1
2
c.x:—40r—l
2
d.ac=40r—1
2

9. Does x? + 6x — 2 = 0 have any real solutions?
a. Yes, one rational solution
b. Yes, two rational solutions
c. Yes, three irrational solutions
d. No real solutions

10. Does 4x? + 12x + 9 = 0 have any real solutions?
a. Yes, one rational solution
b. Yes, two rational solutions
c. Yes, three irrational solutions
d. No real solutions
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absolute value A number’s distance from zero on the number line.

addition property of equality Adding the same number or term to
both sides of a true equality creates a new equation that is also true.

associative property Terms can be grouped in any order for addition
or multiplication.

base The number or variable in an exponential expression that is
raised to a power or exponent (in «°, x is the base and 3 is the power or
exponent).

binomial A polynomial with two terms. Examples are x + y; 22 - 5;
x4

coefficient The number in front of the variable. For example, in 3x, 3
is the coefficient.

common denominator The number or variable(s) that are the same
denominator in two or more fractions, so that the fractions can be added
or subtracted.

common factors Numbers or variables that are divisible into another
number or variable. For example, 4 is a common factor of 12 and 16; 3
is not a common factor of 12 and 16; x is a common factor of xy and xz;
and x is not a common factor of xy and yz.
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commutative property Two numbers or terms can be added or multi-
plied in either order. For example, 2 +3 =3 + 2;x-y=y - x.

completing the square One of four processes used to solve some
quadratic equations by making the quadratic trinomial factorable into a
squared binomial.

consecutive integers Integers that are next to each other on the real
number line. For example, 2 and 3 are consecutive integers, as are —8
and 7.

denominator The part of a fraction under the fraction line.

direct variation A relationship shown by y = kx, where £ is the con-
stant rate of change and, as x increases, y also increases, or as x decreases,
y also decreases (it is the same as directly proportional).

discriminant The radicand from the quadratic formula: * — 4ac.

distributive property Multiplying a sum by a number or variable is
equal to the sum of the product of the numbers. For example, 2 (x +y) =
2x + 2.

division property of equality Both sides of an equation can be
divided by the same nonzero number or variable, and the new equation
will be true.

equation An expression that includes an equal sign. For example,
2+3=5andx+2y=-4

evaluate To substitute numbers for variables in an expression and cal-
culate a numerical answer.

expanded form A monomial written with no exponents. For example,
x - x -« is the expanded form of x%.

exponent The number (power) that is above and to the right of the
base. For example, in &%, 3 is the exponent and indicates how many times
to use the base x as a factor.

factoring Showing the numbers or variables that multiply to form
another number or monomial term. For example, factoring 9x gives
3-3-x

factors Numbers or variables that can be multiplied to give a number
or monomial term.
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FOIL method A shortcut way to multiply two binomials.

graphing Putting points on a number line or ordered pairs on a coor-
dinate system of x- and y-axes.

grouping symbols Parentheses or brackets used to separate or empha-
size two or more numbers or variables.

identity property of addition Adding 0 to any number or variable
does not change the number or the variable.

identity property of multiplication Multiplying a number or variable
by 1 does not change the number or variable.

imaginary number A number that is the result of taking the square
root of a negative number.

infinite Continuing without end; the integers are infinite because
there is always another integer larger than or smaller than any integer.

integers The set of whole numbers and their opposites (..., -2, -1, 0, 1,
2,..).

inverse variation A relationship shown by xy = &, where & is the con-
stant rate of change, and as x increases, y decreases, or as x decreases, y
increases.

irrational numbers Numbers that are the result of taking the square
root of a number that has a factor that is not a perfect square (V8 s irra-
tional, Jo=3is rational).

isolate the variable To solve an equation for the variable.

monomial A polynomial with one term. Examples are 4ab, 4, ab, a, b,
and 4°.

multiplication property of equality Both sides of an equation can be
multiplied by the same number or variable, and the new equation will be
true.

numerator The part of a fraction above the fraction line.

open equations Equations that might not be true, depending on what
value is given to the variable. For example, 2x + y=6and x + 7 = -5 are
open equations.

operations Adding, subtracting, multiplying, dividing, squaring, and
taking the square root of numbers or variables.
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opposites Numbers or variables that have different signs (2 and -2 are
opposites; x and —x are opposites).

opposites property of addition When two opposites are added, the
result is 0.

ordered pair Two numbers that represent a solution to a two-variable
equation; (1,2) is not the same as (2,1) because the order of the numbers
is different.

ordering numbers Comparing two or more numbers to list them in
ascending or descending order.

