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Solutions to Selected Exercises

CHAPTER 1

1.3. AjC;B implies A;B. Hence, AsAlB. Thus, AlB;C implies
A;C. It follows that AlCs�.

( )1.4. a xgA�B implies that xgA but �B, or xgB but �A; thus
xgAjByAlB. Vice versa, if xg AjBy AlB, then
xgA�B.

( ) Ž .c xgAl B�D implies that xgA and xgB�D, so that either
ŽxgAlB but �AlD, or xgAlD but �AlB, so that xg A

. Ž . Ž . Ž .lB � AlD . Vice versa, if xg AlB � AlD , then either
xgAlB but �AlD, or xgAlD but �AlB, so that either
x is in A and B but �D, or x is in A and D, but �B; thus

Ž .xgAl B�D .

1.5. It is obvious that � is reflexive, symmetric, and transitive. Hence, it is
Ž .an equivalence relation. If m , n is an element in A, then its0 0

Ž .equivalence class is the set of all pairs m, n in A such that mrm s0
nrn , that is, mrnsm rn .0 0 0

Ž . Ž .1.6. The equivalence class of 1, 2 consists of all pairs m, n in A such that
mynsy1.

1.7. The first elements in all four pairs are distinct.

( ) Ž n . Ž . n1.8. a If yg f � A , then ys f x , where xg� A . Hence, ifis1 i is1 i
Ž . Ž . Ž . n Ž .xgA and f x g f A for some i, then f x g� f A ; thusi i is1 i

Ž n . n Ž .f � A ;� f A . Vice versa, it is easy to show thatis1 i is1 i
n Ž . Ž n .� f A ; f � A .is1 i is1 i

( ) Ž n . Ž .b If yg f � A , then ys f x , where xgA for all i; thenis1 i i
Ž . Ž . Ž . n Ž .f x g f A for all i; then f x g� f A . Equality holds if f isi is1 i

one-to-one.
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q Ž . 21.11. Define f : J ™A such that f n s2n q1. Then f is one-to-one and
onto, so A is countable.

' ' ' '1.13. aq b scq d ´aycs d y b . If asc, then bsd. If a�c, then
' ' ' ' 'Ž . Žd y b is a nonzero rational number and d q b s dyb r d
' ' ' ' '.y b . It follows that both d y b and d q b are rational num-

' 'bers, and therefore b and d must be rational numbers.

Ž .1.14. Let gs inf A . Then gFx for all x in A, so ygGyx, hence, yg is
an upper bound of yA and is the least upper bound: if yg� is any
other upper bound of yA, then yg�Gyx, so xGg�, hence, g� is a

� � Ž .lower bound of A, so g Fg, that is, yg Gyg, so ygssup yA .

1.15. Suppose that b�A. Since b is the least upper bound of A, it must be a
limit point of A: for any ��0, there exists an element agA such that
a�by� . Furthermore, a�b, since b�A. Hence, b is a limit point of
A. But A is closed; hence, by Theorem 1.6.4, bgA.

1.17. Suppose that G is a basis for FF, and let pgB. Then Bs� U , where� �

U belongs to G. Hence, there is at least one U such that pgU ;B.� � �

Vice versa, if for each BgFF and each pgB there is a UgG such
that pgU;B, then G must be a basis for FF: for each pgB we can

� 4find a set U gG such that pgU ;B; then Bs� U pgB , so G isp p p
a basis.

1.18. Let p be a limit point of AjB. Then p is a limit point of A or of B.
In either case, pgAjB. Hence, by Theorem 1.6.4, AjB is a closed
set.

� 4 � 41.19. Let C be an open covering of B. Then B and C form an open� �

covering of A. Since A is compact, a finite subcollection of the latter
covering covers A. Furthermore, since B does not cover B, the mem-

� 4bers of this finite covering that contain B are all in C . Hence, B is�

compact.

Ž .1.20. No. Let A, FF be a topological space such that A consists of two
points a and b and FF consists of A and the empty set �. Then A is
compact, and the point a is a compact subset; but it is not closed, since
the complement of a, namely b, is not a member of FF, and is therefore
not open.

( ) Ž . yn �1.21. a Let wgA. Then X w Fx�xq3 for all n, so wg� A .ns1 n
� Ž . ynVice versa, if wg� A , then X w �xq3 for all n. Tons1 n

Ž . Ž . Ž . ynshow that X w Fx: if X w �x, then X w �xq3 for some n,
Ž .a contradiction. Therefore, X w Fx, and wgA.
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( ) Ž . Ž . ynb Let wgB. Then X w �x, so X w �xy3 for some n, hence,
� � Ž . ynwg� B . Vice versa, if wg� B , then X w Fxy3 forns1 n ns1 n

Ž . Ž . Ž . ynsome n, so X w �x: if X w Gx, then X w �xy3 for all n, a
contradiction. Therefore, wgB.

( ) Ž .1.22. a P XG2 F�r2, since �s�.
( )b

P XG2 s1yp X�2Ž . Ž .
s1yp 0 yp 1Ž . Ž .

s1yey� �q1 .Ž .

To show that

�
y�1ye �q1 � .Ž .

2

Ž . y�Ž .Let � � s�r2qe �q1 y1. Then
Ž .i. � 0 s0, and
� 1 y�Ž .ii. � � s y�e �0 for all �.2

Ž . Ž . Ž .From i and ii we conclude that � � �0 for all ��0.

( )1.23. a

2 2p Xy� Gc sP Xy� GcŽ .Ž .

� 2

F ,2c

Ž .2 2by Markov’s inequality and the fact that E Xy� s� .
( ) Ž .b Use csk� in a .
( )c

P Xy� �k� s1yP Xy� Gk�Ž . Ž .
1

G1y .2k

11 2 1 2Ž . Ž � � . Ž � � .1.24. �sE X sH x 1y x dxs0, � sH x 1y x dxs .y1 y1 6

( )a
1 1 22Ž � � .i. P X G F� r s .2 4 3
1 1 1 32Ž � � . Ž � � .ii. P X � sP X G F� r s .3 3 9 2

( )b
1 1 1P X G sP XG qP XFyŽ . Ž . Ž .2 2 2

1 2s � .4 3
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( )1.25. a True, since X Gx if and only if X Gx for all i.Ž1. i

( )b True, since X Fx if and only if X Fx for all i.Žn. i

( )c

P X Fx s1yP X �xŽ . Ž .Ž1. Ž1.

n
s1y 1yF x .Ž .

( ) Ž . w Ž .xnd P X Fx s F x .Žn.

Ž . Ž . Ž .1.26. P 2FX F3 sP X F3 yP X F2 . Hence,Ž1. Ž1. Ž1.

5 5P 2FX F3 s1y 1yF 3 y1q 1yF 2Ž . Ž .Ž .Ž1.

5 5s 1yF 2 y 1yF 3 .Ž . Ž .

Ž . x y2 t y2 xBut F x sH 2 e dts1ye . Hence,0

5 5y4 y6P 2FX F3 s e y eŽ . Ž .Ž .Ž1.

sey20 yey30 .

CHAPTER 2

w x2.1. If m�n, then the rank of the n�m matrix Us u : u : 			 : u is less1 2 m
than or equal to n. Hence, the number of linearly independent columns
of U is less than or equal to n, so the m columns of U must be linearly
dependent.

2.2. If u , u , . . . , u and v are linearly dependent, then v must belong to W,1 2 n
a contradiction.

2.5. Suppose that u , u , . . . , u are linearly independent in U, and that1 2 n
n Ž . Ž n .Ý � T u s0 for some constants � , � , . . . , � . Then T Ý � uis1 i i 1 2 n is1 i i

s0. If T is one-to-one, then Ýn � u s0, hence, � s0 foris1 i i i
Ž .all i, since the u ’s are linearly independent. It follows that T u ,i 1

Ž . Ž .T u , . . . , T u must also be linearly independent. Vice versa, let2 n
Ž .ugU such that T u s0. Let e , e , . . . , e be a basis for U. Then1 2 n

n Ž . n Ž .usÝ 
 e for some constants 
 , 
 , . . . , 
 . T u s0 ´ Ý 
 T eis1 i i 1 2 n is1 i i
Ž . Ž . Ž .s0 ´ 
 s0 for all i, since T e , T e , . . . , T e are linearly inde-i 1 2 n

pendent. It follows that us0 and T is one-to-one.

Ž . Ž � . 22.7. If As a , then tr AA sÝ Ý a . Hence, As0 if and only ifi j i j i j
Ž � .tr AA s0.
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2.8. It is sufficient to show that Avs0 if v�Avs0. If v�Avs0, then A1r2 vs0,
w 1r2and hence Avs0. Note: A is defined as follows: since A is symmet-

ric, it can be written as AsP� P� by Theorem 2.3.10, where � is a
diagonal matrix whose diagonal elements are the eigenvalues of A, and
P is an orthogonal matrix. Furthermore, since A is positive semidefinite,
its eigenvalues are greater than or equal to zero by Theorem 2.3.13.
The matrix A1r2 is defined as P�1r2 P�, where the diagonal elements of
�1r2 are the square roots of the corresponding diagonal elements

xof � .

2.9. By Theorem 2.3.15, there exists an orthogonal matrix P and diagonal
matrices � , � such that AsP� P�, BsP� P�. The diagonal ele-1 2 1 2
ments of � and � are nonnegative. Hence,1 2

ABsP� � P�
1 2

is positive semidefinite, since the diagonal elements of � � are1 2
nonnegative.

� Ž . Ž . Ž .2.10. Let CsAB. Then C sy BA. Since tr AB s tr BA , we have tr C s
Ž �. Ž . Ž .tr y C sytr C and thus tr C s0.

2.11. Let BsAyA�. Then

� � �tr B B s tr A yA AyAŽ . Ž . Ž .
� � �s tr A y A A y tr A yA AŽ . Ž .
� �s tr A yA A y tr A AyAŽ . Ž .
� �s tr A yA A y tr AyA AŽ . Ž .

�s2 tr A yA A s0,Ž .

since A�yA is skew-symmetric. Hence, by Exercise 2.7, Bs0 and thus
AsA�.

2.12. This follows easily from Theorem 2.3.9.

2.13. By Theorem 2.3.10, we can write

Ay�I sP �y�I P� ,Ž .n n

where P is an orthogonal matrix and � is diagonal with diagonal
elements equal to the eigenvalues of A. The diagonal elements of
�y�I are the eigenvalues of Ay�I . Now, k diagonal elements ofn n
�y�I are equal to zero, and the remaining nyk elements mustn
be different from zero. Hence, Ay�I has rank nyk.n
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Ž .2 2 22.17. If ABsBAsB, then AyB sA yAByBAqB sAy2BqBs
Ž .2AyB. Vice versa, if AyB is idempotent, then AyBs AyB s

A2yAByBAqB2sAyAByBAqB. Thus,

ABqBAs2B,

so ABqABAs2AB and thus ABsABA. We also have

ABAqBAs2BA, hence, BAsABA.

It follows that ABsBA. We finally conclude that

BsABsBA.

2.18. If A is an n�n orthogonal matrix with determinant 1, then its eigen-
values are of the form e� i�1, e� i� 2 , . . . , e� i�q, 1, where 1 is of multiplic-
ity ny2 q and none of the real numbers � is a multiple of 2�j
Ž . Žjs1, 2, . . . , q those that are odd multiples of � give an even number

.of eigenvalues equal to y1 .

2.19. Using Theorem 2.3.10, it is easy to show that

e A I FAFe A I ,Ž . Ž .min n max n

Ž .where the inequality on the right means that e A I yA is positivemax n
Ž .semidefinite, and the one on the left means that Aye A I ismin n

positive semidefinite. It follows that

e A L� LFL�ALFe A L� LŽ . Ž .min max

Ž .Hence, by Theorem 2.3.19 1 ,

e A tr L� L F tr L�AL Fe A tr L� L .Ž . Ž . Ž . Ž . Ž .min max

( ) Ž . �2.20. a We have that AGe A I by Theorem 2.3.10. Hence, LALGmin n
Ž . � Ž � . Ž . Ž � .e A L L, and therefore, e LAL Ge A e L L by Theoremmin min min min

Ž . �2.3.18 and the fact that e A G0 and L L is nonnegative definite.min

( ) Ž .b This is similar to a .

2.21. We have that

e B AFA1r2 BA1r2 Fe B A,Ž . Ž .min max

since A is nonnegative definite. Hence,

e B tr A F tr A1r2 BA1r2 Fe B tr A .Ž . Ž . Ž . Ž . Ž .min max



CHAPTER 2 563

The result follows by noting that

tr AB s tr A1r2 BA1r2 .Ž . Ž .

( ) Ž .2.23. a AsI y 1rn J , where J is the matrix of ones of order n�n.n n n
A2sA, since J 2snJ . The rank of A is the same as its trace, whichn n
is equal to ny1.

( ) Ž . 2 2 Ž 2 . � 2 Ž 2 . Ž 2 .b ny1 s r� s 1r� y Ay	� , since 1r� A � I is idem-ny1 n
potent of rank ny1, and the noncentrality parameter is zero.

( )c
1

�Cov y , Ay sCov 1 y, AyŽ . nž /n

1
� 2s 1 � I AŽ .n nn

� 2
�s 1 Ann

s0� .

Since y is normally distributed, both y and Ay, being linear trans-
formations of y, are also normally distributed. Hence, they must be
independent, since they are uncorrelated. We can similarly show

1r2that y and A y are uncorrelated, and hence independent, by the
fact that 1� As0� and thus 1� A1 s0, which means 1� A1r2 s0�. Itn n n n

� �1r2 1r2follows that y and y A A ysy Ay are independent.

( )2.24. a The model is written as

ysXgq� ,

w a xwhere Xs 1 : 1 , denotes the direct sum of matrices,[ [N nis1 i
Ž .� ags �, � , � , . . . , � , and NsÝ n . Now, �q� is estimable,1 2 a is1 i i

since it can be written as a� g, where a� is a row of X, is1, 2, . . . , a.i i
Ž � � .� �It follows that � y� s a ya g is estimable, since the vectori i i i

a� ya�
� belongs to the row space of X.i i

( )b Suppose that � is estimable; then it can be written as

a

�s 
 �q� ,Ž .Ý i i
is1

where 
 , 
 , . . . , 
 are constants, since �q� , �q� , . . . , �q�1 2 a 1 2 a
form a basic set of estimable linear functions. We must therefore
have Ýa 
 s1, and 
 s0 for all i, a contradiction. Therefore, � isisl i i
nonestimable.
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( ) Ž � .y � Ž � .y � Ž � .y � Ž .2.25. a X X X X X X X X sX X X X by Theorem 2.3.3 2 .
( ) Ž � . � � � � �b E lllll y s� �´ lllll X�s� �. Hence, � s lllll X. Now,

y y� � � � � 2ˆVar � � s� X X X X X X � �Ž . Ž .Ž .
y y� � � � � 2s lllll X X X X X X X X lllll�Ž . Ž .
y� � � 2s lllll X X X X lllll� , by Theorem 2.3.3 2Ž . Ž .

F lllll
�
lllll� 2 ,

Ž � .y �since I yX X X X is positive semidefinite. The result followsn
Ž � . � 2from the last inequality, since Var lllll y s lllll lllll� ,


 y1 � � ˆ y1 � � �ˆ � �Ž .2.26. � sP �qkI P X y. But �sP� P X y, so � P �sP X y.p
Hence,

y1 �
 ˆ� sP �qkI � P �Ž .p

�ˆsPDP � .

2.27.
2�2 y1 y1sup � s sup � C AC �Ž .1 2

x, y � , �

2� y1 y1s sup sup � C AC �Ž .1 2½ 5
� �

2� � � y1 y1s sup sup b � b s� C ACŽ . Ž .1 2½ 5
� �

s sup sup �� bb� �Ž .½ 5
� �

s sup e bb� , by applying 2.9� 4Ž . Ž .max
�

s sup e b� b� 4Ž .max
�

s sup ��Cy1ACy2A�Cy1 �� 41 2 1
�

se Cy1ACy2A�Cy1 , by 2.9Ž .Ž .max 1 2 1

se Cy2ACy2A�Ž .max 1 2

se By1ABy1A� .Ž .max 1 2
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CHAPTER 3

( )3.1. a

x 5y1
2 3 4lim s lim 1qxqx qx qxŽ .

xy1x™1 x™1

s5.

( ) Ž .b xsin 1rx F x ´ lim x sin 1rx s0.Ž . x™ 0

( )c The limit does not exist, since the function is equal to 1 except
Ž .when sin 1rx s0, that is, when xs�1r� , � 1r2� , . . . , �

1rn� , . . . . For such values, the function takes the form 0r0, and is
therefore undefined. To have a limit at xs0, the function must be
defined at all points in a deleted neighborhood of xs0.

1( ) Ž . Ž .y qd lim f x s and lim f x s1. Therefore, the functionx™ 0 x™ 02
Ž .f x does not have a limit as x™0.

( ) Ž 3. 2 Ž 3. 23.2. a To show that tan x rx ™ 0 as x ™ 0: tan x rx s
3 3 2 3 3 3 2Ž .Ž .1rcos x sin x rx . But sin x F x . Hence, tan x rx FŽ .

� � � 3 �x r cos x ™0 as x™0.
'( )b xr x ™0 as x™0.

( ) Ž . Ž .c O 1 is bounded as x™�. Therefore, O 1 rx™0 as x™�, so
Ž . Ž .O 1 so x as x™�.

( )d

1 1
2f x g x s xqo x qOŽ . Ž . Ž . 2 ž /xx

1 1 1 1
2 2s qx O q o x qo x O .Ž . Ž .2ž / ž /x x xx

Now, by definition, xO 1rx is bounded by a positive constant asŽ .
Ž 2 . 2 Ž 2 . 2x™0, and o x rx ™0 as x™0. Hence, o x rx is bounded,

Ž . Ž 2 . Ž . w Ž 2 . 2 x Ž .that is, O 1 . Furthermore, o x O 1rx sx o x rx xO 1rx ,
which goes to zero as x™0, is also bounded. It follows that

1
f x g x s qO 1 .Ž . Ž . Ž .

x

( ) Ž . Ž . Ž .3.3. a f 0 s0 and lim f x s0. Hence, f x is continuous at xs0. Itx™ 0
is also continuous at all other values of x.