origin On an (x,y) graph, the point (0,0); on a number line, the point 0.
parallel lines Lines in the same plane that never intersect.

parentheses Can be used as grouping symbols: 7 - (2 + 3x); to show
multiplication: (7)(5) = 35; to show emphasis (-3) + 7 = 4; or to raise a
power to a power: (2%)° = 21,

percent From “per hundred”; for example, 6/100 = 6% = .06.

perfect squares Numbers that come from multiplying a number times
itself (1, 4, 9, 16, 25, ...).

plotting  Graphing points on a number line or ordered pairs on an (x,y)
axis graph. See also: monomials, binomials, trinomials.

polynomials Numbers or variables that are added or subtracted to
form an expression. For example, 2¢; 3x — 9; and 5abc + 8 are all polyno-
mials. See also: monomials, binomials, trinomials.

power Exponent or the number that indicates how many times to use
a base as a factor; for example, 4° has a power of 3 and shows that 4 is to
be multiplied times itself 3 times.

proportion Two ratios (or fractions) that are equal.
quadratic equation An equation with a variable with an exponent of 2.

quadratic formula A method of solving a quadratic equation of

~b+~\b —4ac

the form ax? + bx + ¢ = 0, where x = 5
a

radical Square root.

radicand The number or variable(s) inside the square root symbol.



ratio A fraction.

rational number A number that can be written as the ratio of two
integers.

real number line The horizontal line that contains marked intervals
evenly spaced, with the negative numbers on the left and positive num-
bers on the right.

real numbers The numbers that can be plotted on the real number
line (all numbers are real except the square root of a negative number).

reciprocal A number that, when multiplied by another number, gives a
product of 1.

reciprocal property of multiplication Two reciprocals have a product
of 1.

rise In slope, the rise is the change in the y values for two ordered
pairs.

run In slope, the run is the change in the x values for two ordered
pairs.

simplifying Reducing a fraction to its lowest terms or combining like
terms in an expression.

simplifying radicals Removing all perfect square factors from the
radicand.

slope The ratio of rise to run of a line.

slope-intercept formula The formula y = mx + b, where m is the slope
and b is the y-intercept of the line on an (x,y) graph.

subtraction property of equality A number or variable can be sub-
tracted from both sides of an equation, and the new equation will be
true.

systems of equations Two equations with two of the same variables in
each equation (v + y = 6 and 2x + y = -8 form a system of equations).

trinomial A polynomial with three monomials. For example, x +y — z
and 2a + 4c + t.

variables Letters that represent numbers in an expression.

Glossary

373
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x-intercept The point where a graphed line crosses the x-axis of the
(x,y) coordinate graph (the ordered pair where y = 0).

y-intercept The point where a graphed line crosses the y-axis of the
(x,y) coordinate graph (the ordered pair where x = 0).
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absolute value equations
checking, 278
inequalities, 279-284
solving, 275-279
two solutions, 279
absolute values, 16-18
adding
polynomials, 318
real numbers, 21-25
addition
addition property of
equality, 48
algebraic fractions,
137-139
changing subtraction
to, 139
combining terms, 231
identifying properties,
34
identity property of
addition, 50
like terms, 105

negative numbers, 276
polynomials, 80-81,
87
solving equations,
47-51
solving system of
equations, 231-235
addition property, 263
equality, 340
addition property of
equality, 48
addition/
multiplication method,
solving system of
equations, 241-248
algebra, 3
algebraic expressions
simplifying, 4, 36
grouping symbols,
4-5
solving, 6-8
algebraic fractions
adding, 137-139
common denomina-
tors, 138

Index

dividing, 132-133
finding least common
denominators,
141-143
multiplying exponents,
130-132
simplifying by factor-
ing, 125-130
subtracting, 139-141
algebraic sentences, 3
algebraic symbol, 3
answers, checking, 118
associative properties, 34

B

binomials
factoring, 129
last terms, 114-116
multiplying, 94-97
FOIL method, 114
proportions, 154
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squared, 333

factoring trinomials

into, 358
brackets versus
parentheses, 28

C

coefficients, 64
finding common fac-
tors, 246
negative, 343
opposites, 242
variables, 79
combined inequalities,
solving, 269-271
combined operations,
solving linear equa-
tions, 59-63
common denominators,
finding, 142
common denominators,
fractions, 138
common factors, 125
finding, 130
coefficients, 246
commutation, division,
53
commutative properties,
34
completing square,
quadratic equations,
solving, 339-345
consecutive integers, 12,
89
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D

decimal form, percents,
167
decimal numbers, zeros,
168
denominators, 6, 102
finding greatest
common factor,
130
multiplying, 315
radicals, 317
direct variation equa-
tions, solving, 211-214
discriminants, square
roots, 361
distributive properties,
34,91-93, 320
multiplication, 127
division
algebraic fractions,
132-133
commutation, 53
dividing a number by
itself, 316
division property of
equality, 52
exponents, rules, 127
monomials, 99-104
polynomials, 104-106,
129
real numbers, 30
rules, real numbers,
40-42
solving equations,
51-54
square roots, 313-322

symbols, 103
variables, 100
writing fraction
problems as, 155
zero, 128
division property, 267
division property of
equality, 52
division symbol, 4

E

endpoints, open circles,
282
equality, addition/
subtraction property,
340
equations, 3
absolute value,
275-277
checking, 278
two solutions, 279
direct variation,
211-214
factored, 109-113
graphing, 208
inverse variation,
214-216
linear, 54-56
lines
slope and point,
207-209
slope and
y-intercept,
201-206
two points on line,
209-211



mixture equations,
167-171, 249
open equations, 48
percent, 163-167
practical, system of
equations, 248-254
quadratic, 331-345
finding number and
type, 359-363
methods, 357-359
practical problems,
363-365
quadratic formula,
349-357
two solutions, 332
radical, 322-327
solving, 51
addition, 47-51
combined opera-
tions, 59-63
division, 51-54
factoring, 117-120
multiple solutions,
66-67
multiplication,
51-54
no solutions, 66-67
polynomials, 87-90
subtraction, 47-51
variables on both
sides, 63-66
squared variables,
306-309
system of equations,
224
addition, 231-235
graphs, 223-227

multiplication/

addition method,

241-248
substitution
property,
227-231
two-variable, graph-
ing, 184-188
work problems,
171-174
exponents, 75-81
bases, 76
dividing, rules, 127
multiplying, 81-84

algebraic fractions,

130-132
order of operations,
77-81
square root variables,
305
expressions
simplifying, 4, 36
grouping symbols,
4-5
solving, 6-8

F

factored equations,
109-113
factoring
binomials, 129
quadratic equations,
335-339
radicands, 300
simplifying fractions,
125-130

Index 387

solving equations,
117-120
trinomials, 113-117
trinomials into
squared binomials,
358
factors, 109
common factors, 125
multiplying, zero, 118
finding
least common denom-
inator, 141-143
square roots, 357
FOIL method, 95
factoring trinomials,
113-117
formulas, quadratic,
349-358
fractions
adding, 137-139
common denomina-
tors, 138
denominators, 102
dividing, 132-133
factoring, 125-130
multiplying
different denomi-
nators, 315
exponents, 130-132
numerators, 102
radicands, 303
simplifying, 151
subtracting, 139-141
writing as division
problems, 155
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G

graphing
absolute value equa-
tions, 275-279
combined inequalities,
269-271
equations, 208
inequalities, 259-269
absolute value,
279-284
two variables,
285-290
ordered pairs, 211
two-variable
equations with
intercepts, 184-188
graphs
endpoints, open
circles, 282
ordered pairs, true
statements, 286
plotting ordered pairs,
181-184
slope of line, finding,
189-193
solving system of
equations, 223-227
greatest common factors,
finding, 130
grouping symbols, 4-5

H

Hour 1 quiz, 9-10
Hour 2 quiz, 19-20
Hour 3 quiz, 31-32

Hour 4 quiz, 43-44
Hour 5 quiz, 57-58
Hour 6 quiz, 70-72
Hour 7 quiz, 85-86
Hour 8 quiz, 97-98
Hour 9 quiz, 107-108
Hour 10 quiz, 121-122
Hour 11 quiz, 134-136
Hour 12 quiz, 144-146
Hour 13 quiz, 161-162
Hour 14 quiz, 176-178
Hour 15 quiz, 195-199
Hour 16 quiz, 219-221
Hour 17 quiz, 237-239
Hour 18 quiz, 256-257
Hour 19 quiz, 273-274
Hour 20 quiz, 292-293
Hour 21 quiz, 311-312
Hour 22 quiz, 328-330
Hour 23 quiz, 347-348
Hour 24 quiz, 367-368