( ) Ž . w x Ž . Ž .yb The function f x is defined on 1, 2 , but lim f x s�, so f xx™ 2
is not continuous at xs2.
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( ) Ž .c If n is odd, then f x is continuous everywhere, except at xs0. If
Ž . Žn is even, f x will be continuous only when x�0. m and n must

be expressed in their lowest terms so that the only common divisor
.is 1 .

( ) Ž .d f x is continuous for x�1.

3.6.

y3, x�0,f x sŽ . ½ 0, xs0.

Ž .Thus f x is continuous everywhere except at xs0.

Ž . Ž . Ž .y q3.7. lim f x s2 and lim f x s0. Therefore, f x cannot be madex™ 0 x™ 0
continuous at xs0.

Ž . Ž . Ž . Ž .3.8. Letting asbs0 in f aqb s f a q f b , we conclude that f 0 s0.
Now, for any x , x gR,1 2

f x s f x q f x yx .Ž . Ž . Ž .1 2 1 2

Let zsx yx . Then1 2

f x y f x s f zŽ . Ž . Ž .1 2

s f z y f 0 .Ž . Ž .

Ž .Since f x is continuous at xs0, for a given ��0 there exists a 
�0
such that f z y f 0 �� if z �
 . Hence, f x y f x �� forŽ . Ž . Ž . Ž .1 2

Ž .all x , x such that x yx �
 . Thus f x is uniformly continuous1 2 1 2
everywhere in R.

Ž . Ž . Ž . Ž .y q3.9. lim f x s lim f x s f 1 s1, so f x is continuous at xs1.x™1 x™1
w xIt is also continuous everywhere else on 0, 2 , which is closed and

bounded. Therefore, it is uniformly continuous by Theorem 3.4.6.

3.10.
x yx x qx2 1 2 1

cos x ycos x s 2sin sin1 2 ž / ž /2 2
x yx2 1

F2 sin ž /2

F x yx for all x , x in R .1 2 1 2

Ž .Thus, for a given ��0, there exists a 
�0 namely, 
�� such that
cos x ycos x �� whenever x yx �
 .1 2 1 2
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Ž . w x3.13. f x s0 if x is a rational number in a, b . If x is an irrational number,
� 4� Žthen it is a limit of a sequence y of rational numbers anyn ns1

.neighborhood of x contains infinitely many rationals . Hence,

f x s f lim y s lim f y s0,Ž . Ž .ž /n n
n™� n™�

Ž . Ž . w xsince f x is a continuous function. Thus f x s0 for every x in a, b .

Ž .3.14. f x can be written as

3y2 x , xFy1,
f x sŽ . 5, y1�x�1,½

3q2 x , xG1.

Ž .Hence, f x has a unique inverse for xFy1 and for xG1.

3.15. The inverse function is

y , yF1,
y1xs f y sŽ . 1½ yq1 , y�1.Ž .2

y1( ) Ž . Ž . '3.16. a The inverse of f x is f y s2y yr2 .
y1( ) Ž . Ž . 'b The inverse of f x is f y s2q yr2 .

3.17. By Theorem 3.6.1,

n n

f a y f b FK a ybŽ . Ž .Ý Ýi i i i
is1 is1

�K
 .

Choosing 
 such that 
��rK , we get

n

f a y f b �� ,Ž . Ž .Ý i i
is1

for any given ��0.

3.18. This inequality can be proved by using mathematical induction: it is
obviously true for ns1. Suppose that it is true for nsm. To show that
it is true for nsmq1. For nsm, we have

Ým a x Ým a f xŽ .is1 i i is1 i i
f F ,ž /A Am m
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where A sÝm a . Letm is1 i

Ým a xis1 i i
b s .m Am

Then

Ýmq1 a x A b qa xis1 i i m m mq1 mq1
f s f ž /ž /A Amq1 mq1

A am mq1
F f b q f x .Ž . Ž .m mq1A Amq1 mq1

Ž . Ž . m Ž .But f b F 1rA Ý a f x . Hence,m m is1 i i

Ýmq1 a x Ým a f x qa f xŽ . Ž .is1 i i is1 i i mq1 mq1
f Fž /A Amq1 mq1

Ýmq1 a f xŽ .is1 i i
s .

Amq1

� 4�3.19. Let a be a limit point of S. There exists a sequence a in S suchn ns1
Ž .that lim a sa if S is finite, then S is closed already . Hence,n™� n

Ž . Ž . Ž .f a s f lim a s lim f a s0. It follows that agS, and S isn™� n n™� n
therefore a closed set.

Ž . w Ž .x3.20. Let g x sexp f x . We have that

f � x q 1y� x F� f x q 1y� f xŽ . Ž . Ž . Ž .1 2 1 2

for all x , x in D, 0F�F1. Hence,1 2

g � x q 1y� x Fexp � f x q 1y� f xŽ . Ž . Ž . Ž .1 2 1 2

F�g x q 1y� g x ,Ž . Ž . Ž .1 2

x Ž .since the function e is convex. Hence, g x is convex on D.

2( ) Ž . Ž .3.22. a We have that E X G E X . Let X	N �, � . ThenŽ .

�1 1 2E X s exp y xy� x dx.Ž . Ž .H 22' 2�y�2��
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Therefore,

�1 1 2E X F exp y xy� x dxŽ . Ž .H 22' 2�y�2��

sE X .Ž .

( ) Ž yX . y� Ž . yxb We have that E e Ge , where �sE X , since e is a
convex function. The density function of the exponential distribu-
tion with mean � is

1
yx r�g x s e , 0�x��.Ž .

�

Hence,

�1
yX yx r� yxE e s e e dxŽ . H

� 0

1 1 1
s s .

� 1q1r� �q1

But

1 1
� 2 ne s1q�q � q 			q � q 			

2! n!
G1q�.

It follows that

1
y�e F

�q1

and thus

E eyX Gey� .Ž .
2 1r2Ž . Ž .3.23. P X G� sP X G� ™0 as n™�, since X converges inn n n

probability to zero.

3.24.
22� s E Xy�Ž .

2sE Xy�

2GE Xy� ,

hence,

�GE Xy� .
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CHAPTER 4

4.1.

f h y f yh f h y f 0 f 0 y f yhŽ . Ž . Ž . Ž . Ž . Ž .
lim s lim q lim

2h 2h 2hh™0 h™0 h™0

f � 0 1 f yh y f 0Ž . Ž . Ž .
s q lim

2 2 yhh™0 Ž .
f � 0 f � 0Ž . Ž .

�s q s f 0 .Ž .
2 2

Ž . � �The converse is not true: let f x s x . Then

f h y f yhŽ . Ž .
s0,

2h
�Ž .and its limit is zero. But f 0 does not exist.

Ž .4.3. For a given ��0, there exists a 
�0 such that for any xgN x ,
 0
x�x ,0

f x y f xŽ . Ž .0 �y f x �� .Ž .0xyx0

Hence,

f x y f xŽ . Ž .0 �� f x q�Ž .0xyx0

and thus

f x y f x �A xyx ,Ž . Ž .0 0

�where As f x q� .Ž .0

Ž . Ž . Ž . �Ž .4.4. g x s f xq1 y f x s f � , where � is between x and xq1. As
�Ž . Ž .x™�, we have �™� and f � ™0, hence, g x ™0 as x™�.

�Ž . Ž 3 . Ž . Ž 2
q y4.5. We have that f 1 s lim x y2 xq1 r xy1 s lim ax yx™1 x™1

. Ž . Ž .bxq1q1 r xy1 , and thus 1s2 ayb. Furthermore, since f x is
continuous at xs1, we must have aybq1sy1. It follows that
as3, bs5, and

� 3 x 2y2, xG1,f x sŽ . ½ 6 xy5, x�1,

which is continuous everywhere.
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4.6. Let x�0.
( )a Taylor’s theorem gives

22hŽ .
� �f xq2h s f x q2hf x q f � ,Ž . Ž . Ž . Ž .

2!

where x���xq2h, and h�0. Hence,

1
� �f x s f xq2h y f x yhf � ,Ž . Ž . Ž . Ž .

2h

�so that f x Fm rhqhm .Ž . 0 2
�( )b Since m is the least upper bound of f x ,Ž .1

m0
m F qhm .1 2h

Equivalently,

m h2ym hqm G02 1 0

This inequality is valid for all h�0 provided that the discriminant

�sm2y4m m1 0 2

is less than or equal to zero, that is, m2F4m m .1 0 2

�Ž .4.7. No, unless f x is continuous at x . For example, the function0

xq1, x�0,
f x sŽ . 0, xs0,

xy1, x�0,

�Ž .does not have a derivative at xs0, but lim f x s1.x™ 0

4.8.
ny ya qÝ y ya yÝ y yyj i� j i is1 i j�D y s limŽ .j ayya™y j j

y ya qÝ y ya yÝ y yyj i� j i i� j i j
s lim ,

ayya™y j j

Ž .which does not exist, since lim y ya r ayy does not exist.a™ y j jj
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4.9.
�d f x x f x y f xŽ . Ž . Ž .

s .2dx x x

�Ž . Ž .x f x y f x ™0 as x™0. Hence, by l’Hospital’s rule,

� � �d f x f x qx f x y f xŽ . Ž . Ž . Ž .
lim s lim

dx x 2 xx™0 x™0

1
�s f 0 .Ž .

2

4.10. Let x , x gR. Then,1 2

�f x y f x s x yx f � ,Ž . Ž . Ž . Ž .1 2 1 2

�Ž .here � is between x and x . Since f x is bounded for all x,1 2
�f � �M for some positive constant M. Hence, for a given ��0,Ž .

there exists a 
�0, where M
�� , such that f x y f x �� ifŽ . Ž .1 2
Ž .x yx �
 . Thus f x is uniformly continuous on R.1 2

� � � 1Ž . Ž .4.11. f x s1qcg x , and cg x �cM. Choose c such that cM� . InŽ . 2

this case,
� 1cg x � ,Ž . 2

so

1 � 1y �cg x � ,Ž .2 2

and,

1 � 3� f x � .Ž .2 2

�Ž . Ž .Hence, f x is positive and f x is therefore strictly monotone increas-
Ž .ing, thus f x is one-to-one.

�Ž . Ž .4.12. It is sufficient to show that g x G0 on 0, � :

x f � x y f xŽ . Ž .
�g x s , x�0.Ž . 2x

By the mean value theorem,

f x s f 0 qx f � c , 0�c�xŽ . Ž . Ž .
sx f � c .Ž .
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Hence,

x f � x yx f � c f � x y f � cŽ . Ž . Ž . Ž .
�g x s s , x�0.Ž . 2 xx

�Ž .Since f x is monotone increasing, we have for all x�0,

f � x G f � c and thus g� x G0Ž . Ž . Ž .

Ž . x4.14. Let ys 1q1rx . Then,

1 log 1q1rxŽ .
log ysx log 1q s .ž /x 1rx

Applying l’Hospital’s rule, we get

y11 1
y 1q2 ž /xx

lim log ys lim s1.1x™� x™�
y 2x

Therefore, lim yse.x™�

( ) Ž . Ž . Ž . x
q4.15. a lim f x s1, where f x s sin x .x™ 0

( ) Ž . Ž . y1r x
qb lim g x s0, where g x se rx.x™ 0

Ž . w Ž .x1r x Ž . w4.16. Let f x s 1qaxqo x , and let ysaxqo x . Then ysx aq
Ž .x w Ž .x1r x Ž .ar yŽ .oŽ1.r yo 1 , and 1qaxqo x s 1qy 1qy . Now, as x™0, we

Ž .ar y a Ž .oŽ1.r yhave y™0, 1qy ™e , and 1qy ™1, since

o 1Ž .
log 1qy ™0 as y™0.Ž .

y

Ž . aIt follows that f x ™e .

�Ž . �Ž . Ž .4.17. No, because both f x and g x vanish at xs0.541 in 0, 1 .

Ž . Ž . Ž .4.18. Let g x s f x y� xya . Then

g� x s f � x y� ,Ž . Ž .

g� a s f � a y��0,Ž . Ž .
g� b s f � b y��0.Ž . Ž .
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Ž . w xThe function g x is continuous on a, b . Therefore, it must achieve its
w xabsolute minimum at some point � in a, b . This point cannot be a or

�Ž . �Ž . �Ž .b, since g a �0 and g b �0. Hence, a���b, and g � s0, so
�Ž .f � s� .

Ž . Ž . Ž .4.19. Define g x s f x y
 xya , where

n
�
s � f x .Ž .Ý i i

is1

There exist c , c such that1 2

max f � x s f � c , a�c �b ,Ž . Ž .i 2 2
i

min f � x s f � c , a�c �b.Ž . Ž .i 1 1
i

�Ž . �Ž . �Ž .If f x s f x s 			 s f x , then the result is obviously true. Let us1 2 n
therefore assume that these n derivatives are not all equal. In this case,

f � c �
� f � c .Ž . Ž .1 2

Apply now the result in Exercise 4.18 to conclude that there exists a
�Ž .point c between c and c such that f c s
 .1 2

4.20. We have that

n n
�f y y f x s f c y yx ,Ž . Ž . Ž . Ž .Ý Ýi i i i i

is1 is1

Ž .where c is between x and y is1, 2, . . . , n . Using Exercise 4.19,i i i
Ž .there exists a point c in a, b such that

Ýn y yx f � cŽ . Ž .is1 i i i �s f c .Ž .nÝ y yxŽ .is1 i i

Hence,

n n
�f y y f x s f c y yx .Ž . Ž . Ž . Ž .Ý Ýi i i i

is1 is1

� ny1 nŽ . Ž .4.21. log 1qx sÝ y1 x rn, x �1.ns1

1Ž .4.23. f x has an absolute minimum at xs .3
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Ž . 2 w x4.24. The function f x is bounded if x qaxqb�0 for all x in y1, 1 . Let
�sa2y4b. If ��0, then x 2qaxqb�0 for all x. The denominator
has an absolute minimum at xsyar2. Thus, if y1Fyar2F1, then
Ž . Ž .f x will have an absolute maximum at xsyar2. Otherwise, f x

attains its absolute maximum at xsy1 or xs1. If �s0, then

1
f x s .Ž . 2a

xqž /2

w xIn this case, the point yar2 must fall outside y1, 1 , and the absolute
Ž .maximum of f x is attained at xsy1 or xs1. Finally, if ��0, then

1
f x s ,Ž .

xyx xyxŽ . Ž .1 2

1 1' 'Ž . Ž .where x s yay � , x s yaq � . Both x and x must fall1 2 1 22 2
1w x Ž .outside y1, 1 . In this case, the point xsyar2 is equal to x qx ,1 22

w x Ž .which falls outside y1, 1 . Thus f x attains its absolute maximum at
xsy1 or xs1.

Ž . y1w Ž .x4.25. Let H y denote the cumulative distribution function of G F Y .
Then

y1H y sP G F Y FyŽ . Ž .� 4
sP F Y FG yŽ . Ž .

y1sP YFF G yŽ .� 4
y1sF F G yŽ .� 4

s G y .Ž .

Ž . Ž . yw 2
4.26. Let g w be the density function of W. Then g w s2we , wG0.

( ) Ž .4.27. a Let g w be the density function of W. Then

1 1 21r3g w s exp y w y1 , w�0.Ž . Ž .2r3' 0.083w 0.08�

( ) Ž . Ž .b Exact mean is E W s1.12. Exact variance is Var W s0.42.
( ) Ž . Ž .c E w f1, Var w f0.36.
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Ž .4.28. Let G y be the cumulative distribution function of Y. Then

G y sP YFyŽ . Ž .

sP Z 2FyŽ .
1r2sP Z FyŽ .

sP yy1r2 FZFy1r2Ž .
s2 F y1r2 y1,Ž .

Ž .where F 	 is the cumulative distribution function of Z. Thus the
yy r2Ž . 'density function of Y is g y s1r 2� y e , y�0. This represents

the density function of a chi-squared distribution with one degree of
freedom.

F xqh yF xŽ . Ž .
( )4.29. a failure rates .

1yF xŽ .
( )b

dF x rdxŽ .
Hazard rates

1yF xŽ .

1 1
yx r�s eyx r� ž /�e

1
s .

�

( )c If

dF x rdxŽ .
sc,

1yF xŽ .

then

ylog 1yF x scxqc ,Ž . 1

hence,

1yF x sc eyc x .Ž . 2

Ž .Since F 0 s0, c s1. Therefore,2

F x s1yeyc x .Ž .
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4.30.
r nyrn ny1 			 ny rq1 �t �tŽ . Ž .