I-J

identifying real number
properties, 33-35
identity property, 101
identity property of
addition, 50
inequalities, 259
absolute value,
279-284
addition property, 263
combined, 269-271
creating two, 281
division property, 267
graphing, 285-290

reversals, 269
solving, 259-269
subtraction property,
261

symbols, 260

infinite number of points,
186

integers, 338
consecutive, 12, 89
negative, 12
positive, 12

intercepts, graphing two-
variable equations,
184-188

inverse variation equa-
tions, 214-216

irrational numbers, 13

ordering, 13-15
K-L

keywords, story prob-
lems, 253

least common denomina-
tors, finding, 141-143
linear equations
practical problems,
54-56
solving, 51
addition, 47-51
combined opera-
tions, 59-63
division, 51-54
multiple solutions,
66-67
multiplication,
51-54



no solutions, 66-67
practical problems,
67-69
subtraction, 47-51
variables on both
sides, 63-66
lines (graphs)
finding equation
slope and point,
207-209
slope and
y-intercept,
201-206
two points on line,
209-211
finding slope, 189-193
lines, 191
parallel
slopes, 233
y-intercepts, 234
real number, 260, 264
rise, 191

M

methods
multiplication/
addition, system of
equations, 241-248
quadratic equations,
357-359
minus (-) sign, 4
mixture equations, 249
mixture problems,

167-171

monomials, 79
dividing, 99-104
dividing polynomials
by, 104-106

multiplying, 91-92

multiplication

algebraic fractions
containing expo-
nents, 130-132

binomials, 94-97
FOIL method, 114

distributive property,
127

exponential terms,
81-84

factors, zero, 118

fractions, different
denominators, 315

identifying properties,
34

monomials, 91-92

multiplication prop-
erty of equality,
51-52

polynomials, 91-94

real numbers, 28-29

reciprocals, 132

rules, real numbers,
38-39

solving equations,
51-54

square roots, 313-322

symbols, 111

variables, identical
bases, 306

multiplication property
of equality, 51-52

Index

multiplication (x) sign, 4

multiplication/addition
method, system of
equations, 241-248

N

negative coefficients, 343
negative integers, 12
negative numbers
adding, 276
ordering, 266
square roots, 299, 361
squared, 337
numbers
dividing by, 132, 316
negative, square roots,
361
place values, 156
rational, 360
numerators, 6, 102
finding greatest com-
mon factor, 130
polynomial expres-
sions, 140

o)

open circles, endpoints,
282

open equations, 48

operations, 4
exponents, 76-81
rules, 5-6

opposites, 12
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opposites property of
addition, 35
ordered pairs, 182
direct variation prob-
lems, 211-214
graphing, 211
intercepts, 184-188
inverse variation
problems, 214-216
line equations, finding,
201-211
plotting on graphs,
181-184
true statements, 286
writing, 201
x values, 192
y values, 192
ordering numbers, 13-15
origin point, 184

P

parallel lines
slopes, 233
y-intercepts, 234
parentheses, 22, 27
versus brackets, 28
parentheses, algebraic
expressions, 7
percent problems,
155-167
percents, 156, 163, 181
ratios
proportions,
152-155
simplifying,
147-152
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setting up and solving
mixture problems,
167-171
setting up and solv-
ing work problems,
171-174
writing in decimal
form, 167
place values, 156
plotting integers, 12
plotting numbers, 11-13
plotting ordered pairs on
graphs, 181-184
plus (+) sign, 4
points, 210
finding line equations,
207-211
infinite numbers, 186
origin, 184
polynomials, 78, 87
adding, 80-81, 87, 318
divided by itself, 129
dividing by monomi-
als, 104-106
multiplying, 91-94
numerators, 140
subtracting, 80-81, 87,
318
word problems, 88-90
positive integers, 12
powers. See exponents
practical equations
linear equations,
54-56
quadratic equations,
363-365
system of equations,
248-254

practice quizzes. See
quizzes
properties, 33
addition, 263
equality, 340
associative, 34
commutative, 34
distributive, 34, 91-93,
320
division, 267
equality, 63, 340
identity, 101
opposites property of
addition, 35
real numbers
identifying, 33-35
using, 35-38
reciprocal property of
multiplication, 35
substitution property,
228
solving system of
equations,
227-231
subtraction, 261
equality, 340
proportions, 152, 163,
171,181
binomials, 154
simplifying, 152-155
mixture problems,
167-171
work problems,

171-174



Q

quadratic equations, 297,
331-335
completing square,
339-345
factoring, 335-339
finding number and
type, 359-363
finding square roots,
357
methods, 357-359
practical problems,
363-365
quadratic formula,
349-359
simplifying squared
roots including
variables, 305-306
simplifying squared
roots of numbers,
297-304
two solutions, 332
quadratic formula,
349-357
methods, 357-359
quizzes
Hour 1, 9-10
Hour 2, 19-20
Hour 3, 31-32
Hour 4, 43-44
Hour 5, 57-58
Hour 6, 70-72
Hour 7, 85-86
Hour 8, 97-98
Hour 9, 107-108
Hour 10, 121-122