P Y s r s 1yŽ .n ž / ž /r ! n n
r yr nn ny1 			 ny rq1 �t �t �tŽ . Ž . Ž .

s 1y 1y .r ž / ž /n r ! n n

As n™�, the first r factors on the right tend to 1, the next factor
is fixed, the next tends to 1, and the last factor tends to ey� t.
Hence,

ry� te �tŽ .
lim P Y s r s .Ž .n r !n™�

CHAPTER 5

( ) � 4�5.1. a The sequence b is monotone increasing, sincen ns1

� 4 � 4max a , a , . . . , a Fmax a ,a , . . . , a .1 2 n 1 2 nq1

It is also bounded. Therefore, it is convergent by Theorem 5.1.2. Its
limit is sup a , since a Fb Fsup a for nG1.nG1 n n n nG1 n

( )b Let d s log a y log c, is1, 2, . . . . Theni i

n n1 1
log c s log a s log cq d .Ý Ýn i in nis1 is1

Ž . nTo show that 1rn Ý d ™0 as n™�: We have that d ™0 asis1 i i
i™�. Therefore, for a given ��0, there exists a positive integer
N such that d ��r2 if i�N . Thus, for n�N ,1 i 1 1

Nn 11 1 �
d F d q nyNŽ .Ý Ýi i 1n n 2nis1 is1

N11 �
� d q .Ý in 2is1

Furthermore, there exists a positive integer N such that2

N11 �
d � ,Ý in 2is1

nŽ .if n�N . Hence, if n�max N , N , 1rn Ý d �� , whichŽ .2 1 2 is1 i
Ž . nimplies that 1rn Ý d ™0, that is, log c ™ log c, and c ™c asis1 i n n

n™�.
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� 4� � 4�5.2. Let a and b be the limits of a and b , respectively. Thesen ns1 n ns1
limits exist because the two sequences are of the Cauchy type. To show

� �that d ™d, where ds ayb :n

d yd s a yb y aybn n n

F a yb y aybŽ . Ž .n n

F a ya q b yb .n n

It is now obvious that d ™d as a ™a and b ™b.n n n

5.3. Suppose that a ™c. Then, for a given ��0, there exists a positiven
integer N such that a yc �� if n�N. Let b sa be the nth termn n k n

of a subsequence. Since k Gn, we have b yc �� if n�N. Hence,n n
b ™c. Vice versa, if every subsequence converges to c, then a ™c,n n

� 4�since a is a subsequence of itself.n ns1

� 4�5.4. If E is not bounded, then there exists a subsequence b such thatn ns1
b ™�, where b sa , k �k � ��� �k � ��� . This is a contradic-n n k 1 2 nn

� 4�tion, since a is bounded.n ns1

( )5.5. a For a given ��0, there exists a positive integer N such that
a yc �� if n�N. Thus, there is a positive constant M suchn

that a yc �M for all n. Now,n

n nÝ � a 1is1 i i
yc s � a ycŽ .Ý i in nÝ � Ý �is1 i is1 i is1

N n1 1
s � a yc q � a ycŽ . Ž .Ý Ýi i i in nÝ � Ý �is1 i is1 iis1 isNq1

N n1 1
F � a yc q � a ycÝ Ýi i i in nÝ � Ý �is1 i is1 iis1 isNq1

N nM �
F � q �Ý Ýi in nÝ � Ý �is1 i is1 iis1 isNq1

ÝN �is1 i
�M q� .nÝ �is1 i

Hence, as n™�,

nÝ � ais1 i i
yc ™0.nÝ �is1 i
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( ) Ž .n � 4� Ž . nb Let a s y1 . Then, a does not converge. But 1rn Ý an n ns1 is1 i
is equal to zero if n is even, and is equal to y1rn if n is odd.

Ž . nHence, 1rn Ý a goes to zero as n™�.is1 i

5.6. For a given ��0, there exists a positive integer N such that

anq1
yb ��

an

if n�N. Since b�1, we can choose � so that bq��1. Then

anq1
�bq��1, n�N.

an

Hence, for nGNq1,

a �a bq� ,Ž .Nq2 Nq1

2a �a bq� �a bq� ,Ž . Ž .Nq3 Nq2 Nq1

...
aNq1 nnyNy1a �a bq� s bq� .Ž . Ž .n Nq1 Nq1bq�Ž .

Ž .Nq1 nLetting csa r bq� , rsbq� , we get a �cr , where 0�Nq1 n
r�1, for nGNq1.

5.7. We first note that for each n, a �0, which can be proved by induction.n
Let us consider two cases.

Ž .1. b�1. In this case, we can show that the sequence is i bounded
Ž .from above, and ii monotone increasing:

' 'i. The sequence is bounded from above by b , that is, a � b :n
a2 �b is true for ns1 because a s1�b. Suppose now thatn 1
a2 �b; to show that a2 �b:n nq1

22 2a 3bqaŽ .n n2bya sbynq1 223a qbŽ .n

32byaŽ .n
s �0.223a qbŽ .n
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2 'Thus a �b, and the sequence is bounded from above by b .nq1
Žii. The sequence is monotone increasing: we have that 3bq

2 . Ž 2 . 2a r 3a qb �1, since a �b, as was seen earlier. Hence,n n n
a �a for all n.nq1 n

Ž .By Corollary 5.1.1 1 , the sequence must be convergent. Let c be
its limit. We then have the equation

c 3bqc2Ž .
cs ,23c qb

Žwhich results from taking the limit of both sides of a sa 3bqnq1 n
2 . Ž 2 .a r 3a qb and noting that lim a s lim a sc. Then n n™� nq1 n™� n'only solution to the above equation is cs b .

2. b�1. In this case, we can similarly show that the sequence is
bounded from below and is monotone decreasing. Therefore, by

'Ž .Corollary 5.1.1 2 it must be convergent. Its limit is equal to b .

5.8. The sequence is bounded from above by 3, that is, a �3 for all n: Thisn
is true for ns1. If it is true for n, then

1r2 1r2a s 2qa � 2q3 �3.Ž . Ž .nq1 n

By induction, a �3 for all n. Furthermore, the sequence is monotonen 'increasing:a Fa , since a s1, a s 3 . If a Fa , then1 2 1 2 n nq1

1r2 1r2a s 2qa G 2qa sa .Ž . Ž .nq2 nq1 n nq1

Ž .By induction, a Fa for all n. By Corollary 5.1.1 1 the sequencen nq1
must be convergent. Let c be its limit, which can be obtained by solving
the equation

1r2cs 2qc .Ž .

The only solution is cs2.

Ž . Ž .5.10. Let ms 2n. Then a y a s 1r nq 1 q 1r nq 2 q 			 q1r2n.m n
Hence,

n 1
a ya � s .m n 2n 2

1Therefore, a ya cannot be made less than no matter how largem n 2

m and n are, if ms2n. This violates the condition for a sequence to
be Cauchy.
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5.11. For m�n, we have that

a ya s a ya q a yaŽ . Ž .m n m my1 my1 my2

q 			q a ya q a yaŽ . Ž .nq2 nq1 nq1 n

�br my1 qbr my2 q 			qbr n

sbr n 1q rq r 2q 			qr myny1Ž .
br n 1y r myn br nŽ .

s � .
1y r 1y r

n Ž .For a given ��0, we choose n large enough such that br r 1y r �� ,
which implies that a ya �� , that is, the sequence satisfies them n
Cauchy criterion; hence, it is convergent.

� 4�5.12. If s is bounded from above, then it must be convergent, since it isn ns1
monotone increasing and thus Ý� a converges. Vice versa, if Ý� ans1 n ns1 n

� 4�is convergent, then s is a convergent sequence; hence, it isn ns1
bounded, by Theorem 5.1.1.

5.13. Let s be the nth partial sum of the series. Thenn

n1 1 1
s s yÝn ž /3 3iy1 3iq2is1

1 1 1 1 1 1 1
s y q y q 			q yž /3 2 5 5 8 3ny1 3nq2

1 1 1
s yž /3 2 3nq2

1
™ as n™�.

6

5.14. For n�2, the binomial theorem gives
n1 1 1 1n n1q s1q q q 			q n2ž / ž /ž / 1 2n n nn

1 1 1 1 2 1
s2q 1y q 1y 1y q 			q nž / ž / ž /2! n 3! n n n

n 1
�2q Ý i!is2

n 1
�2q Ý iy12is2

�3
�n.
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Hence,

1
1r n1q �n ,ž /n

1p1r nn y1 � .Ž . pn

� Ž 1r n . pTherefore, the series Ý n y1 is divergent by the comparisonns1
test, since Ý� 1rn p is divergent for pF1.ns1

( )5.15. a Suppose that a �M for all n, where M is a positive constant.n
Then

a an n
� .

1qa 1qMn

� Ž .The series Ý a r 1qa is divergent by the comparison test,ns1 n n
since Ý� a is divergent.ns1 n

( )b We have that

a 1n
s1y .

1qa 1qan n

� 4�If a is not bounded, thenns1

an
lim a s�, hence, lim s1�0.n 1qan™� n™� n

� Ž .Therefore, Ý a r 1qa is divergent.ns1 n n

� 4�5.16. The sequence s is monotone increasing. Hence, for ns2, 3, . . . ,n ns1

a a s ys 1 1n n n ny1
F s s y ,2 s s s s s ss n ny1 n ny1 ny1 nn

n na a ai 1 i
s qÝ Ý2 2 2s s si 1 iis1 is2

a 1 1 1 11
F q y q 			q y2 ž / ž /s s s ss 1 2 ny1 n1

a 1 1 a 11 1
s q y ™ q ,2 2s s ss s1 n 11 1

since s ™� by the divergence of Ý� a . It follows that Ý� a rs2 isn ns1 n ns1 n n
a convergent series.
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5.17. Let A denote the sum of the series Ý� a . Then r sAys , wherens1 n n ny1
n � 4�s sÝ a . The sequence r is monotone decreasing. Hence,n is1 i n ns2

n a a qa q 			qa r y ri m mq1 ny1 m n
� sÝ r r ri m mism

rn
s1y .

rm

Since r ™0, we have 1y r rr ™1 as n™�. Therefore, for 0���1,n n m
there exists a positive integer k such that

a a am mq1 mqk
q q 			q �� .

r r rm mq1 mqk

This implies that the series Ý� a rr does not satisfy the Cauchyns1 n n
criterion. Hence, it is divergent.

Ž . Ž . Ž . Ž .1r n5.18. 1rn log 1rn sy log n rn™0 as n™�. Hence, 1rn ™1. Simi-
Ž . Ž 2 . Ž . Ž 2 .1r nlarly, 1rn log 1rn sy 2 log n rn™0, which implies 1rn ™1.

( ) 1r n 1r n �5.19. a a sn y1™0�1 as n™�. Therefore, Ý a is convergentn ns1 n
by the root test.

( ) w Ž .x n2 w Ž .x 2b a � log 1qn rlog e s log 1qn rn . Sincen

�
� �log 1qx 1 dxŽ .

dxsy log 1qx qŽ .H H2 x x xq1x Ž .11 1

�x
slog 2q log ž /xq1 1

s2 log 2,

� w Ž .x 2the series Ý log 1qn rn is convergent by the integral test.ns1
Hence, Ý� a converges by the comparison test.ns1 n

( ) Ž .Ž . Ž .2 Ž .c a ra s 2nq2 2nq3 r 2nq1 ´ lim n a ra y1n nq1 n™� n nq1
3 �s �1. The series Ý a is convergent by Raabe’s test.ns1 n2

( )d

' ''a s nq2 n y nn

'nq2 n yn
s ™1 as n™�.' ''nq2 n q n

Therefore, Ý� a is divergent.ns1 n
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( ) � � 1r ne a s4rn™0�1. The series is absolutely covergent by then
root test.

( ) Ž .n Ž . Ž .f a s y1 sin �rn . For large n, sin �rn 	�rn. Therefore,n
Ý� a is conditionally convergent.ns1 n

( )5.20. a Applying the ratio test, we have the condition

anq12� �x lim �1,
an™� n

which is equivalent to

� � 2x '� ��1, that is, x � 3 .
3

'� �The series is divergent if x s 3 . Hence, it is uniformly conver-
'w xgent on yr, r where r� 3 .

( )b Using the ratio test, we get

anq1
x lim �1,

an™� n

where a s10 nrn. This is equivalent ton

10 x �1.

1� �The series is divergent if x s . Hence, it is uniformly convergent10
1w xon yr, r where r� .10

( ) w xc The series is uniformly convergent on yr, r where r�1.
( )d The series is uniformly convergent everywhere by Weierstrass’s

M-test, since

cos nx 1
F for all x ,2 2n n q1 n n q1Ž . Ž .

Ž 2 .and the series whose nth term is 1rn n q1 is convergent.

5.21. The series Ý� a is convergent by Theorem 5.2.14. Let s denote itsns1 n
sum:

1 1 1 1 1 1ss1y q y y y y y 			Ž . Ž .2 3 4 5 6 7

1 1 5 10�1y q s s .2 3 6 12
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Now,

�
1 1 1 1 1b s 1q y q q y q 			Ž . Ž .Ý n 3 2 5 7 4

ns1

1 1 1
q q y q 			 .ž /4ny3 4ny1 2n

Let s� denote the sum of the first 3n terms of Ý� b . Then,3n ns1 n

s� ss qu ,3n 2 n n

where s is the sum of the first 2n terms of Ý� a , and2 n ns1 n

1 1 1
u s q q 			q , ns1, 2, . . .n 2nq1 2nq3 4ny1

� 4�The sequence u is monotone increasing and is bounded fromn ns1
1above by , since2

n
u � , ns1, 2, . . .n 2nq1

Ž . � � 4�the number of terms that make up u is equal to n . Thus s isn 3n ns1
convergent, which implies convergence of Ý� b . Let t denote thens1 n
sum of this series. Note that

1 1 1 1 1 11t� 1q y q q y s ,Ž . Ž .3 2 5 7 4 12

Ž . Ž .since 1r 4ny3 q1r 4ny1 y1r2n�0 for all n.

5.22. Let c denote the nth term of Cauchy’s product. Thenn

n

c s a aÝn k nyk
ks0

n 1n
s y1 .Ž . Ý 1r2nykq1 kq1Ž . Ž .ks0
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Since nykq1Fnq1 and kq1Fnq1,

n 1
c G s1.Ýn nq1ks0

Hence, c does not go to zero as n™�. Therefore, Ý� c is diver-n ns0 n
gent.

Ž . Ž .5.23. f x ™ f x , wheren

0, xs0,
f x sŽ . ½ 1rx , x�0.

w . Ž .The convergence is not uniform on 0, � , since f x is continuous onn
w . Ž .0, � for all n, but f x is discontinuous at xs0.

( ) x 1q
 � 1q
5.24. a 1rn F 1rn . Since Ý 1rn is a convergent series,ns1
� x w .Ý 1rn is uniformly convergent on 1q
 , � by Weierstrass’sns1

M-test.
( ) Ž x. Ž . x � Ž . xb drdx 1rn sy log n rn . The series Ý log n rn is uni-ns1

w .formly convergent on 1q
 , � :

log n 1 log n
F , xG
q1.x 1q
 r2 
r2n n n

Ž . 
r2Since log n rn ™0 as n™�, there exists a positive integer N
such that

log n
�1 if n�N.


r2n

Therefore,

log n 1
�x 1q
 r2n n

if n�N and xG
q1. But, Ý� 1rn1q
 r2 is convergent. Hence,ns1
� Ž . x w .Ý log n rn is uniformly convergent on 1q
 , � by Weier-ns1

Ž . � xstrass’s M-test. If � x denotes the sum of the series Ý 1rn ,ns1
then

� log n
�� x sy , xG
q1.Ž . Ý xnns1
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5.25. We have that

� 1nqky1 nx s , ks1,2, . . . ,Ý kž /n 1yxŽ .ns0

Ž .if y1�x�1 see Example 5.4.4 . Differentiating this series term by
term, we get

� knqky1ny1nx s .Ý kq1ž /n 1yxŽ .ns1

It follows that

� r 1ypŽ .nnq ry1 r rn p 1yp spŽ .Ý rq1ž /r pns0

r 1ypŽ .
s .

p

Taking now second derivatives, we obtain

� k kq1Ž .nqky1ny2n ny1 x s .Ž .Ý kq2ž /n 1yxŽ .ns2

From this we conclude that

� kx 1qkxŽ .nqky12 nn x s .Ý kq2ž /n 1yxŽ .ns1

Hence,

r� p 1yp r 1q r 1ypŽ . Ž .nnq ry12 rn p 1yp sŽ .Ý rq2ž /n pns0

r 1yp 1q ry rpŽ . Ž .
s .2p

5.26.
�

nq ry1nt r n� t s e p qŽ . Ý ž /nns0

�
nnq ry1r tsp qeŽ .Ý ž /nns0

pr
ts , qe �1.t1yqe



SOLUTIONS TO SELECTED EXERCISES588

Ž xThe series converges uniformly on y�, s where s�ylog q. Yes,
Ž . Ž .formula 5.63 can be applied, since there exists a neighborhood N 0�

contained inside the interval of convergence by the fact that ylog q�0.

� Ž � . n5.28. It is sufficient to show that the series Ý � rn! 	 is absolutelyns1 n
Ž .convergent for some 	�0 see Theorem 5.6.1 . Using the root test,

1rn�� 	n

s lim sup 1rnn™� n!Ž .

1rn��n
s	 e lim sup 1r2 n 1q1r2 nn™� 2� nŽ .

1rn��n
s	 e lim sup .

nn™�

Let

1rn��n
ms lim sup .

nn™�

� Ž � . nIf m�0 and finite, then the series Ý � rn! 	 is absolutelyns1 n
Ž .convergent if 
�1, that is, if 	�1r em .

( )5.30. a
n

n nykkE X s k p 1ypŽ . Ž .Ýn ž /kks0

n
n nykky1sp k p 1ypŽ .Ý ž /kks1

ny1
n nyky1ksp kq1 p 1ypŽ . Ž .Ý ž /kq1ks0

ny1 n! nyky1ksp p 1ypŽ .Ý k! nyky1 !Ž .ks0

ny1snp pq1ypŽ .
snp.

We can similarly show that

E X 2 snp 1yp qn2 p2 .Ž .Ž .n
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Hence,

Var X sE X 2 yn2 p2Ž . Ž .n n

Var X snp 1yp .Ž . Ž .n

2 2( ) Ž . Žb We have that P Y G r� F1rr . Let r�s� , where � sp 1yn
.p rn. Then

p 1ypŽ .
P Y G� F .Ž .n 2n�

( ) Ž .c As n™�, P Y G� ™0, which implies that Y converges inn n
probability to zero.

( )5.31. a
nt� t s p e qq , q s1ypŽ . Ž .n n n n n

nts 1qp e y1 .Ž .n

Let np s r . Thenn n

nrn t� t s 1q e y1Ž . Ž .n n

t™exp � e y1Ž .

Ž .as n™�. The limit of � t is the moment generating function of an
Poisson distribution with mean �. Thus S has a limiting Poissonn
distribution with mean �.

5.32. We have that

22 3Qs I yH qkH yk H qk H y 			Ž .n 1 2 3 4

s I yH qk 2 H y2k 3H q 			 .Ž .n 1 3 4

Thus

y� Qysy� I yH yqk 2 y� H yy2k 3 y� H yq 			Ž .n 1 3 4

sSS qk 2S y2k 3S q 			E 3 4

�
iy1sSS q iy2 yk S .Ž . Ž .ÝE i

is3
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CHAPTER 6

Ž . Ž .6.1. If f x is Riemann integrable, then inequality 6.1 is satisfied; hence,
Ž .equality 6.6 is true, as was shown to be the case in the proof of

Ž .Theorem 6.2.1. Vice versa, if equality 6.6 is satisfied, then by the
Ž . Ž .double inequality 6.2 , S P, f must have a limit as � ™0, whichp

Ž . w ximplies that f x is Riemann integrable on a, b .

1Ž . w x Ž .6.2. Consider the function f x on 0, 1 such that f x s0 if 0Fx� ,2
Ž . Ž . n i Ž . Ž .f x s2 if xs1, and f x sÝ 1r2 if nq1 r nq2 F x �is0
Ž . Ž .nq2 r nq3 for ns0, 1, 2, . . . . This function has a countable num-

1 2 3 w xber of discontinuities at , , , . . . , but is Riemann integrable on 0, 1 ,2 3 4
Ž .since it is monotone increasing see Theorem 6.3.2 .

Ž .6.3. Suppose that f x has one discontinuity of the first kind at xsc,
Ž . Ž .y qa�c�b. Let lim f x sL , lim f x sL , L �L . In anyx™ c 1 x™ c 2 1 2

w xpartition P of a, b , the point c appears in at most two subintervals.
Ž . Ž .The contribution to US f yLS f from these intervals is less thanP P

Ž . Ž .2 Mym � , where M, m are the supremum and infimum of f x onp
w xa, b , and this can be made as small as we please. Furthermore,
Ý M � x yÝ m � x for the remaining subintervals can also be madei i i i i i

Ž . Ž .as small as we please. Hence, US f yLS f can be made smallerP P
Ž .than � for any given ��0. Therefore, f x is Riemann integrable on

w x Ž .a, b . A similar argument can be used if f x has a finite number of
w xdiscontinuities of the first kind in a, b .

w x � Ž .6.4. Consider the following partition of 0, 1 : Ps 0, 1r2n, 1r 2ny1 ,
4. . . , 1r3, 1r2, 1 . The number of partition points is 2nq1 including 0

and 1. In this case,

2n 1
� f s cos � ny0Ý i 2nis1

1 � 1
q cos 2ny1 y cos � nŽ .

2ny1 2 2n

1 1 �
q cos � ny1 y cos 2ny1 q 			Ž . Ž .

2ny2 2ny1 2

1 1 3� � 1
q cos �y cos q cos y cos �ž /ž /2 3 2 2 2

1 1 1
s q q q 			q1.

n ny1 ny2
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2 n � Ž .As n™�, Ý � f ™�, since Ý 1rn is divergent. Hence, f x isis1 i ns1
w xnot of bounded variation on 0, 1 .

( )6.5. a For a given ��0, there exists a constant M�0 such that

�f xŽ .
yL ���g xŽ .

�Ž .if x�M. Since g x �0,

� � �f x yLg x �� g x .Ž . Ž . Ž .

Hence, if � and � are chosen larger than M, then1 2

� �2 2� � � �f x yLg x dx F f x yLg x dxŽ . Ž . Ž . Ž .H H
� �1 1

�2 ��� g x dx.Ž .H
�1

( ) Ž .b From a we get

f � yLg � y f � qLg � �� g � yg � .Ž . Ž . Ž . Ž . Ž . Ž .2 2 1 1 2 1

Ž . wDivide both sides by g � which is positive for large � , since2 2
Ž . xg x ™� as x™� , we obtain

f � f � g � g �Ž . Ž . Ž . Ž .2 1 1 1
yLy qL �� 1y

g � g � g � g �Ž . Ž . Ž . Ž .2 2 2 2

�� .

Hence,

f � f � g �Ž . Ž . Ž .2 1 1
yL ��q q L .

g � g � g �Ž . Ž . Ž .2 2 2

( )c For sufficiently large � , the second and third terms on the2
right-hand side of the above inequality can each be made smaller
than � ; hence,

f �Ž .2
yL �3� .

g �Ž .2

6.6. We have that

m g x F f x g x FM g x ,Ž . Ž . Ž . Ž .
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Ž . w xwhere m and M are the infimum and supremum of f x on a, b ,
w x Ž .respectively. Let � and � be points in a, b such that ms f � ,

Ž .Ms f � . We conclude that

b
f x g x dxŽ . Ž .H

af � F F f � .Ž . Ž .
b
g x dxŽ .H

a

Ž .By the intermediate-value theorem Theorem 3.4.4 , there exists a
constant c, between � and �, such that

b
f x g x dxŽ . Ž .H

a s f c .Ž .
b
g x dxŽ .H

a

Note that c can be equal to � or � in case equality is attained at the
lower end or the upper end of the above double inequality.

6.9. Integration by parts gives

b b
f x dg x s f b g b y f a g a q g x d yf x .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H

a a

Ž . Ž . Ž .Since g x is bounded, f b g b ™0 as b™�. Let us now establish
b Ž . w Ž .xconvergence of H g x d yf x as b™�: let M�0 be such thata

� Ž . �g x FM for all xGa. In addition,

b
M d yf x sMf a yMf bŽ . Ž . Ž .H

a

™Mf a as b™�.Ž .

� w Ž .x Ž .Hence, H M d yf x is a convergent integral. Since yf x is monotonea
w .increasing on a, � , then

� �

g x d yf x F M d yf x .Ž . Ž . Ž .H H
a a

� Ž . w Ž .xThis implies absolute convergence of H g x d yf x . It follows thata
� Ž . Ž .the integral H f x dg x is convergent.a
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6.10. Let n be a positive integer. Then

n� �sin x sin x sin x2�
dxs dxy dxH H Hx x x0 0 �

n� sin xny1q 			q y1 dxŽ . H xŽ .ny1 �

� 1 1 1
s sin x q q 			q dxH x xq� xq ny1 �Ž .0

�1 1 1
� q q 			q sin x dxHž /� 2� n� 0

2 1 1
s 1q q 			q ™� as n™�.ž /� 2 n

� '( ) Ž . Ž .6.11. a This is convergent by the integral test, since H log x r x x dxs1
4H�eyx x dxs4 by a proper change of variable.0

( ) Ž . Ž 3 . 2 � 2b nq4 r 2n q1 	1r2n . But Ý 1rn is convergent by thens1
integral test, since H� dxrx2s1. Hence, this series is convergent by1
the comparison test.

�' ' '( ) Ž .c 1r nq1 y1 	1r n . By the integral test, Ý 1r n is diver-ns1
�� �' ' 'Ž .gent, since H dxr x s2 x s�. Hence, Ý 1r nq1 y1 is1 ns11

divergent.

( ) my1 Ž .ny1 my1 1 my16.13. a Near xs0 we have x 1yx 	x , and H x dxs1rm.0
my1 Ž .ny1 Ž .ny1Also, near xs 1 we have x 1y x 	 1y x , and

1Ž .ny1 Ž .H 1yx dxs1rn. Hence, B m, n converges if m�0, n�0.0

'( )b Let x ssin � . Then

�
1 ny1 2my1 2 my1 2 ny1x 1yx dxs2 sin �cos � d� .Ž .H H

0 0

( ) Ž .c Let xs1r 1qy . Then

�
ny1y1 ny1my1x 1yx dxs dy.Ž .H H mqn

1qyŽ .0 0

Letting zs1yx, we get

1 0ny1 my1my1 ny1x 1yx dxsy 1yz z dzŽ . Ž .H H
0 1

1 my1ny1s x 1yx dx.Ž .H
0
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Ž . Ž .Hence, B m, n sB n, m . It follows that

�
my1x

B m , n s dx.Ž . H mqn
1qxŽ .0

( )d
�

ny1x
B m , n s dxŽ . H mqn

1qxŽ .0

ny1
�

ny1x x1
s dxq dx.H Hmqn mqn

1qx 1qxŽ . Ž .0 1

Let ys1rx in the second integral. We get

�
ny1 my1x y1

dxs dyH Hmqn mqn
1qx 1qyŽ . Ž .1 0

Therefore,

x ny1 x my1
1 1

B m , n s dxq dxŽ . H Hmqn mqn
1qx 1qxŽ . Ž .0 0

x ny1 qx my1
1

s dx.H mqn
1qxŽ .0

( )6.14. a
� �dx dx dx1

s q .H H H3 3 3' ' '0 0 11qx 1qx 1qx

The first integral exists because the integrand is continuous. The
second integral is convergent because

� �dx dx
� s2.H H 3r23' x1 11qx

� 3'Hence, H dxr 1qx is convergent.0

( ) Ž 3.1r3 Ž .b Divergent, since for large x we have 1r 1qx 	1r 1qx , and
� Ž .H dxr 1qx s�.0

( ) Ž . Ž 3.1r3 Ž . Ž .1r3c Convergent, since if f x s1r 1yx and g x s1r 1yx ,
then

1r3f x 1Ž .
lim s .ž /y g x 3Ž .x™1

31 1Ž . Ž .But H g x dxs . Hence, H f x dx is convergent.0 02
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( )d Partition the integral as the sum of

�dx dx1
and .H H' 'x 1qx x 1q2 xŽ . Ž .0 1

The first integral is convergent, since near xs0 we have
1' ' 'w Ž .x1r x 1qx 	1r x , and H dxr x s2. The second integral is0

3r2'w Ž .xalso convergent, since as x™� we have 1r x 1q2 x 	1r2 x ,
and H� dxrx3r2 s2.1

6.15. The proof of this result is similar to the proof of Corollary 6.4.2.

6.16. It is is easy to show that

ny1byxŽ .
� Žn.h x sy f x .Ž . Ž .n ny1 !Ž .

Hence,

b �h a sh b y h x dxŽ . Ž . Ž .Hn n n
a

1 b ny1 Žn.s byx f x dx ,Ž . Ž .Hny1 !Ž . a

Ž .since h b s0. It follows thatn

ny1byaŽ .
� Žny1.f b s f a q bya f a q 			q f aŽ . Ž . Ž . Ž . Ž .

ny1 !Ž .
1 b ny1 Žn.q byx f x dx.Ž . Ž .Hny1 !Ž . a

Ž . x Ž . Ž . �Ž .6.17. Let G x sH g t dt. Then, G x is uniformly continuous and G x sa
Ž .g x by Theorem 6.4.8. Thus

b bb �f x g x dxsf x G x y G x f x dxŽ . Ž . Ž . Ž . Ž . Ž .H Ha
a a

b �s f b G b y G x f x dx.Ž . Ž . Ž . Ž .H
a

Ž .Now, since G x is continuous, then by Corollary 3.4.1,

G � FG x FG �Ž . Ž . Ž .
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w x w x Ž .for all x in a, b , where � , � are points in a, b at which G x achieves
w xits infimum and supremum in a, b , respectively. Furthermore, since

Ž . Ž . �Ž .f x is monotone say monotone increasing and f x exists, then
�Ž .f x G0 by Theorem 4.2.3. It follows that

b b b� � �G � f x dxF G x f x dxFG � f x dx.Ž . Ž . Ž . Ž . Ž . Ž .H H H
a a a

This implies that

b b� �G x f x dxs� f x dx ,Ž . Ž . Ž .H H
a a

Ž . Ž .where G � F�FG � . By Theorem 3.4.4, there exists a point c
Ž .between � and � such that �sG c . Hence,

b b� �G x f x dxsG c f x dxŽ . Ž . Ž . Ž .H H
a a

c
s f b y f a g x dx.Ž . Ž . Ž .H

a

Consequently,

b b �f x g x dxs f b G b y G x f x dxŽ . Ž . Ž . Ž . Ž . Ž .H H
a a

cb
s f b g x dxy f b y f a g x dxŽ . Ž . Ž . Ž . Ž .H H

a a

c b
s f a g x dxq f b g x dxŽ . Ž . Ž . Ž .H H

a c

6.18. This follows directly from applying the result in Exercise 6.17 and
Ž . Ž .letting f x s1rx, g x ssin x.

csin x 1 1b b
dxs sin x dxq sin x dxH H Hx a ba a c

1 1
s cos aycos c q cos cycos b .Ž . Ž .

a b

Therefore,

sin x 1 1b
dx F cos aycos c q cos cycos bH x a aa

4
F .

a
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6.21. Let ��0 be given. Choose ��0 such that

� g b yg a �� .Ž . Ž .

Ž . w x Ž .Since f x is uniformly continuous on a, b see Theorem 3.4.6 , there
exists a 
�0 such that

f x y f z ��Ž . Ž .

w xif xyz �
 for all x, z in a, b . Let us now choose a partition P of
w xa, b whose norm � is smaller than 
 . Then,p

n

US f , g yLS f , g s M ym � gŽ . Ž . Ž .ÝP P i i i
is1

n

F� � gÝ i
is1

s� g b yg aŽ . Ž .
�� .

Ž . w xIt follows that f x is Riemann�Stieltjes integrable on a, b .

Ž .6.22. Since g x is continuous, for any positive integer n we can choose a
partition P such that

g b yg aŽ . Ž .
� g s , is1, 2, . . . , n.i n

Ž . Ž . Ž .Also, since f x is monotone increasing, then M s f x , m s f x ,i i i iy1
is1, 2, . . . , n. Hence,

ng b yg aŽ . Ž .
US f , g yLS f , g s f x y f xŽ . Ž . Ž . Ž .ÝP P i iy1n is1

g b yg aŽ . Ž .
s f b y f a .Ž . Ž .

n

This can be made less than � , for any given ��0, if n is chosen large
Ž .enough. It follows that f x is Riemann�Stieltjes integrable with re-

Ž .spect to g x .

Ž . k Ž 2 . Ž . ky2 Ž . Ž .6.23. Let f x sx r 1qx , g x sx . Then lim f x rg x s1. Thex™�
�� ky2 � ky2 ky1integral H x dx is divergent, since H x dxsx r ky1 s�Ž .0 0 0

if k�1. If ks1, then H� x ky2 dxsH� dxrxs�. By Theorem 6.5.3,0 0
� Ž .H f x dx must be divergent if kG1. A similar procedure can be used0

0 Ž .to show that H f x dx is divergent.y�
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Ž . Ž . Ž 2 .6.24. Since E X s0, then Var X sE X , which is given by

�
2 xx e

2E X s dx.Ž . H 2xy� 1qeŽ .
x Ž x.Let use r 1qe . The integral becomes

2u12E X s log duŽ . H ž /1yu0

1u
s log u log uq 1yu log 1yuŽ . Ž .½ 5ž /1yu 0

u log uq 1yu log 1yuŽ . Ž .1
y duH u 1yuŽ .0

log u log 1yuŽ .1 1
sy duy duH H1yu u0 0

log u1
sy2 du.H 1yu0

But

logu1 1 2 ndus 1ququ q 			qu q 			 log u du,Ž .H H1yu0 0

and

11 11 1n nq1 nu log u dus u log u y u duH Hnq1 nq100 0

1
sy .2nq1Ž .

Hence,

� 2log u 1 �1
dusy sy ,ÝH 21yu 60 nq1Ž .ns0

Ž 2 . 2and E X s� r3.

Ž . Ž . � Ž . �6.26. Let g x s f x rx , h x s1rx . We have that

g xŽ .
lim s f 0 ��.Ž .

q h xŽ .x™0
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 Ž . 1y� Ž .Since H h x dxs
 r 1y� �� for any 
�0, by Theorem 6.5.7,0

 Ž . �H f x rx dx exists. Furthermore,0

� �f x 1 1Ž .
dxF f x dxF .Ž .H H� � �x 
 

 


Hence,

� f xŽ .
y�E X s dxŽ . H �x0

exists.

Ž . Ž . 1q� Ž .6.27. Let g x s f x rx , h x s1rx. Then

g xŽ .
lim sk��.

q h xŽ .x™0


 Ž . 
 Ž .Since H h x dx is divergent for any 
�0, then so is H g x dx by0 0
Theorem 6.5.7, and hence

�
yŽ1q� .w xE X s g x dxq g x dxs�.Ž . Ž .H H
0 


Ž .6.28. Applying formula 6.84 , the density function of W is given by

nq1
Ž .y nq1 r22� 2ž / w2

g w s 1q , wG0.Ž . n ž /n'n� � ž /2

( )6.29. a From Theorem 6.9.2, we have

1
P Xy� Gu� F .Ž . 2u

Letting u�s r, we get

� 2

P Xy� G r F .Ž . 2r

( ) Ž .b This follows from a and the fact that

� 2

E X s� , Var X s .Ž . Ž .n n n



SOLUTIONS TO SELECTED EXERCISES600

( )c
2�

P X y� G� F .Ž .n 2n�

Ž .Hence, as n™�, P X y� G� ™0.n

( )6.30. a Using the hint, for any u and ®�0 we have

u2� q2u®� q®2� G0.ky1 k kq1

Since � G0 for kG1, we must therefore haveky1

®2� 2y®2� � F0, kG1,k ky1 kq1

that is,

� 2F� � , ks1, 2, . . . , ny1.k ky1 kq1

( ) 2 1r2b � s1. For ks1, � F� . Hence, � F� . Let us now use0 1 2 1 2
mathematical induction to show that � 1r nF� 1rŽ nq1. for all n forn nq1
which � and � exist. The statement is true for ns1. Supposen nq1
that

� 1rŽ ny1. F� 1r n .ny1 n

To show that � 1r nF� 1rŽ nq1. : We have thatn nq1

� 2F� �n ny1 nq1

F� Žny1.r n� .n nq1

Thus,

� Žnq1.r nF� .n nq1

Hence,

� 1r nF� 1rŽ nq1. .n nq1

CHAPTER 7

( ) Ž .7.1. a Along x s0, we have f 0, x s0 for all x , and the limit is zero1 2 2
as x™0. Any line through the origin can be represented by the
equation x s t x . Along this line, we have1 2

t x t x2 2
f t x , x s exp yŽ .2 2 2 2ž /x x2 2

t t
s exp y , x �0.2ž /x x2 2

Ž . Ž .Using l’Hospital’s rule Theorem 4.2.6 , f t x , x ™0 as x ™0.2 2 2



CHAPTER 7 601

( ) 2b Along the parabola x sx , we have1 2

x 2 x 2
2 2

f x , x s exp yŽ .1 2 2 2ž /x x2 2

sey1 , x �0,2

Ž .which does not go to zero as x ™0. By Definition 7.2.1, f x , x2 1 2
does not have a limit as x™0.

( )7.5. a This function has no limit as x™0, as was shown in Example 7.2.2.
Hence, it is not continuous at the origin.