Hour 11, 134-136
Hour 12, 144-146
Hour 13, 161-162
Hour 14, 176-178
Hour 15, 195-199
Hour 16, 219-221
Hour 17, 237-239
Hour 18, 256-257
Hour 19, 273-274
Hour 20, 292-293
Hour 21, 311-312
Hour 22, 328-330
Hour 23, 347-348
Hour 24, 367-368

R

radical, square root
symbol, 301

radical equations,
322-327

radicals
denominator, 317
squaring, 322, 335

radicands, 314
derivatives, 298
factoring, 300
fractions, 303
inside square root

symbol, 301

ordering, 302

rational numbers, 13,
360
ordering, 13-15

ratios, 13, 147-148, 163,
181
mixture problems,

167-171

Index

proportions, 152-155
setting up, 147-152
simplifying, 147-152
work problems,
171-174
real number line, 260,
264
absolute value equa-
tions, 277
real numbers, 16
adding, 21-25
dividing, 30
identifying properties,
33-35
multiplying, 28-29
rules
division, 40-42
multiplication,
38-39
subtracting, 25-28
using properties,
35-38
reciprocal property of
multiplication, 35
reciprocals, 35
multiplying, 132
reversals, inequalities,
269
rise of a line, 191
rules, 33
division, real numbers,
40-42
multiplication, real
numbers, 38-39
operations, 5-6
run of a line, 191
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S

setting up
percent problems,
155-160
ratios, 147-152
proportions,
152-155
work problems,
171-174
showing steps, 143
simplification, 4, 36
fractions, 151
grouping symbols, 4-5
ratios, 147-152
proportions,
152-155
slope of line (graphs),
finding, 189-193
slopes, 209
finding line equations,
201-209
parallel lines, 233
solutions
checking, 118
showing steps, 143
solving equations
addition, 47-51
division, 51-54
equations, 6-8, 51
linear, 54-56
multiplication, 51-54
subtraction, 47-51
squared binomials,
trinomials, 358
squared negative
numbers, 337
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squared roots
discriminants, 361
dividing, 313-322
finding, 357
muldplying, 313-322
negative numbers,
299,361
quadratic equations,
332-345
radicals, 322-327
radicands, 301, 314
derivatives, 298
factoring, 300
fractions, 303
ordering, 302
simplifying, 297-304,
313-322
variables, exponents,
305
squared roots including
variables, simplifying,
305-306
squared terms, finding
binomial factors, 117
squared variables,
306-309
squaring radicals, 335
steps, showing, 143
story problems, high-
lighting keywords, 253
substitution property,
system of equations,
227-231
subtraction
algebraic fractions,
139-141
changing to addition,
139

combining terms, 231
finding least common
denominators,
141-143
like terms, 105
polynomials, 80-81,
87,318
real numbers, 25-28
solving equations,
47-51
subtraction property
of equality, 49
subtraction property, 261
equality, 49, 340
symbols
inequalities, 260
square root, radicands,
298-303
system of equations, 224
addition, 231-235
graphs, 223-227
multiplication/
addition method,
241-248
practical equations,
248-254
substitution property,
227-231

T

terms, 4
addition, 105
binomials, 114-116
combining, 231
different exponents,
104



squared terms, finding
binomial factors,
117
subtraction, 105
trinomials, 79
factoring, 113-117
squared binomials,
358
true statements, ordered
pairs, 286
two-variable equations,
graphing with inter-
cepts, 184-188

u-v

variables, 4

coefficients, 79

direct variation equa-
tions, 211-214

dividing, 100

dividing by, 132

factors, 109

inequalities, graphing
with two, 285-290

inverse variation equa-
tions, 214-216

multiplying, identical
bases, 306

ordered pairs, 182
plotting on graphs,

181-184

writing, 201

practical problems,
250

simplifying squared
roots, 305-306

solving linear equa-
tions, 63-66

square roots, expo-
nents, 305

squared variables,
306-309

two-variable equa-
tions, graphing
with intercepts,
184-188

W-X-Y-Z

whole numbers, 11

word problems, polyno-
mials, 88-90

work problems, setting
up and solving,
171-174

writing ordered pairs,
201

y-intercepts
finding line equations,
201-206
parallel lines, 234

Index
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