( )b
� f x , x 1 0� xŽ .1 2 1

s lim y0 s0,2½ 5� x � x� x ™0 � x q0Ž .11 1xs0 1

� f x , x 1 0� xŽ .1 2 2
s lim y0 s0.2½ 5� x � x� x ™0 0q � xŽ .22 2xs0 2

Ž .7.6. Applying formula 7.12 , we get

kdf � f uŽ .
ny1s x snt f x ,Ž .Ý idt � uiis1

where u is the ith element of us tx, is1, 2, . . . , k. But, on one hand,i

k� f u � f u � uŽ . Ž . j
s Ý

� x � u � xi j ijs1

� f uŽ .
s t ,

� ui

and on the other hand,

� f u � f xŽ . Ž .
ns t .

� x � xi i

Hence,

� f u � f xŽ . Ž .
ny1s t .

� u � xi i

It follows that

k � f uŽ .
ny1x snt f xŽ .Ý i � uiis1



SOLUTIONS TO SELECTED EXERCISES602

can be written as

k � f xŽ .
ny1 ny1t x snt f x ,Ž .Ý i � xiis1

that is,

k � f xŽ .
x snf x .Ž .Ý i � xiis1

( ) Ž .7.7. a f x , x is not continuous at the origin, since along x s0 and1 2 1
Ž .x �0, f x , x s0, which has a limit equal to zero as x ™0. But,2 1 2 2

along the parabola x sx 2,2 1

x 4 11
f x , x s s if x �0.Ž .1 2 14 4 2x qx1 1

12Ž .Hence, lim f x , x s �0.x ™ 0 1 1 21

( )b The directional derivative in the direction of the unit vector vs
Ž .�® , ® at the origin is given by1 2

� f x � f xŽ . Ž .
® q® .1 2� x � x1 2xs0 xs0

This derivative is equal to zero, since

2
� f x 1 � x 0Ž . Ž .1

s lim y0 s0,4� x � x� x ™0 � x q0Ž .11 1xs0 1

� f x 1 0� xŽ . 2
s lim y0 s0.2� x � x� x ™0 0q � xŽ .22 2xs0 2

7.8. The directional derivative of f at a point x on C in the direction of v is
k Ž .Ý ® � f x r� x . But v is given byis1 i i

dx dx
vs

dt dt

1r22kdx dg tŽ .i
s Ý½ 5dt dtis1

dx dg
s ,

dt dt
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Ž .where g is the vector whose ith element is g t . Hence,i

k k� f x 1 dg t � f xŽ . Ž . Ž .i
® s .Ý Ýi � x dgrdt dt � xi iis1 is1

Furthermore,
ds dg

s .
dt dt

It follows that
k k� f x dt dg t � f xŽ . Ž . Ž .i

® sÝ Ýi � x ds dt � xi iis1 is1

k dx � f xŽ .i
s Ý ds � xiis1

df xŽ .
s .

ds
( )7.9. a

� �
f x , x f f 0, 0 q x qx f 0, 0Ž . Ž . Ž .1 2 1 2ž /� x � x1 2

1 � 2 � 2 � 2
2 2q x q2 x x qx f 0, 0Ž .1 1 2 22 2ž /2! � x � x� x � x1 21 2

s1qx x .1 2

( )b
3 �

f x , x , x f f 0, 0, 0 q x f 0, 0, 0Ž . Ž . Ž .Ý1 2 3 iž /� xiis1

231 �
q x f 0, 0, 0Ž .Ý iž /2! � xiis1

1
2 2ssin 1 qx cos 1 q x cos 1 ysin 1 q2 x cos 1 .Ž . Ž . Ž . Ž . Ž .� 41 1 22!

( )c
� �

f x , x f f 0, 0 q x qx f 0, 0Ž . Ž . Ž .1 2 1 2ž /� x � x1 2

1 � 2 � 2 � 2
2 2q x q2 x x qx f 0, 0Ž .1 1 2 22 2ž /2! � x � x� x � x1 21 2

s1,

since all first-order and second-order partial derivatives vanish at
xs0.
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( ) Ž .7.10. a If u s f x , x and � fr� x �0 at x , then by the implicit1 1 2 1 0
Ž .function theorem Theorem 7.6.2 , there is neighborhood of x in0

Ž .which the equation u s f x , x can be solved uniquely for x in1 1 2 1
Ž .terms of x and u , that is, x sh u , x . Thus,2 1 1 1 2

f h u , x , x 
u .Ž .1 2 2 1

Hence, by differentiating this identity with respect to x , we get2

� f �h � f
q s0,

� x � x � x1 2 2

which gives

�h � f � f
sy

� x � x � x2 2 1

in a neighborhood of x .0

( ) Ž . Ž .b On the basis of part a , we can consider g x , x as a function of1 2
Ž .x and u, since x sh u , x in a neighborhood of x . In such a2 1 1 2 0

neighborhood, the partial derivative of g with respect to x is2

� g �h � g � f , g � fŽ .
q s ,

� x � x � x � x , x � xŽ .1 2 2 1 2 1

Ž . Ž . wwhich is equal to zero because � f , g r� x , x s0. Recall that1 2
Ž .Ž .x�hr� x sy � fr� x �hr� x .2 2 1

( ) Ž . w Ž . xc From part b , g h u , x , x is independent of x in a neighbor-1 2 2 2
Ž . w Ž . xhood of x . We can then write � u sg h u , x , x . Since0 1 1 2 2

Ž . Ž .x sh u , x is equivalent to u s f x , x in a neighborhood of1 1 2 1 1 2
w Ž .x Ž .x , � f x , x sg x , x in this neighborhood.0 1 2 1 2

( ) Ž . Ž . w Ž .xd Let G f , g sg x , x y� f x , x . Then, in a neighborhood of1 2 1 2
Ž .x , G f , g s0. Hence,0

�G � f �G � g
q 
0,

� f � x � g � x1 1

�G � f �G � g
q 
0.

� f � x � g � x2 2

In order for these two identities to be satisfied by values of
Ž . Ž .�Gr� f , �Gr� g not all zero, it is necessary that � f , g r� x , x1 2

be equal to zero in this neighborhood of x .0



CHAPTER 7 605

Ž . Ž .7.11. u x , x , x su � � , � � , � . Hence,1 2 3 1 3 2 3 3

� u � u � x � u � x � u � x1 2 3
s q q

�� � x �� � x �� � x ��3 1 3 2 3 3 3

� u � u � u
s� q� q ,1 2� x � x � x1 2 3

so that

� u � u � u � u
� s� � q� � q�3 1 3 2 3 3�� � x � x � x3 1 2 3

� u � u � u
sx qx qx snu.1 2 3� x � x � x1 2 3

Integrating this partial differential equation with respect to � , we get3

log usnlog � q� � , � ,Ž .3 1 2

Ž .where � � , � is a function of � ,� . Hence,1 2 1 2

nus� exp � � , �Ž .3 1 2

sx nF � , �Ž .3 1 2

x x1 2nsx F , ,3 ž /x x3 3

Ž . w Ž .xwhere F � , � sexp � � , � .1 2 1 2

( ) 2 2 27.13. a The Jacobian determinant is 27x x x , which is zero in any subset1 2 3
of R3 that contains points on any of the coordinate planes.

( )b The unique inverse function is given by

x su1r3 , x su1r3 , x su1r3 .1 1 2 2 3 3

Ž . Ž .7.14. Since � g , g r� x , x �0, we can solve for x , x uniquely in terms1 2 1 2 1 2
of y and y by Theorem 7.6.2. Differentiating g and g with respect1 2 1 2
to y , we obtain1

� g � x � g � x � g1 1 1 2 1
q q s0,

� x � y � x � y � y1 1 2 1 1

� g � x � g � x � g2 1 2 2 2
q q s0,

� x � y � x � y � y1 1 2 1 1

Solving for � x r� y and � x r� y yields the desired result.1 1 2 1
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Ž . Ž .7.15. This is similar to Exercise 7.14. Since � f , g r� x , x �0, we can1 2
solve for x , x in terms of x , and we get1 2 3

dx � f , g � f , gŽ . Ž .1
sy ,

dx � x , x � x , xŽ . Ž .3 3 2 1 2

dx � f , g � f , gŽ . Ž .2
sy .

dx � x , x � x , xŽ . Ž .3 1 3 1 2

But

� f , g � f , g � f , g � f , gŽ . Ž . Ž . Ž .
sy , sy .

� x , x � x , x � x , x � x , xŽ . Ž . Ž . Ž .3 2 2 3 1 3 3 1

Hence,

dx dx dx1 3 2
s s .

� f , g � x , x � f , g � x , x � f , g � x , xŽ . Ž . Ž . Ž . Ž . Ž .2 3 1 2 3 1

1 1( ) Ž .7.16. a y ,y is a point of local minimum.3 3

( )b

� f
s4� x yx q1s0,1 2� x1

� f
syx q2 x y1s0.1 2� x2

Ž . ŽThe solution of these two equations is x s1r 1y8� , x s 4�y1 2
. Ž .1 r 8�y1 . The Hessian matrix of f is

4� y1As .
y1 2

Ž .Here, f s4� , and det A s8�y1.11
1i. Yes, if �� .8

ii. No, it is not possible.
1iii. Yes, if �� , ��0.8

( ) Ž . Ž .c The stationary points are y2,y2 , 4, 4 . The first is a saddle
point, and the second is a point of local minimum.

' ' ' '( ) Ž . Ž . Ž .d The stationary points are 2 ,y 2 , y 2 , 2 , and 0, 0 . The
Ž . 2first two are points of local minimum. At 0, 0 , f f y f s0. In11 22 12
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�this case, h Ah has the same sign as f Ž0, 0.sy4 for all values of11
Ž .�hs h , h , except when1 2

f12
h qh s01 2 f11

or h yh s0, in which case h�Ahs0. For such values of h,1 2
Ž � .3 Ž . Ž � .4 Ž . Ž 4 4 . 4h � f 0, 0 s0, but h � f 0, 0 s24 h qh s48h , which is1 2 1

Ž .nonnegative. Hence, the point 0, 0 is a saddlepoint.

7.19. The Lagrange equations are

2q8� x q12 x s0,Ž . 1 2

12 x q 4q2� x s0,Ž .1 2

4 x 2qx 2s25.1 2

We must have

4�q1 �q2 y36s0.Ž . Ž .

The solutions are � sy4.25, � s2. For � sy4.25, we have the1 2 1
points

i. x s1.5, x s4.0,1 2

ii. x sy1.5, x sy4.0.1 2

For � s2, we have the points2

iii. x s2, x sy3,1 2

iv. x sy2, x s3.1 2

The matrix B has the value1

2q8� 12 8 x1

12 4q2� 2 xB s .21

8 x 2 x 01 2

The determinant of B is � .1 1

Ž .At i , � s5000; the point is a local maximum.1

Ž .At ii , � s5000; the point is a local maximum.1

Ž . Ž .At iii and iv , � sy5000; the points are local minima.1
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2 2 2 Ž 2 2 2 2 .7.21. Let Fsx x x q� x qx qx yc . Then1 2 3 1 2 3

�F
2 2s2 x x x q2� x s0,1 2 3 1� x1

�F
2 2s2 x x x q2� x s0,1 2 3 2� x2

�F
2 2s2 x x x q2� x s0,1 2 3 3� x3

x 2qx 2qx 2sc2 .1 2 3

Since x , x , x cannot be equal to zero, we must have1 2 3

x 2 x 2q�s0,2 3

x 2 x 2q�s0,1 3

x 2 x 2q�s0.1 2

These equations imply that x 2sx 2sx 2sc2r3 and �syc4r9. For1 2 3
these values, it can be verified that � �0, � �0, where � and �1 2 1 2
are the determinants of B and B , and1 2

2 2 2 22 x x q2� 4 x x x 4 x x x 2 x2 3 1 2 3 1 2 3 1

2 2 2 24 x x x 2 x x q2� 4 x x x 2 x1 2 3 1 3 1 2 3 2B s ,1 2 2 2 24 x x x 4 x x x 2 x x q2� 2 x1 2 3 1 2 3 1 2 3

2 x 2 x 2 x 01 2 3

2 2 22 x x q2� 4 x x x 2 x1 3 1 2 3 2

2 2 2B s .4 x x x 2 x x q2� 2 x2 1 2 3 1 2 3

2 x 2 x 02 3

Since ns3 is odd, the function x 2 x 2 x 2 must attain a maximum value1 2 3
Ž 2 .3given by c r3 . It follows that for all values of x , x , x ,1 2 3

32c
2 2 2x x x F ,1 2 3 ž /3

that is,

x 2qx 2qx 2
1r3 1 2 32 2 2x x x F .Ž .1 2 3 3
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7.24. The domain of integration, D, is the region bounded from above by the
parabola x s4 x yx 2 and from below by the parabola x sx 2. The2 1 1 2 1

Ž . Ž .two parabolas intersect at 0, 0 and 2, 4 . It is then easy to see that

22 4 x4 x yx ' 21 1 f x , x dx dx s f x , x dx dx .Ž . Ž .H H H H1 2 2 1 1 2 1 2
20 x 0 2y 4yx'1 2

1 1yx' 2( ) w Ž . x7.25. a IsH H f x , x dx dx .0 1 2 1 21yx 2
� f x , xŽ .2 1 21yx 21( ) Ž . Ž .b dgrdx sH dx y2 x f x , 1yx q f x , 1yx .1 1yx 2 1 1 1 1 11 � x1

7.26. Let usx 2rx , ®sx 2rx . Then u®sx x , and2 1 1 2 1 2

� x , xŽ .2 2 1 2
x x dx dx s u® du d®.HH H H1 2 1 2 � u , ®Ž .D 1 1

But

y1
� x , x � u , ® 1Ž . Ž .1 2

s s .
� u , ® � x , x 3Ž . Ž .1 2

Hence,

3
x x dx dx s .HH 1 2 1 2 4D

'3 2Ž . Ž .7.28. Let I a sH dxr aqx . Then
0

2d I a dxŽ . '3s2 .H2 32da 0 aqxŽ .

On the other hand,

1 3
I a s ArctanŽ . (' aa

2 'd I a 3 3 3 1Ž .
y5r2s a Arctan q(2 24 a 4da a aq3Ž .

'3 2 aq3Ž .
q .222 a aq3Ž .
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Thus

'dx 3 3 3 1'3 y5r2s a Arctan q(H 3 22 8 a 8 a aq3Ž .0 aqxŽ .

'3 2 aq3Ž .
q .224 a aq3Ž .

Putting as1, we obtain

'dx 3 7 3'3 's Arctan 3 q .H 32 8 640 1qxŽ .

( )7.29. a The marginal density functions of X and X are1 2

1
f x s x qx dxŽ . Ž .H1 1 1 2 2

0

1sx q , 0�x �1,1 12

1
f x s x qx dxŽ . Ž .H2 2 1 2 1

0

1sx q , 0�x �1,2 22

f x , x � f x f x .Ž . Ž . Ž .1 2 1 1 2 2

The random variables X and X are therefore not independent.1 2

( )b

1 1
E X X s x x x qx dx dxŽ . Ž .H H1 2 1 2 1 2 1 2

0 0

1s .3

7.30. The marginal densities of X and X are1 2

1qx , y1�x �0,° 1 1~f x sŽ . 1yx , 0�x �1,1 1 1 1¢
0, otherwise,

f x s2 x , 0�x �1.Ž .2 2 2 2
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Ž . Ž . Ž .Note that f x , x � f x f x . Hence, X and X are not indepen-1 2 1 1 2 2 1 2
dent. But

x1 2
E X X s x x dx dx s0,Ž . H H1 2 1 2 1 2

0 yx 2

0 1
E X s x 1qx dx q x 1yx dx s0,Ž . Ž . Ž .H H1 1 1 1 1 1 1

y1 0

1 22E X s 2 x dx s .Ž . H2 2 2 3
0

Hence,

E X X sE X E X s0.Ž . Ž . Ž .1 2 1 2

( )7.31. a The joint density function of Y and Y is1 2

1 �y1�y1 �q�y1 yy 2g y , y s y 1yy y e .Ž . Ž .1 2 1 1 2� � � �Ž . Ž .

( )b The marginal densities of Y and Y are, respectively,1 2

� �q�Ž . �y1�y1g y s y 1yy , 0�y �1,Ž . Ž .1 1 1 1 1� � � �Ž . Ž .

B � , �Ž .
�q�y1 yy 2g y s y e , 0�y ��.Ž .2 2 2 2� � � �Ž . Ž .

( ) Ž . Ž . Ž . Ž .c Since B � , � s� � � � r� �q� ,

g y , y sg y g y ,Ž . Ž . Ž .1 2 1 1 2 2

and Y and Y are therefore independent.1 2

7.32. Let UsX , WsX X . Then, X sU, X sWrU. The joint density1 1 2 1 2
function of U and W is

210w 'g u , w s , w�u� w , 0�w�1.Ž . 2u
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The marginal density function of W is

duw'2g w s10wŽ . H1 2uw

1 1
2s10w y , 0�w�1.ž /'w w

7.34. The inverse of this transformation is

X sY ,1 1

X sY yY ,2 2 1
...

X sY yY ,n n ny1

and the absolute value of the Jacobian determinant of this transforma-
tion is 1. Therefore, the joint density function of the Y ’s isi

g y , y , . . . , y seyy 1 eyŽ y2yy 1. 			 eyŽ ynyy ny1 .Ž .1 2 n

seyy n , 0�y �y � 			 �y ��.1 2 n

The marginal density function of Y isn

y y yn ny1 2yy ng y se 			 dy dy 			 dyŽ . H H Hn n 1 2 ny1
0 0 0

y ny1
n yy ns e , 0�y ��.nny1 !Ž .

Ž .�7.37. Let �s � , � , � . The least-squares estimate of � is given by0 1 2

y1� ��̂s X X X y,Ž .

Ž .�where ys y , y , . . . , y , and X is a matrix of order n�3 whose first1 2 n
column is the column of ones, and whose second and third columns are
given by the values of x , x 2, is1, 2, . . . , n.i i

Ž .7.38. Maximizing L x, p is equivalent to maximizing its natural logarithm.
Let us therefore consider maximizing log L subject to Ýk p s1.is1 i
Using the method of Lagrange multipliers, let

k

Fs log Lq� p y1 .Ý iž /
is1
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Differentiating F with respect to p , p , . . . , p , and equating the1 2 k
derivatives to zero, we obtain, x rp q�s0 for is1, 2, . . . , k. Combin-i i
ing these equations with the constraint Ýk p s1, we obtain theis1 i
maximum likelihood estimates

xi
p s , is1 ,2, . . . , k .î n

CHAPTER 8

Ž .� Ž .�8.1. Let x s x , x , h s h , h , is0, 1, 2, . . . . Theni i1 i2 i i1 i2

2 2f x q th s8 x q th y4 x q th x q th q5 x q thŽ . Ž . Ž . Ž . Ž .i i i1 i1 i1 i1 i2 i2 i2 i2

sa t 2qb tqc ,i i i

where

a s8h2 y4h h q5h2 ,i i1 i1 i2 i2

b s16 x h y4 x h qx h q10 x h ,Ž .i i1 i1 i1 i2 i2 i1 i2 i2

c s8 x 2 y4 x x q5x 2 .i i1 i1 i2 i2

Ž .The value of t that minimizes f x q th in the direction of h is giveni i i
Ž .by the solution of � fr� ts0, namely, t sybr 2 a . Hence,i i i

bi
x sx y h , is0, 1, 2, . . . ,iq1 i i2 ai

where

�f xŽ .i
h sy , is0, 1, 2, . . . ,i �f xŽ .i 2

and

�
�f x s 16 x y4 x ,y4 x q10 x , is0, 1, 2, . . . .Ž . Ž .i i1 i2 i1 i2
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The results of the iterative minimization procedure are given in the
following table:

Ž .Iteration i x h t a f xi i i i i

� �Ž . Ž .0 5, 2 y1, 0 4.5 8 180
� �Ž . Ž .1 0.5, 2 0,y1 1.8 5 18

� �Ž . Ž .2 0.5, 0.2 y1, 0 0.45 8 1.8
� �Ž . Ž .3 0.05, 0.2 0,y1 0.18 5 0.18
� �Ž . Ž .4 0.05, 0.02 y1, 0 0.045 8 0.018
� �Ž . Ž .5 0.005, 0.02 0,y1 0.018 5 0.0018
� �Ž . Ž .6 0.005, 0.002 y1, 0 0.0045 8 0.00018

Ž .Note that a �0, which confirms that t sybr 2 a does indeedi i i i
Ž .minimize f x q th in the direction of h . It is obvious that if we werei i i

to continue with this iterative procedure, the point x would convergei
to 0.

( )8.3. a
y x s45.690q4.919 x q8.847xŽ .ˆ 1 2

y0.270 x x y4.148 x 2y4.298 x 2 .1 2 1 2

ˆ( )b The matrix B is

y4.148 y0.135B̂s .
y0.135 y4.298

ˆIts eigenvalues are 
 sy8.136, 
 sy8.754. This makes B a1 2
negative definite matrix. The results of applying the method of
ridge analysis inside the region R are given in the following table:

� x x r ŷ1 2

31.4126 0.0687 0.1236 0.1414 47.0340
13.5236 0.1373 0.2473 0.2829 48.2030
7.5549 0.2059 0.3709 0.4242 49.1969
4.5694 0.2745 0.4946 0.5657 50.0158
2.7797 0.3430 0.6184 0.7072 50.6595
1.5873 0.4114 0.7421 0.8485 51.1282
0.7359 0.4797 0.8659 0.9899 51.4218
0.0967 0.5480 0.9898 1.1314 51.5404

y0.4009 0.6163 1.1137 1.2729 51.4839
y0.7982 0.6844 1.2376 1.4142 51.2523

Ž .�Note that the stationary point, x s 0.5601, 1.0117 , is a point of0
ˆabsolute maximum since the eigenvalues of B are negative. This

point falls inside R. The corresponding maximum value of y isˆ
51.5431.
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8.4. We know that

1ˆ ˆBy� I x sy � ,Ž .1 k 1 2

1ˆ ˆBy� I x sy � ,Ž .2 k 2 2

where x and x correspond to � and � , respectively, and are such1 2 1 2
that x� x sx� x s r 2, with r 2 being the common value of r 2 and r 2.1 1 2 2 1 2
The corresponding values of y areˆ

ˆ � ˆ � ˆy s� qx �qx Bx ,1̂ 0 1 1 1

ˆ � ˆ � ˆy s� qx �qx Bx .2̂ 0 2 2 2

We then have

� � 1 � � 2ˆ ˆ ˆx Bx yx Bx q x yx �s � y� r ,Ž . Ž .1 1 2 2 1 2 1 22

1 � � 2ˆy yy s x yx �q � y� r .Ž . Ž .ˆ ˆ1 2 1 2 1 22

Furthermore, from the equations defining x and x , we have1 2

� 1 � � ˆ� y� x x s x yx � .Ž . Ž .2 1 1 2 1 22

Hence,

y yy s � y� r 2yx� x .Ž .ˆ ˆ Ž .1 2 1 2 1 2

2 � � � � �But r s x x �x x , since x and x are not parallel vectors.2 21 2 1 2 1 2
We conclude that y �y whenever � �� .ˆ ˆ1 2 1 2

Ž .8.5. If M x is positive definite, then � must be smaller than all the1 1
ˆ Žeigenvalues of B this is based on applying the spectral decomposition

ˆ . Ž .theorem to B and using Theorem 2.3.12 . Similarly, if M x is indefi-2
ˆnite, then � must be larger than the smallest eigenvalue of B and also2

smaller than its largest eigenvalue. It follows that � �� . Hence, by1 2
Exercise 8.4, y �y .ˆ ˆ1 2

( )8.6. a We know that

1ˆ ˆBy�I xsy � .Ž .k 2

Differentiating with respect to � gives

� x
B̂y�I sx,Ž .k ��
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and since x� xs r 2,

� x � r
�x s r .
�� ��

A second differentiation with respect to � yields

� 2 x � x
B̂y�I s2 ,Ž .k 2 ����

� 22 2� x � x � x � r � r
�x q s r q .2 2 ž /�� �� ���� ��

If we premultiply the second equation by � 2 x�r��2 and the fourth
equation by � x�r��, subtract, and transpose, we obtain

� 2 x � x� � x
�x y2 s0.2 �� ����

Substituting this in the fifth equation, we get

� 22� r � x � x � r
r s3 y .2 ž /�� �� ����

Now, since

� r � 1r2�s x xŽ .
�� ��

� xr��
�sx ,1r2�x xŽ .

we conclude that

� 22� r � x � x � x
�3 2r s3r y x .2 ž /�� �� ����

( ) Ž .b The expression in a can be written as

� � 22� r � x � x � x � x � x
�3 2 2r s2 r q r y x .2 ž /�� �� �� �� ����

The first part on the right-hand side is nonnegative and is zero only
when rs0 or when � xr��s0. The second part is nonnegative by
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the fact that

22� x � x
� 2x F rž /�� �� 2

� x� � x
2s r .

�� ��

Equality occurs only when xs0, that is, rs0, or when � xr��s0.
But when � xr��s0, we have xs0 if � is different from all the

ˆ 2 2eigenvalues of B, and thus rs0. It follows that � rr�� �0 except
when rs0, where it takes the value zero.

( )8.7. a
n� 2

Bs E y x y� x dx� 4Ž . Ž .ˆH2� R

n � � �s �y� 	 �y� y2 �y� 	 
q
 	 
 ,� 4Ž . Ž . Ž .11 12 222�

where 	 , 	 , 	 are the region moments defined in Section11 12 22
8.4.3.

( )b To minimize B we differentiate it with respect to � , equate the
derivative to zero, and solve for �. We get

2	 �y� y2	 
s0,Ž .11 12

�s�q	y1 	 
11 12

sC� .

This solution minimizes B, since 	 is positive definite.11

( )c B is minimized if and only if �sC�. This is equivalent to stating
ˆŽ .that C� is estimable, since E � s�.

ˆ( )d Writing � as a linear function of the vector y of observations of
ˆthe form �sLy, we obtain

ˆE � sL E yŽ .Ž .
sL X�qZ
Ž .

w xsL X : Z � .

ˆŽ . w xBut �sE � sC�. We conclude that Cs L X : Z .
( ) Ž .e It is obvious from part d that the rows of C are spanned by the

w xrows of X : Z .
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( ) Ž � .y1 �f The matrix L defined by Ls X X X satisfies the equation

w xL X : Z sC,

since

y1� �w x w xL X : Z s X X X X : ZŽ .
y1� �s I : X X X ZŽ .

y1s I : M M11 12

y1s I : 	 	11 12

sC.

8.8. If the region R is a sphere of radius 1, then 3g 2F1. Now,

1 0 0 0
10 0 05

	 s ,111 0 0 05

10 0 0 5

0 0 0
0 0 0

	 s .12 0 0 0
0 0 0

w xHence, Cs I : O . Furthermore,4 4�3

w xXs 1 : D ,4

2 2 2g g g
2 2 2g yg yg

Zs .
2 2 2yg g yg
2 2 2yg yg g

Hence,

1 �M s X X11 4

1 0 0 0
20 g 0 0

s ,20 0 g 0
20 0 0 g
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1 �M s X Z12 4

0 0 0
30 0 yg

s .30 yg 0
3yg 0 0

( )a
12M s	 ´ g s11 11 5

M s	 ´ gs012 12

Thus, it is not possible to choose g so that D satisfies the condi-
Ž .tions in 8.56 .

( )b Suppose that there exists a matrix L of order 4�4 such that

w xCsL X : Z .

Then

I sLX,4

0sLZ.

The second equation implies that L is of rank 1, while the first
equation implies that the rank of L is greater than or equal to the
rank of I , which is equal to 4. Therefore, it is not possible to find a4
matrix such as L. Hence, g cannot be chosen so that D satisfies the

Ž .minimum bias property described in part e of Exercise 8.7.

( ) �8.9. a Since � is symmetric, it can be written as �sP� P , where � is a
diagonal matrix of eigenvalues of � and the columns of P are the
corresponding orthogonal eigenvectors of � , each of length equal

Ž .to 1 see Theorem 2.3.10 . It is easy to see that over the region � ,

h 
 , D F
� 
e � F r 2e � ,Ž . Ž . Ž .max max

Ž . �by the fact that e � IyP� P is positive semidefinite. Withoutmax
loss of generality, we consider that the diagonal elements of � are
written in descending order. The upper bound in the above in-

Ž .equality is attained by h 
, D for 
s rP , where P is the first1 1
Ž .column of P, which corresponds to e � .max

( ) Ž .b The design D can be chosen so that e � is minimized over themax
region R.

8.10. This is similar to Exercise 8.9. Write T as P� P�, where � is a diagonal
matrix of eigenvalues of T, and P is an orthogonal matrix of corre-
sponding eigenvectors. Then 
� T
su� u, where us�1r2 P� 
, and
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Ž . � � y1r2 � y1r2� 
, D s
 S
su � P SP� u. Hence, over the region �,


�S
G� e �y1r2 P�SP�y1r2 .Ž .min

But, if S is positive definite, then by Theorem 2.3.9,

e �y1r2 P�SP�y1r2 se P�y1 P� SŽ . Ž .min min

se Ty1S .Ž .min

( ) Ž . Ž8.11. a Using formula 8.52 , it can be shown that see Khuri and Cornell,
.1996, page 229

1 �4
Vs � kq2 y2k � yŽ .4 22 ž /�� kq2 y� kŽ . 24 2

2� kq1 y� ky1Ž . Ž .4 2
q2k ,

� kq4Ž .4

Ž .where k is the number of input variables that is, ks2 ,

n1
2� s x , is1, 2Ý2 uin us1

1
k 2s 2 q2�Ž .

n

8
s ,

n
n1

2 2� s x x , i� jÝ4 ui u jn us1

2 k

s
n

4
s ,

n

and ns2 kq2kqn s8qn is the total number of observations.0 0
Here, x denotes the design setting of variable x , is1, 2; usui i
1, 2, . . . , n.

( )b The quantity V, being a function of n , can be minimized with0
respect to n .0
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8.12. We have that

�� ˆ ˆ ˆ ˆYyXB YyXB s Yy XBqXByXB YyXBqXByXBŽ . Ž . Ž . Ž .
� �ˆ ˆ ˆ ˆs YyXB YyXB q XByXB XByXB ,Ž . Ž . Ž . Ž .

since

� �� �ˆ ˆ ˆ ˆYyXB XByXB s X YyX XB ByB s0.Ž . Ž . Ž . Ž .

ˆ � ˆŽ . Ž .Furthermore, since XByXB XByXB is positive semidefinite, then
by Theorem 2.3.19,

�� ˆ ˆe YyXB YyXB Ge YyXB YyXB , is1, 2, . . . , r ,Ž . Ž . Ž . Ž .i i

Ž . Žwhere e 	 denotes the ith eigenvalue of a square matrix. If Yyi
� ˆ � ˆ. Ž . Ž . Ž .XB YyXB and YyXB YyXB are nonsingular, then by multiply-

ing the eigenvalues on both sides of the inequality, we obtain

�� ˆ ˆdet YyXB YyXB Gdet YyXB YyXB .Ž . Ž . Ž . Ž .

ˆEquality holds when BsB.

8.13. For any b, 1qbFeb. Let as1qb. Then aFeay1. Now, let � denotei
the ith eigenvalue of A. Then � G0, and by the previous inequality,i

p p

� Fexp � yp .Ł Ýi iž /is1 is1

Hence,

det A Fexp tr AyI .Ž . Ž .p

8.14. The likelihood function is proportional to

nynr2 y1det V exp y tr SV .Ž . Ž .
2

Now, by Exercise 8.13,

y1 y1det SV Fexp tr SV yI ,Ž . Ž .p
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Ž y1 . Ž y1r2 y1r2 . Ž y1 . Ž y1r2 y1r2 .since det SV sdet V SV , tr SV s tr V SV , and
Vy1r2 SVy1r2 is positive semidefinite. Hence,

n nnr2y1 y1det SV exp y tr SV Fexp y tr I .Ž . Ž . Ž .p2 2

This results in the following inequality:

n nynr2 ynr2y1det V exp y tr SV F det S exp y tr I ,Ž . Ž . Ž . Ž .p2 2

which is the desired result.

� ˆ ˆ � y1 � �Ž . Ž . Ž . Ž . Ž .8.16. y x s f x �, where �s X X X y, and f x is as in model 8.47 .ˆ
Ž . �Ž .Simultaneous 1y� �100% confidence intervals on f x � for all x in

R are of the form

1r21r2 y1� � �ˆf x �� p MS F f x X X f x .Ž . Ž . Ž . Ž .Ž .E � , p , nyp

For the points x , x , . . . , x , the joint confidence coefficient is at least1 2 m
1y� .

CHAPTER 9

Ž . w x9.1. If f x has a continuous derivative on 0, 1 , then by Theorems 3.4.5
and 4.2.2 we can find a positive constant A such that

f x y f x FA x yxŽ . Ž .1 2 1 2

w xfor all x , x in 0, 1 . Thus, by Definition 9.1.2,1 2

� 
 FA
 .Ž .

Using now Theorem 9.1.3, we obtain

3 A
f x yb x FŽ . Ž .n 1r22 n

w xfor all x in 0, 1 . Hence,

c
sup f x yb x F ,Ž . Ž .n 1r2n0FxF1

3where cs A.2
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9.2. We have that

f x y f x F sup f z y f zŽ . Ž . Ž . Ž .1 2 1 2
z yz F
1 2 2

for all x yx F
 , and hence for all x yx F
 , since 
 F
 . It1 2 2 1 2 1 1 2
follows that

sup f x y f x F sup f z y f z ,Ž . Ž . Ž . Ž .1 2 1 2
x yx F
 z yz F
1 2 1 1 2 2

Ž . Ž .that is, � 
 F� 
 .1 2

Ž . w x9.3. Suppose that f x is uniformly continuous on a, b . Then, for a given
Ž .��0, there exists a positive 
 � such that f x y f x �� for allŽ . Ž .1 2

w x Ž .x , x in a, b for which x yx �
 . This implies that � 
 F� and1 2 1 2
Ž . Ž .hence � 
 ™0 as 
™0. Vice versa, if � 
 ™0 as 
™0, then for a

Ž .given ��0, there exists 
 �0 such that � 
 �� if 
�
 . This1 1
implies that

f x y f x �� if x yx F
�
 ,Ž . Ž .1 2 1 2 1

Ž . w xand f x must therefore be uniformly continuous on a, b .

9.4. By Theorem 9.1.1, there exists a sequence of polynomials, namely the
� Ž .4� Ž . � �Bernstein polynomials b x , that converges to f x s x uni-n ns1

w x Ž . Ž . Ž . Ž . Ž .formly on ya, a . Let p x sb x yb 0 . Then p 0 s0, and p xn n n n n
� � w x Ž .converges uniformly to x on ya, a , since b 0 ™0 as n™�.n

1 Ž . Ž .9.5. The stated condition implies that H f x p x dxs0 for any polynomial0 n
Ž . Ž .p x of degree n. In particular, if we choose p x to be a Bernsteinn n

Ž . Ž . w xpolynomial for f x , then it will converge uniformly to f x on 0, 1 . By
Theorem 6.6.1,

1 12f x dxs lim f x p x dxŽ . Ž . Ž .H H n
n™�0 0

s0.

Ž . w xSince f x is continuous, it must be zero everywhere on 0, 1 . If not,
w xthen by Theorem 3.4.3, there exists a neighborhood of a point in 0, 1

w Ž . x Ž . 1w Ž .x2at which f x �0 on which f x �0. This causes H f x dx to be0
positive, a contradiction.
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Ž .9.6. Using formula 9.15 , we have

n1
Žnq1.f x yp x s f c xya .Ž . Ž . Ž . Ž .Ł inq1 !Ž . is0

n nq1Ž . Ž .But Ł xya Fn! h r4 see Prenter, 1975, page 37 . Hence,Ž .is0 i


 hnq1
nq1

sup f x yp x F .Ž . Ž .
4 nq1Ž .aFxFb

Ž .9.7. Using formula 9.14 with a , a , a , and a , we obtain0 1 2 3

p x s ll x log a q ll x log a q ll x log a q ll x log a ,Ž . Ž . Ž . Ž . Ž .0 1 2 30 1 2 3

where

xya xya xya1 2 3
ll x s ,Ž .0 ž / ž / ž /a ya a ya a ya0 1 0 2 0 3

xya xya xya0 2 3
ll x s ,Ž .1 ž / ž / ž /a ya a ya a ya1 0 1 2 1 3

xya xya xya0 1 3
ll x s ,Ž .2 ž / ž / ž /a ya a ya a ya2 0 2 1 2 3

xya xya xya0 1 2
ll x s .Ž .3 ž / ž / ž /a ya a ya a ya3 0 3 1 3 2

Ž . Ž .Values of f x s log x and the corresponding values of p x at several
w xpoints inside the interval 3.50, 3.80 are given below:

Ž . Ž .x f x p x

3.50 1.25276297 1.25276297
3.52 1.25846099 1.25846087
3.56 1.26976054 1.26976043
3.60 1.28093385 1.28093385
3.62 1.28647403 1.28647407
3.66 1.29746315 1.29746322
3.70 1.30833282 1.30833282
3.72 1.31372367 1.31372361
3.77 1.327075 1.32707487
3.80 1.33500107 1.33500107
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Using the result of Exercise 9.6, an upper bound on the error of
approximation is given by


 h4
4

sup f x yp x F ,Ž . Ž .
163.5FxF3 .8

Ž .where hsmax a ya s0.10, andi iq1 i

Ž4.
 s sup f xŽ .4
3.5FxF3 .8

y6
s sup 4x3.5FxF3 .8

6
s .43.5Ž .

Hence, the desired upper bound is

44
 h 6 0.104
s ž /16 16 3.5

s2.5�10y7 .

9.8. We have that

b b b2 2 2� � � �f x ys x dxs f x dxy s x dxŽ . Ž . Ž . Ž .H H H
a a a

b � � �y2 s x f x ys x dx.Ž . Ž . Ž .H
a

But integration by parts yields

b � � �s x f x ys x dxŽ . Ž . Ž .H
a

bb� � � � � �ss x f x ys x y s x f x yx x dx.Ž . Ž . Ž . Ž . Ž . Ž .Ha
a

�Ž . �Ž .The first term on the right-hand side is zero, since f x ss x at
� Ž .xsa, b; and the second term is also zero, by the fact that s x is a

� Ž . Ž .constant, say s x s� , over 
 ,
 . Hence,i i iq1

ny1 
b iq1� � � � �s x f x ys x dxs � f x ys x dxs0.Ž . Ž . Ž . Ž . Ž .ÝH Hi
a 
 iis0
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It follows that

b b b2 2 2� � � �f x ys x dxs f x dxy s x dx ,Ž . Ž . Ž . Ž .H H H
a a a

which implies the desired result.

9.10.
� rq1 h x , �Ž . r rq1 y� x3s y1 � � � e .Ž . 1 2 3rq1� x

Hence,
rq1� h x , �Ž .

sup F50.rq1� x0FxF8

Ž .Using inequality 9.36 , the integer r is determined such that

rq12 8
50 �0.05.Ž .ž /rq1 ! 4Ž .

The smallest integer that satisfies this inequality is rs10. The Cheby-
shev points corresponding to this value of r are z , z , . . . , z , where by0 1 10

Ž .formula 9.18 ,

2 iq1
z s4q4 cos � , is0, 1, . . . , 10.i ž /22

Ž .Using formula 9.37 , the Lagrange interpolating polynomial that ap-
Ž . w xproximates h x, � over 0, 8 is given by

10
y� z3 ip x , � s� 1y� e ll x ,Ž . Ž .Ý10 1 2 i

is0

Ž .where ll x is a polynomial of degree 10 which can be obtained fromi
Ž . Ž .9.13 by substituting z for a is0, 1, . . . , 10 .i i

9.11. We have that

� 4� x , � , �Ž .
4 8� y� xs 0.49y� � e e .Ž .4� x

Hence,

4� � x , � , �Ž .
4 y2 �max s 0.49y� � e .Ž .4� x10FxF40

Ž . 4 y2 �It can be verified that the function f � s� e is strictly monotone
Ž .increasing for 0.06F�F0.16. Therefore, �s0.16 maximizes f �
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over this interval. Hence,

4� � x , � , �Ž . 4 y0 .32max F 0.49y� 0.16 eŽ . Ž .4� x10FxF40

4 y0 .32F0.13 0.16 eŽ .
s0.0000619,

since 0.36F�F0.41. Using Theorem 9.3.1, we have

5 4max � x , � , � ys x F � 0.0000619 .Ž . Ž . Ž .384
10FxF40

Here, we considered equally spaced partition points with �
 s�. Leti
us now choose � such that

5 4� 0.0000619 �0.001.Ž .384

This is satisfied if ��5.93. Choosing �s5, the number of knots
needed is

40y10
ms y1

�

s5.

9.12.
22 2�det X X s x y� x yx y x yx x y� .Ž . Ž . Ž . Ž . Ž .3 2 1 3 1 2

1 2Ž .The determinant is maximized when x sy1, x s 1q� , x s1.1 2 34

CHAPTER 10

10.1. We have that

� �1 1
cos nx cos mx dxs cos nqm xqcos nym x dxŽ . Ž .H H

� 2�y� y�

0, n�m ,s ½ 1, nsmG1,

� �1 1
cos nx sin mx dxs sin nqm xysin nym x dxŽ . Ž .H H

� 2�y� y�

s0 for all m , n ,
� �1 1

sin nx sin mx dxs cos nym xycos nqm x dxŽ . Ž .H H
� 2�y� y�

0, n�m ,s ½ 1, nsmG1.
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( )10.2. a
( ) w m Ž .i Integrating n times by parts x is differentiated and p x isn

xintegrated , we obtain

1 mx p x dxs0 for ms0, 1, . . . , ny1.Ž .H n
y1

( )ii Integrating n times by parts results in

1 n1 1n 2x p x dxs 1yx dx.Ž . Ž .H Hn n2y1 y1

Letting xscos � , we obtain

�n1 2 2 nq11yx dxs sin � d�Ž .H H
y1 0

2 nq1 y12 2ns , nG0.ž /n2nq1

( ) Ž .b This is obvious, since a is true for ms0, 1, . . . , ny1.
( )c

11 1 2n2 np x dxs x q� x p x dx ,Ž . Ž . Ž .H Hn ny1 nn ž /n2y1 y1

Ž .where � x denotes a polynomial of degree ny1. Hence,ny1
Ž . Ž .using the results in a and b , we obtain

nq1 y11 21 2n 2n2p x dxsŽ .H n n ž / ž /n n2 2nq1y1

2
s , nG0.

2nq1
( )10.3. a

2 iy1 �Ž .
T � scos n Arccos cosŽ .n i ½ 52n

2 iy1 �Ž .
scos s0

2

for is1, 2, . . . , n.
� 2'( ) Ž . Ž . Ž .b T x s nr 1yx sin n Arccos x . Hence,n

n 2 iy1 �Ž .
�T � s sin �0Ž .n i 2 2'1y�i

for is1, 2, . . . , n.
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( )10.4. a

dH x dn eyx 2 r2 dnq1 eyx 2 r2Ž . Ž . Ž .2 2n n nx r2 x r2s y1 xe q y1 e .Ž . Ž .n nq1dx dx dx

Ž . Ž .Using formulas 10.21 and 10.24 , we have

dH xŽ . 2 2n n nx r2 yx r2s y1 xe y1 e H xŽ . Ž . Ž .ndx
n 2 2nq1x r2 yx r2q y1 e y1 e H xŽ . Ž . Ž .nq1

sxH x yH xŽ . Ž .n nq1

snH x , by formula 10.25 .Ž . Ž .ny1

( ) Ž . Ž .b From 10.23 and 10.24 , we have

dH xŽ .n
H x sxH x y .Ž . Ž .nq1 n dx

Hence,

dH x dH x d2H xŽ . Ž . Ž .nq1 n n
sx qH x yŽ .n 2dx dx dx

d2H x dH x dH xŽ . Ž . Ž .n n nq1
sx qH x yŽ .n2 dx dxdx

dH xŽ .n
sx qH x y nq1 H x , by aŽ . Ž . Ž . Ž .n ndx

dH xŽ .n
sx ynH x ,Ž .ndx

which gives the desired result.

( ) Ž .10.5. a Using formula 10.18 , we can show that

sin nq1 �Ž .
Fnq1

sin �

by mathematical induction. Obviously, the inequality is true for
ns1, since

sin 2� 2 sin � cos �
s F2.

sin� sin �
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Suppose now that the inequality is true for nsm. To show that it
Ž .is true for nsmq1 mG1 :

sin mq2 � sin mq1 � cos �qcos mq1 � sin �Ž . Ž . Ž .
s

sin � sin �

Fmq1q1smq2.

Therefore, the inequality is true for all n.
( )b From Section 10.4.2 we have that

dT x sin n�Ž .n
sn

dx sin �

Hence,

dT x sin n�Ž .n
sn

dx sin �

Fn2 ,

since sin n�rsin � Fn, which can be proved by induction as in
Ž .a . Note that as x™�1, that is, as �™0 or �™� ,

dT xŽ .n 2™n .
dx

( )c Making the change of variable tscos � , we get

x T tŽ . Arccos xn
dtsy cos n� d�H H2'y1 �1y t

Arccos x1
sy sin n�

n �

1
sy sin n Arccos xŽ .

n

1
sy sin n� , where xscos �

n

1
sy sin � U x , by 10.18Ž . Ž .ny1n

1
2'sy 1yx U x .Ž .ny1n



CHAPTER 10 631

Ž . Ž .10.7. The first two Laguerre polynomials are L x s1 and L x sxy0 1
�y1, as can be seen from applying the Rodrigues formula in Section

Ž .10.6. Now, differentiating H x, t with respect to t, we obtain

�H x , t �q1 xŽ .
s y H x , t ,Ž .2� t 1y t 1y tŽ .

or equivalently,

�H x , tŽ .21y t q xy�y1 q �q1 t H x , t s0.Ž . Ž . Ž . Ž .
� t

Ž . Ž . Ž .Hence, g x sH x, 0 s 1, and g x sy�H x , t r� t ts0 s xyŽ .0 1
Ž . Ž . Ž . Ž .�y1. Thus, g x sL x and g x sL x . Furthermore, if the0 0 1 1

representation
n� y1Ž .

nH x , t s g x tŽ . Ž .Ý nn!ns0

is substituted in the above equation, and if the coefficient of t n in the
resulting series is equated to zero, we obtain

g x q 2nyxq�q1 g x q n2qn� g x s0.Ž . Ž . Ž . Ž . Ž .nq1 n ny1

This is the same relation connecting the Laguerre polynomials
Ž . Ž . Ž .L x , L x , and L x , which is given at the end of Sectionnq1 n ny1

Ž . Ž .10.6. Since we have already established that g x sL x for ns0, 1,n n
we conclude that the same relation holds for all values of n.

Ž .10.8. Using formula 10.40 , we have

3 x 2 1

p x sc qc xqc yŽ .4 0 1 2 ž /2 2

5x 3 3 x 35x 4 30 x 2 3
qc y qc y q ,3 4ž / ž /2 2 8 8 8

where

1 1 xc s e dx ,H0 2 y1

3 1 xc s xe dx ,H1 2 y1

5 3 x 2 11 xc s y e dx ,H2 ž /2 2 2y1
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7 5x 3 3 x1 xc s y e dx ,H3 ž /2 2 2y1

9 35x 4 30 x 2 31 xc s y q e dx.H4 ž /2 8 8 8y1

In computing c , c , c , c , c we have made use of the fact that0 1 2 3 4

21 2p x dxs , ns0, 1, 2, . . . ,Ž .H n 2nq1y1

Ž . Žwhere p x is the Legendre polynomial of degree n see Sectionn
.10.2.1 .

10.9.
c0

f x f qc T x qc T x qc T x qc T xŽ . Ž . Ž . Ž . Ž .1 1 2 2 3 3 4 42

s1.266066q1.130318T x q0.271495T xŽ . Ž .1 2

q0.044337T x q0.005474T xŽ . Ž .3 4

s1.000044q0.99731 xq0.4992 x 2q0.177344 x 3q0.043792 x 4

wNote: For more computational details, see Example 7.2 in Ralston
Ž . xand Rabinowitz 1978 .

Ž .10.10. Use formula 10.48 with the given values of the central moments.

10.11. The first six cumulants of the standardized chi-squared distribution
with five degrees of freedom are � s0, � s1, � s1.264911064,1 2 3
� s2.40, � s6.0715731, � s19.2. We also have that z s1.645.4 5 6 0.05
Applying the Cornish-Fisher approximation for x , we obtain the0.05

Ž 
 2 . 
 2value x f1.921. Thus, P � �1.921 f0.05, where � denotes0.05 5 5
the standardized chi-squared variate with five degrees of freedom. If

2 Ž� denotes the nonstandardized chi-squared counterpart with five5

 22 '.degrees of freedom , then � s 10 � q5. Hence, the correspond-5 5

2 ' Ž .ing approximate value of the upper 0.05 quantile of � is 10 1.9215
q5s11.0747. The actual table value is 11.07.

( )10.12. a
1 1 11 2yt r2e dtf1y q yH 2 32�3�1! 2 �5�2! 2 �7�3!0

1
q s0.85564649.42 �9�4!
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( )b
x x 1 x2 2yt r2 yx r8e dtfxe � q �H 0 2ž / ž /2 3 20

1 x 1 x
q � q � ,4 6ž / ž /5 2 7 2

where

x 1 x
� s H0 0ž / ž /2 1! 2

s1,
2x 1 x x

� s H2 2ž / ž / ž /2 2! 2 2
2 21 x x

s y1 ,ž / ž /2! 2 2

4 4 2x 1 x x x
� s y6 q3 ,4 ž / ž / ž / ž /2 4! 2 2 2

6 6 4 2x 1 x x x x
� s y15 q45 y15 .6 ž / ž / ž / ž / ž /2 6! 2 2 2 2

Hence,

1 2yt r2e dtf0.85562427.H
0

Ž .10.13. Using formula 10.21 , we have that

� n yx 2 r2d eŽ .2n x r2g x s b y1 e � xŽ . Ž . Ž .Ý n ndxns0

� n yx 2 r21 d eŽ .n
s y1 b , by 10.44Ž . Ž .Ý n n' dx2�ns0

� nc d � xŽ .n
s ,Ý nn! dxns0

Ž .nwhere c s y1 n!b , ns0, 1, . . .n n
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10.14. The moment generating function of any one of the X 2 ’s isi

� 2t x� t s e f x dxŽ . Ž .H
y�

3 4 2 6
� � d � x � d � x � d � xŽ . Ž . Ž .2 3 4 3t xs e � x y q q dx.Ž .H 3 4 66 24 72dx dx dxy�

Ž .By formula 10.21 ,

dn� xŽ . n
s y1 � x H x , ns0, 1, 2, . . .Ž . Ž . Ž .nndx

Hence,

� � �2 3 4t x� t s e � x q � x H x q � x H xŽ . Ž . Ž . Ž . Ž . Ž .H 3 46 24y�

2�3
q � x H x dxŽ . Ž .672

2
� � �2 4 3t xs2 e � x q � x H x q � x H x dx ,Ž . Ž . Ž . Ž . Ž .H 4 624 720

Ž . Ž . Ž .since H x is an odd function, and H x and H x are even3 4 6
functions. It is known that

� 2yx r2 2 ny1 ny1e x dxs2 � n ,Ž .H
0

Ž .where � n is the gamma function

� � 2yx ny1 yx 2 ny1� n s e x dxs2 e x dx ,Ž . H H
0 0

n�0. It is easy to show that

� �12 2t x m yŽ x r2. Ž1y2 t . me � x x dxs e x dxŽ .H H'2�0 0

m
2 12 mq1Ž .y mq12s 1y2 t � ,Ž . ž /' 22 �
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where m is an even integer. Hence,

� 12 y1r2 1t x2 e � x dxs 1y2 t �Ž . Ž . Ž .H 2'�0

y1r2s 1y2 t ,Ž .
� �2 2t x t x 4 22 e � x H x dxs2 e � x x y6 x q3 dxŽ . Ž . Ž . Ž .H H4

0 0

4 y5r2 5s 1y2 t �Ž . Ž .2'�
12 y3r2 y1r23y 1y2 t � q3 1y2 t ,Ž . Ž .Ž .2'�

� �2 2t x t x 6 4 22 e � x H x dxs2 e � x x y15x q45x y15 dxŽ . Ž . Ž . Ž .H H6
0 0

8 60y7r2 y5r27 5s 1y2 t � y 1y2 t �Ž . Ž .Ž . Ž .2 2' '� �

90 y3r2 y1r23q 1y2 t � y15 1y2 t .Ž . Ž .Ž .2'�
Ž .The last three integrals can be substituted in the formula for � t .The

w Ž .xnmoment generating function of W is � t . On the other hand, the
moment generating function of a chi-squared distribution with n

Ž .yn r2 wdegrees of freedom is 1y2 t see Example 6.9.8 concerning the
Ž .moment generating function of a gamma distribution G � , � , of

which the chi-squared distribution is a special case with �snr� ,
x�s2 .

CHAPTER 11

( )11.1. a
�1

a s x dxH0 � y�

�2
s x dxs� ,H

� 0

�1
a s x cos nx dxHn � y�

�2
s xcos nx dxH

� 0
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�2
sy sin nx dxHn� 0

2 n
s y1 y1 ,Ž .2� n

�1
b s x sin nx dxHn � y�

s0,

� 4 cos 3 x cos 5x
x s y cos xq q q 			 .2 2ž /2 � 3 5

( )b

�1
a s sin x dxH0 � y�

�2 4
s sin x dxs ,H

� �0

�1
a s sin x cos nx dxHn � y�

�2
s sin x cos nx dxH

� 0

�1
s sin nq1 xysin ny1 x dxŽ . Ž .H

� 0

n
y1 q1Ž .

sy2 , n�1,2� n y1Ž .

a s0,1

�1
b s sin x sin nx dxHn � y�

s0,

2 4 cos 2 x cos 4 x cos 6 x
sin x s y q q q 			 .ž /� � 3 15 35
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( )c
�1

2a s xqx dxŽ .H0 � y�

2� 2

s ,
3

�1
2a s xqx cos nx dxŽ .Hn � y�

�2
2s x cos nx dxH

� 0

4 4n
s cos n�s y1 ,Ž .2 2n n

�1
2b s xqx sin nx dxŽ .Hn � y�

�2
s x sin nx dxH

� 0

2ny1s y1 ,Ž .
n

� 2 1
2xqx s q4 ycos xq sin xž /3 2

1 1
y4 y cos 2 xq sin 2 x q 			2ž /42

1 wŽfor y��x�� . When xs�� , the sum of the series is y�q2
2 . Ž 2 .x 2 2 2 Ž 2 2� q �q� s� , that is, � s� r3q4 1q1r2 q1r3

.q 			 .

11.2. From Example 11.2.2, we have

n2 �� y1Ž .
2x s q4 cos nx.Ý 23 nns1

Putting xs�� , we get

2 �� 1
s .Ý 26 nns1
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Using xs0, we obtain

n2 �� y1Ž .
0s q4 ,Ý 23 nns1

or equivalently,

nq12 �� y1Ž .
s .Ý 212 nns1

Adding the two series corresponding to � 2r6 and � 2r12, we get

2 �3� 1
s2 ,Ý 212 2ny1Ž .ns1

that is,

2 �� 1
s .Ý 28 2ny1Ž .ns1

11.3. By Theorem 11.3.1, we have

�
�f x s nb cos nxyna sin nx .Ž . Ž .Ý n n

ns1

Ž . � Ž 2 2 2 2 .Furthermore, inequality 11.28 indicates that Ý n b qn a is ans1 n n
Žconvergent series. It follows that nb ™0 and na ™0 as n™� seen n

.Result 5.2.1 in Section 5.2 .

11.4. For m�n, we have

m

s x ys x s a cos kxqb sin kxŽ . Ž . Ž .Ým n k k
ksnq1

m
1r22 2F a qbŽ .Ý k k

ksnq1

m 1 1r22 2s � q� see 11.27Ž .Ž .Ý k kkksnq1

1r2 1r2m m1
2 2F � q� .Ž .Ý Ý k k2ž /kksnq1 ksnq1
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Ž .But, by inequality 11.28 ,

m �1 2�2 2� q� F f x dxŽ .Ž .Ý Hk k � y�ksnq1

and
m �1 1

FÝ Ý2 2k kksnq1 ksnq1

� dx 1
F s .H 2 nxn

Thus,
c

s x ys x F ,Ž . Ž .m n 'n

where

�1 2�2c s f x dx.Ž .H
� y�

Ž . Ž . Ž . w xBy Theorem 11.3.1 b , s x ™ f x on y� , � as m™�. Thus, bym
letting m™�, we get

c
f x ys x F .Ž . Ž .n 'n

( )11.5. a From the proof of Theorem 11.3.2, we have

� b A a �n 0 0
cos n�s y .Ý n 2 2ns1

� Ž .nThis implies that the series Ý y1 b rn is convergent.ns1 n

( )b From the proof of Theorem 11.3.2, we have

�x a �qx a bŽ .0 n n
f t dts q sin nxy cos nxycos n� .Ž . Ž .ÝH 2 n ny� ns1

Putting xs0, we get

�a � b0 0 n n
f t dts y 1y y1 .Ž . Ž .ÝH 2 ny� ns1

� Ž .w Ž .n xThis implies convergence of the series Ý b rn 1y y1 .ns1 n
� Ž .n Ž .Since Ý y1 b rn is convergent by part a , then so isns1 n

Ý� b rn.ns1 n
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Ž . �11.6. Using the hint and part b of Exercise 11.5, the series Ý b rnns2 n
would be convergent, where b s1rlog n. However, the seriesn

� Ž . ŽÝ 1r n log n is divergent by Maclaurin’s integral test see Theo-ns2
.rem 6.5.4 .

( )11.7. a From Example 11.2.1, we have

nq1�x y1Ž .
s sin nxÝ2 nns1

for y��x�� . Hence,

2 xx t
s dtH4 20

nq1 nq1� �y1 y1Ž . Ž .
sy cos nxq .Ý Ý2 2n nns1 ns1

Note that

nq1 2� �y1 1 xŽ .
s dxÝ H2 2� 4n y�ns1

� 2

s .
12

Hence,

nq12 2 �x � y1Ž .
s y cos nx , y��x�� .Ý 24 12 nns1

( ) Ž .b This follows directly from part a .

11.8. Using the result in Exercise 11.7, we obtain

nq12 2 �x x� t y1Ž .
y dts cos nt dtÝH H2ž /12 4 n0 0ns1

nq1� y1Ž .
s sin nx , y��x�� .Ý 3nns1

Hence,

nq1 2 3� y1 � xŽ .
sin nxs xy , y��x�� .Ý 3 12 12nns1
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11.9.
�1 2yx yi w xF w s e e dx ,Ž . H2� y�

�i 2� yx yi w xF w s y2 xe e dxŽ . Ž .H4� y�

Žexchanging the order of integration and differentation is permissible
.here by an extension of Theorem 7.10.1 . Integrating by parts, we

obtain

� �i 2 2� yx yi w x yx yi w x
y�F w s e e y e yiwe dxŽ . Ž .H4� y�

�yi 2yx yi w xs e yiw e dxŽ .H4� y�

�w 1 2yx yi w xsy e e dxH2 2� y�

w
sy F w .Ž .

2

The general solution of this differential equation is

F w sAeyw 2 r4 ,Ž .
where A is a constant. Putting ws0, we obtain

�1 2yxAsF 0 s e dxŽ . H2� y�

'� 1
s s .'2� 2 �

2yw r4'Ž . Ž .Hence, F w s 1r2 � e .

Ž . Ž .Ž .11.10. Let H w be the Fourier transform of f � g x . Then

� �1
yi w xH w s f xyy g y dy e dxŽ . Ž . Ž .H H2� y� y�

� �1
yi w xs g y f xyy e dx dyŽ . Ž .H H2� y� y�

� �1
yi wŽ xyy . yi w ys f xyy e dx g y e dyŽ . Ž .H H2�y� y�

�
yi w ysF w g y e dyŽ . Ž .H

y�

s2� F w G w .Ž . Ž .
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11.11. Apply the results in Exercises 11.9 and 11.10 to find the Fourier
Ž .transform of f x ; then apply the inverse Fourier transform theorem

Ž . Ž .Theorem 11.6.3 to find f x .

( )11.12. a

kq1n 2 y1 �Ž .
s x s sin k �yŽ . Ýn n ž /k nks1

kq1n 2 y1 k�Ž . kq1s y1 sinŽ .Ý ž /k nks1

n 2 sin k�rnŽ .
s .Ý kks1

( )b
n sin k�rn �Ž .

s x s2 .Ž . Ýn n k�rn nks1

w x wŽBy dividing the interval 0, � into n subintervals k y
. x1 �rn, k�rn , 1FkFn, each of length �rn, it is easy to see that
Ž . Ž . Ž .s x is a Riemann sum S P, g for the function g x sn n

Ž . Ž .2 sin x rx. Here, g x is evaluated at the right-hand end point of
Ž .each subinterval of the partition P see Section 6.1 . Thus,

� sin x
lim s x s2 dx.Ž . Hn n xn™� 0

( )11.13. a ys8.512q3.198 cos �y0.922 sin �q1.903 cos 2�q3.017 sin 2�.ˆ
( )b Estimates of the locations of minimum and maximum resistance

ware �s0.7944� and �s0.1153� , respectively. Note: For more
Ž . xdetails, see Kupper 1972 , Section 5.

( )11.15. a

n1

s s Y yn�Ýn jž /'� n js1

n1
s U ,Ý j'� n js1
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Ž . Ž .where U sY y�, js1, 2, . . . , n. Note that E U s0 and Var Uj j j j
s� 2. The characteristic function of s
 isn

� t sE eit s

nŽ . Ž .n

ni tÝ U r� n'js1 jsE eŽ .
n

it U r� n'js E e .Ž .Ł
js1

Now,

t 2
i t U 2jE e sE 1q it U y U q 			Ž . j jž /2

t 2� 2
2s1y qo t ,Ž .

2
2 2t t

i t U r� n'jE e s1y qo .Ž . ž /2n n

Hence,

n2 2t t
� t s 1y qo .Ž .n ž /2n n

Let

t 2 t 2

� sy qon ž /2n n

2t 1
s y qo 1 ,Ž .

n 2

Ž .y1r2qo 12t r� n� t s 1q�Ž . Ž .n n

Ž .y1r2 o 12 2t r� t r�n ns 1q� 1q� .Ž . Ž .n n

As n™�, � ™0 andn

y1r22 2t r� yt r2n1q� ™e ,Ž .n

Ž .o 12t r� n1q� ™1.Ž .n
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Thus,

� t ™eyt 2 r2 as n™�.Ž .n

( ) yt 2 r2b e is the characteristic function of the standard normal distri-
bution Z. Hence, by Theorem 11.7.3, as n™�, s
™Z.n

CHAPTER 12

( )12.1. a
I fSn n

ny1h
s log 1q log nq2 log xÝ iž /2 is1

ny1ny1
s log nq2 log iÝž /2 ny1Ž . is2

1s log nq log 2q log 3q 			qlog ny1Ž .2

1s log n qlog n! y log nŽ .2

1s log n! y log n.Ž . 2

1( ) Ž .b n log nynq1f log n! y log n. Hence,2

1log n! f nq log nynq1Ž . Ž .2

1n!fexp nq log nynq1Ž .2

se eyn nnq1r2 seynq1 nnq1r2 .

Ž .12.2. Applying formula 12.10 , we obtain the following approximate values
1 Ž .for the integral H dxr 1qx :0

n Approximation

2 0.69325395
4 0.69315450
8 0.69314759

16 0.69314708

The exact value of the integral is log 2s0.69314718. Using formula
Ž .12.12 , the error of approximation is less than or equal to

5M bya MŽ .4 4
s ,4 42880n 2880 8Ž .
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Ž4. Ž .where M is an upper bound on f x for 0FxF1. Here, f x sŽ .4
Ž .1r 1qx , and

24
Ž4.f x s .Ž . 51qxŽ .

Hence, M s24, and4

M4
f0.000002.42880 8Ž .

12.3. Let
2�y�r2 �

zs , 0F�F ,
�r2 2

�
�s 1qz , y1FzF1.Ž .

4

Then

� ��r2 1
sin � d�s sin 1qz dzŽ .H H4 40 y1

2� �
f � sin 1qz .Ž .Ý i i4 4is0

3Using the information in Example 12.4.1, we have z sy , z s0,'0 15
3 5 8 5z s ; � s , � s , � s . Hence,'2 0 1 25 9 9 9

� 5 � 3 8 ��r2
sin � d�f sin 1y q sin(H ½ ž /4 9 4 5 9 40

5 � 3
q sin 1q( 5ž /9 4 5

s1.0000081.

1 wŽ .Ž .xThe error of approximation associated with H sin �r4 1qz dz isy1
Ž . Ž .obtained by applying formula 12.16 with asy1, bs1, f z s

wŽ .Ž .x Ž6.Ž . Ž .6 wŽ .Ž .xsin �r4 1qz , ns2. Thus, f � sy �r4 sin �r4 1q� ,
y1���1, and the error is therefore less than

47 62 3! �Ž .
.3 ž /47 6!Ž .
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Consequently, the error associated with H�r2 sin � d� is less than0

4 47 6 7w x w x� 2 3! � � 3!
s3 3ž / ž /4 4 2w x w x7 6! 7 6!

s0.0000117.

( )12.4. a The inequality is obvious from the hint.
( )b Let ms3. Then,

1 12ym y9e s e
m 3

s0.0000411.

( ) w xc Apply Simpson’s method on 0, 3 with h�0.2. Here,

f Ž4. x s 12y48 x 2q16 x 4 eyx 2
,Ž . Ž .

w xwith a maximum of 12 at xs0 over 0, 3 . Hence, M s12. Using4
Ž . Ž .the fact that hs bya r2n, we get ns bya r2h�3r0.4s7.5.

Ž .Formula 12.12 , with ns8, gives

55nM h 8 12 0.2Ž . Ž .4
�

90 90

s0.00034.

Hence, the total error of approximation for H� eyx 2
dx is less than0

0.0000411q0.00034s0.00038. This makes the approximation
correct to three decimal places.

12.5.
� �

yxx x e
dxs dx ,H Hx yx y2 x yxe qe y1 1qe ye0 0

n xi
f � ,Ý i y2 x yxi i1qe yeis0

Ž .where the x ’s are the zeros of the Laguerre polynomial L x .i nq1
Using the entries in Table 12.1 for ns1, we get

� x 0.58579
dxf0.85355H x yx y2Ž0.58579. y0 .58579e qe y1 1qe ye0

3.41421
q0.14645 s1.18.y2Ž3.41421. y3 .414211qe ye
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( ) Ž .12.6. a Let us 2 tyx rx. Then

1 x1
I x s duŽ . H 21 22 y1 1q x uq1Ž .4

11
s2 x du.H 22y1 4qx uq1Ž .

( ) Ž .b Applying a Gauss�Legendre approximation of I x with ns4, we
obtain

4 � i
I x f2 x ,Ž . Ý 224qx u q1Ž .is0 i

where u , u , u , u , and u are the five zeros of the Legendre0 1 2 3 4
Ž .polynomial P u of degree 5. Values of these zeros and the5

corresponding � ’s are given below:i

u s0.90617985, � s0.23692689,0 0

u s0.53846931, � s0.47862867,1 1

u s0, � s0.56888889,2 2

u sy0.53846931, � s0.47862867,3 3

u sy0.90617985, � s0.23692689,4 4

Ž .see Table 7.5 in Shoup, 1984, page 202 .

1Ž .� 1 � log cos x12.7. H cos x dxsH e dx. Using the method of Laplace, the func-0 0
Ž . w xtion h x s log cos x has a single maximum in 0, 1 at xs0. Formula

Ž .12.28 gives

1r2y�1
� log cos xe dx	H �2�h 0Ž .0

as �™�, where

1
�h 0 syŽ . 2cos x xs0

sy1.

Hence,

�1
� log cos xe dx	 .H (2�0
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12.9.
�2 1r21 Ž . 1r21yx 1 2 21yx yx dx dx sŽ .H H 1 2 1 2 60 0

f0.52359878.

Applying the 16-point Gauss�Legendre rule to both formulas gives
the approximate value 0.52362038.
w Ž . xNote: For more details, see Stroud 1971, Section 1.6 .

12.10.
� �yn 22 yn log Ž1qx .1qx dxs e dxŽ .H H

0 0

Ž .Apply the method of Laplace with � x s1 and

h x sylog 1qx 2 .Ž . Ž .
w .This function has a single maximum in 0, � at xs0. Using formula

Ž .12.28 , we get
1r2� y�yn21qx dx	 ,Ž .H �2n h 0Ž .0

Ž .where h 0 sy2. Hence,

� � 1 �yn21qx dx	 s .Ž .H ( (4n 2 n0

12.11.

Number of Approximate Value
Quadrature Points of Variance

2 0.1175
4 0.2380
8 0.2341

16 0.1612
32 0.1379
64 0.1372

w Ž . xSource: Example 16.6.1 in Lange 1999 .

12.12. If xG0, then

x1 10 2 2yt r2 yt r2� x s e dtq e dtŽ . H H' '2� 2�y� 0

x1 1 2yt r2s q e dt.H'2 2� 0
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Ž .Using Maclaurin’s series see Section 4.3 , we obtain

22 2x1 1 1 t 1 t
� x s q 1q y q yŽ . H ž / ž /'2 1! 2 2! 22� 0

n32 21 t 1 t
q y q ���q y q ��� dtž / ž /3! 2 n! 2

3 5 71 1 t t t
s q ty q y2 3'2 3�2�1! 5�2 �2! 7�2 �3!2�

x2 nq1tn
q ���q y1 q ���Ž . n2nq1 �2 �n!Ž .

0

2 4 61 x x x x
s q 1y q y2 3'2 3�2�1! 5�2 �2! 7�2 �3!2�

2 nxn
q ���q y1 q ��� .Ž . n2nq1 �2 �n!Ž .

12.13. From Exercise 12.12 we need to find values of a, b, c, d such that

x 2 x 4 x6 x8
2 4 2 41qax qbx f 1qcx qdx 1y q y q .Ž . ž /6 40 336 3456

Equating the coefficients of x 2, x 4, x6, x8 on both sides yields four
equations in a, b, c, d. Solving these equations, we get

17 739 95 55
as , bs , cs , ds .

468 196560 468 4368

w Ž . xNote: For more details, see Morland 1998 .

12.14.
x

1ysG x s 1q t dtŽ . Ž .H 4
0

1 x 2

s xq , 0FxF2.ž /4 2

Ž . w x Ž .1r2The only solution of ysG x in 0, 2 is xsy1q 1q8 y , 0Fy
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Ž .F1. A random sample of size 150 from the g x distribution is given
by

1r2x sy1q 1q8 y , is1, 2, . . . , 150,Ž .i i

Ž .where the y ’s form a random sample from the U 0, 1 distribution.i
Ž .Applying formula 12.43 , we get

150 x 2
i4 e


̂I s Ý150 150 1qxiis1

s16.6572.

Ž .Using now formula 12.36 , we obtain

1502 2uiÎ s eÝ150 150 is1

s17.8878,

Ž .where the u ’s form a random sample from the U 0, 2 distribution.i

12.15. As n™�,

Ž . ynr2 y1r2y nq1 r22 2 2x x x
1q s 1q 1q

n n n

	eyx 2 r2 .

Ž .Furthermore, by applying Stirling’s formula formula 12.31 , we obtain

Ž . 1r2ny1 r2nq1 ny1 ny11 Ž .y ny12� 	e 2� ,ž / ž /2 2 2

Ž . 1r2ny2 r2n ny2 ny21 Ž .y ny22� 	e 2� .ž / ž /2 2 2
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Hence,

nq1
� nr2 1r2ž / 1 1 ny1 ny2 ny12

	 1r2n ' ny2 ny2e ny1n�'n� � 2ž / (2 2

nr211 1 1y ny2Ž .n
	 1r2 nr22' e ny1n� 1yŽ .n 2( 2

y1r21 1 e n
	 (1r2 y1' 2e en�

1
s .'2�

Hence, for large n,

x1 2yt r2F x f e dt.Ž . H'2� y�


